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Abstract

The autocorrelation of a key stream sequence in a stream
cipher is an important cryptographic property. This pa-
per proposes two constructions of binary interleaved se-
quences of period 4N by selecting appropriate shift se-
quences, subsequences and complement sequences. And
the autocorrelation functions of new sequences are given.
The results show that these sequences have low autocor-
relation under certain conditions.
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1 Introduction

Pseudorandom sequences with low autocorrelation have
wide applications in code-division multi-access system,
spread spectrum communication and many other engi-
neering fields [4].

Given two binary sequences a = a(t) and b = b(t) of
period N, the periodic correlation between them is defined
by

N-1
Ra,b(T) _ Z(*l)a(t)+b(t+7),0 <7< N,
t=0

(1)

where the addition ¢ + 7 is performed modulo N. R, (7)
is called the (periodic) cross correlation function of a and
b. If a = b, R, (7) is called the (period) autocorrelation
function of a, denoted by R,(7) for short [11].

According to the remainder of N modulo 4, the opti-
mal values of out-of-phase autocorrelations of binary se-
quences are classified into four types as follows:

1) Ro(r) =—1if N =3 mod 4;

2) Ra(7) € {—2,2} if N = 2 mod 4;

3) Ru(1) € {1,-3}if N =1 mod 4;

4) R,(1) € {0,—4,4} if N = 0 mod 4, where 0 < 7 <

=

In the first case, R,(7) is often called ideal autocor-
relation. In the last case, R,(7) is three level, then it
can also be called optimal autocorrelation magnitude [11].
Specially, except one point, the out-of-phase autocorre-
lation values of sequence a are all included in the set
{0, —4,4}, we call R,(7) almost optimal autocorrelation
magnitude [12]. For more details about optimal autocor-
relation, the reader is referred to [1, 2, 10].

The interleaved structure of sequences for construct-
ing sequences with low out-of-phase autocorrelation and
crosscorrelation was firstly introduced by Gong [5]. There
are some known constructions of binary interleaved se-
quences with low autocorrelation.

In 2010, Tang and Gong gave three new interleaved
constructions of binary sequences with low autocorrela-
tion value or magnitude [8]. Subsequently, Yan showed
a more general construction and searched for a new con-
struction of binary interleaved sequences with optimal au-
tocorrelation [11].

In 2011, based on an arbitrary ideal autocorrelation
sequence, generalized GMW sequence and its modified
version, two types of Legendre sequences, twin-prime se-
quence and its modified version respectively, Zhang, Wen
and Qin found five constructions of binary interleaved se-
quences of period 2N x 2 with almost optimal autocor-
relation magnitude [12]. Furthermore, Ke and Lin also
obtained several binary sequences with optimal autocor-
relation value by using decimated sequences [6]. In this
paper, we propose two new constructions of binary se-
quences with low autocorrelation based on interleaving
technology.

This paper is organized as follows. Section 2 intro-
duces some related definitions and lemmas which would
be used later. In Section 3, we present two new construc-
tions of binary sequences with low autocorrelation magni-
tude, and give the complete autocorrelation distributions
of these sequences. Conclusions are given in Section 4.
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2 Preliminaries 3.1 Construction A

2.1 Interleaved Sequence Let N =3 (mod 4), s = (s(0),s(1),---,s(N — 1)) be a
binary ideal autocorrelation sequence of period N. Define

a new binary interleaved sequence of period 4N as the
following:

Definition 1. [7] Let {agp,a1, -+ ,ar—1} be a set of T
sequences of period N. An N x T matriz U is formed by
placing the sequence a; on the ith column, where 0 < i < dr dr
T — 1. Then one can obtain an interleaved sequence u a = I(s1, L%(s1), 2, L(52)), (2)
of period NT by concatenating the successive rows of the
matriz U. For simplicity, the interleaved sequence u can
be written as

where $7 is the complement sequence of s1, S3 is the com-
plement sequence of so, d # % is an integer. Obviously,
the sequence a possesses the balance property with the
u=1I(ag,as, -+ ,ar_1), symbols 717 and 70" [9]. Next we consider the autocor-
relation of the new sequence a.

Let 7 =411 + 1, 2 = 0,1,2,3. By Lemmas 1 and 2,
Lemma 1. [11] Let the binary sequence s = I(ag(k), the autocorrelation of sequence a due to four different
ar(k), ---, apr_1(k)), be a binary interleaved sequence of values of 72 can be given by the following.
period KT, where 0 < k < K —1, and T = 7T + 79,
where 0 < 7o < T —1. Its left shifted version is shown as: Case 1. 79 =0,0< 713 < N.

where I denotes the interleaved operator.

LT(S) = I(aﬁ(k + 7'1), a1+72(k + 7'1), s ,CLT_1(/€ + 7'1), Ra(T)
ag(k+7+1),-- ,ar,_1(k+ 711+ 1)), = R,(4m)
where L denotes the left cyclic shift operator. = Ry, (1) + Rpap(m1) + Rsy (1) + Rpagss) (1)
4R5<27'1>.

2.2 Subsequence

Since 0 < 71 < N, 211 # 0 (mod N), Rs(2m) =
—1. Then R,(7) = —4, and it turns up N — 1 times
altogether.

Lemma 2. Let N be an odd number, s = (s(0), s(1),
-+, 8(N — 1)) be a binary sequence of period N. Take
two subsequences of sequence s: s; = (s(0), s(2), ---,
s(2t), ---) and s = (s(1),s(3),--- ,s(2t +1),---), where
t=0,1,2,--- ,N—1, 2t and 2t +1 are performed modulo Case 2. , =1,0<7 <N.
N respectively. Then we have some results as follows:

1) Ruy(r) = Ru(27); ()
' I = R,(4m +1)
2) Rs, (1) = Rs(27); = R, 57(11 +d)+ Rey,s, (11 — d)
3) R, s,(T) = Rs(27 4+ 1); +Rs,55(m1 +d) + Rez 5, (1 + 1 —d)

= _R51 (7—1 + d) - Rsl,sz (Tl - d)
*Rsz (7'1 =+ d) — R32,31 (7’1 + 1-— d)
= —Rs(2(m +d)) — Rs(2(r1 —d) + 1)

4) Rsys, (1) = Rs(27 = 1).
Proof By Equation (1), we have

N-1 yer(iprenshe) —Rs(2(r1 +d)) — Rs(2(m1 +1—-d)—1)
Ro(r) = tz_; (=1) = —2R,(27 +2d) — 2R,(2r, — 2d + 1).
N—-1
_ Z (—1)s(20)+s(2t+27) 1) Ifrn =N—d, (2 +2d) =0 (mod N), 211 —
pa 2d+1 # 0 (mod N). Then R,(2m +2d) = N,
No1 Rs(2m —2d+1) = —1. So R,(7) = —2N + 2;
_ _1\s(t)+s(t'+271)
= > (—1ptts 9) If 7y = NE24=1 97 4 94 £ 0 (mod N), 27y —
=0 2d +1 =0 (mod N). Then R,(2m, +2d) = —1,
= R,(27), Ry(2m —2d+1) = N. So Ro(7) = 2 — 2N;
where ' = 2t. So 1) is pr(?ved. Similarly, the other three 3) Ifr £ N —dand r # N+22d717 271 + 2d #
results can be proved obviously. 0 (mod N) and 271 — 2d +1 # 0 (mod N).
Then R,(271 +2d) = Rs(2m —2d+1) = —1. So
3 Two New Constructions Ra(7) = 4.
In this section, we introduce two new constructions of In this case, R,(7) = —2N + 2 turns up 2 times, and

binary sequences of period 4N with low autocorrelation. R,(7) =4 turns up N — 2 times.
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Case 3. ,=2,0<71; <N.

Rq(7)

R, (41 + 2)

Ry, 5, (11) + Rsy55(71)

+Rsy 5,(11 + 1)+ Rz 557(11 +1)
= R;2m+1)+Rs(2m1 +1)

+Rs(2(11 +1) — 1) + Rs(2(m1 + 1) = 1)
= 4R,(21 +1).

DIfr = &2 27 +1 = 0 (mod N). Then
Rs(2m +1) = N. So Ry(7) = 4N, and it turns
up only 1 time;

2) If i # &2, 27 +1 # 0 (mod N). Then
Rs(2m +1) = —1. So R, (1) = —4, and it turns
up N — 1 times.

Case 4. 7 =3,0< 7 < N.

Ry (7)
= Ra(4T1 + 3)
= Rs 5(m+d)+Resgs, (i +1—4d)
+Rs, 57(T1 +1+d) + Rz s, (11 +1 —d)
= —R;2(n+d)+1)—Rs;2(m1 +1—4d))
—Rs(2(m1 +14d)—1) — Rs(2(11 +1—4d))
= —2R;(2m +2d+1) —2R,(211 — 2d + 2).

1) Ifry = 822448 27 42d+1 =0 (mod N), 27y —
2d+2 # 0 (mod N). Then Ry(2m +2d+1) = N,
Rs(21y —2d +2) = —1. So R,(7) = —2N + 2;

2) If ry = 242422 97 42d+1 # 0 (mod N), 271 —
2d+2 =0 (mod N). Then Rs;(2ry +2d+1) =
-1, Rs(2r1 —2d+2) = N. So R,(7) =2 —2N;

3) If ry # N2 and 7y # MH29=2 or 42441 #
0 (mod N), and 271 —2d+2 # 0 (mod N). Then
Ry(2m +2d+ 1) = Ry(2r1 — 2d +2) = —1. So
R,(7) =4.

In this case, R,(7) = —2N + 2 turns up 2 times, and
R.(7) =4 turns up N — 2 times altogether.

According to the above discussion about R, (T), we ob-
tain the following theorem.

Theorem 1. Let 0 < 7 < 4N, and d # ~FL. The
autocorrelation function of the new sequence a defined by
Equation (2) is:

4N 2 times,

2—2N 4 times,
Ra(r) =14 4 IN — 4 times,

—4 2N — 2 times.

Specially, let d = %. Then 27 + 2d = 211 — 2d +
1(mod N) and 21 4+ 2d + 1 = 27, — 2d 4 2(mod N). So
in Case 2, the autocorrelation of the sequence a can be

reduced to R,(7) = —4Rs(2my + 2d). If 1 = 31271, then

948

271 4+ 2d = 0(modN), Rs(211 + 2d) = N. So R,(7) =
—4N and it turns up 1 time. Otherwise, together with
the facts that s has ideal autocorrelation, R,(7) = 4.
Similarly, in Case 4, Ry (7) = —4Rs(2m1 +2d+1). If 1y =
N=3 then 271 4+2d+1 = 0( mod N), Ry(2m4+2d+1) = N.
So R.(7) = —4N and it turns up 1 time. Otherwise,
R.(7) = 4. Naturally, based on Theorem 1, we can get
the following corollary.

Corollary 1. Let 0 < 7 < 4N, and d = %. The
autocorrelation function of the new sequence a defined by
Equation (2) is:

4N 2 times,

—4N 2 times,
Ra(7) = 4 2N — 2 times,

—4 2N — 2 times.

3.2 Construction B

Let N = 3 (mod 4), s = (s(0),s(1),---,s(N —1)) be a
binary ideal autocorrelation sequence of period N. Define
a new binary interleaved sequence of period 4N as the
following:

a=1(s1,L437),52,L(s2)), (3)

where 57 is the complement sequence of si, 53 is the
complement sequence of sy, d is an arbitrary integer and
d# I

Similarly to the Construction A, the new sequence a
constructed as above is also balanced, and we can gain
the autocorrelation of the new sequence a by calculation.

Let 7 =41 4+ 12, 2 = 0,1,2,3. By Lemmas 1 and 2,
the autocorrelation of sequence a given by Construction
B due to four different values of 75 can be given by the
following.

Casel. ,=0,0< 7 < N.

Ra(7)
= Ra(47’1)
= R (1) + Rpagsp) (1) + Rez(m1) + Rpags,) (11)
= 4R,(27).
Since 0 < 71 < N, 211 # 0 (mod N), Rs(21) =

—1. Then R,(7) = —4, and it turns up N — 1 times
altogether.

Case 2. »,=1,0<71 < N.

Ra(7)
= R,(4m +1)
= R, 55(n1+d)+ Res(n—d)
+Rs5.5,(T1 +d) + Ry 5, (11 +1—d)
= —R,, (1 +d)+ Ry, s, (11 —d)
—Rs,(11 +d) + Rs, 5, (11 +1—d)
= —R,2(m+d)+R2(n —d)+1)
—R,(2(m1 +d)) + Rs(2(m +1—d) — 1)
= —2R;(211 4+ 2d) + 2Rs(211 — 2d + 1).
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H)Ifrn =N-—d, 211 +2d = 0 (mod N), 271 — According to the above discussion about R,(7), we
2d+1 # 0 (mod N). Then Rs(2m; + 2d) = N, prove the following theorem.

Ry(2m —2d +1) = —1. S0 Ro(r) = —2N — 2; Theorem 2. Let 0 < 7 < 4N, and d # %. The

2) If = %, 211 +2d # 0 (mod N), 271 —  gutocorrelation function of the new sequence a defined by
2d+1=0 (mod N). Then R,(2m1 +2d) = —1, Egyation (3) is:

Ry(2r —2d+1) = N. So Ra(7) = 2+ 2N;

3) Ifr £ N—dand r £ Y221 9r | 9 2 AN 1 time,
0 (mod N) and 21, —2d + 1 # 0 (mod N). —4N }Vtzme,.
Then Ry (27 +2d) = Ry(2r —2d+1) = —1. So —4 — L times,
Ru(7) = 0. R.(r)=< 4 N -1 tzmes,
0 2N — 4 times,
In this case, Ro(7) = —2N — 2 turns up 1 time, —2—2N 2 times,
R.(7) = 2N + 2 turns up 1 time, and R,(7) = 0 2+2N 2 times.
turns up N — 2 times.
In a special case: d = %, similarly to Corollary 1,

Case 3. »m=2,0<71; <N. we can conclude the following corollary.

R (T) Corollary 2. Let 0 < 7 < 4N, and d = %. The
—  Ru(4m +2) autocorrelation function of the new sequence a defined by

Equation (3) is:
= R 5(n) + RBeps, (1)

) Sy T
= —R,2m +1)—R,2m +1) Ri(r) =1 4 N bimes.
—Ry(2(r1+1)—1) — Rs(2(r1 +1) — 1) 4 N 1 times
= —4R,(2m +1). 0 2N times.

DIfn = Y1 2m 41 0 (mod N). Then Obviously, except for —4N, the values of out-of-phase

R.(2m +1) = N. So R,(t) = —4N, and it autocorrelation of the sequence a are all contained in the
set {0,—4,4}. Therefore, the sequence a in Corollary 2
is a binary sequence with almost optimal autocorrelation
magnitude.

Example 1. Let N = 7, d = % and s =

(1,1,1,0,0,1,0), a m-sequence of period 7. ;The new se-

quence a of period 4N = 28 defined by Construction A
Ra(7) 18

= R.(47 +3) t = (1,1,1,0,1,1,0,0,0,0,1,0,0,1,

= Ry s(n+d) + R, (i +1—4d) 1,1,1,0,1,1,0,0,0,0,1,0,0,1).
+Rss(mi+1+d)+ Ry, s5(m +1—d)

— R(2(n+d)+1) - R(2(r1 +1 - d))
+Rs(2(1 +14d)—1) — Rs(2(11 +1—d))

= 2R;(2m +2d+1) —2R,(21y — 2d + 2).

turns up only 1 time;

2) If 7 # &2, 27 +1 # 0 (mod N). Then
Rs(2m +1) = —1. So R,(7) = 4, and it turns
up N — 1 times.

Case 4. 5, =3,0<71 < N.

By calculation, the autocorrelation of a is

R.(7) ={28,4,—4,4,—4,4,—4,-28,—4,4,—4,4,—4,4,

28,4,—4,4,-4,4,—-4,-28,—4,4,—4,4, —4,4},
1) T = N7§d+1, 9 +2d+1 = 0 (mod N), 27 — which is compatible with the result given by Corollary 1.
2d+2 # 0 (mod N). Then Ry(2r+2d+1) = N, Example 2. Let N = 7, d = Y and s =
Rs(211 —2d+2) = —1. So R,(7) = 2N + 2; (1,1,1,0,0,1,0), a m-sequence of period 7. The new se-

9) If 1y = N+3d—2, 271 +2d+1 % 0 (mod N), 2 — quence a of period 4N = 28 defined by Construction B

2d +2 =0 (mod N). Then R,(2m +2d+1)= "

717RQ(2T1*2d+2):N So Ra(T):*2*2N, t = (1’1707171’171’17070’071’0717
3) If 7y # M=2441 and 7 # Y4222 Then 21y + 0,0,1,0,0,0,0,0,1,1,1,0,1,0).

2d+1# 0 (mod N), 21, —2d +2 # 0 (mod N).

So Rs(211 +2d + 1) = Rs(211 — 2d + 2) = —1, By calculation, the autocorrelation of a is

R,(r) =0.

RG(T) = {287 07 47 07 _45 07 47 Oa _47 07 47 Oa _47 07
In this case, R, (7) = 2N+2 turns up 1 time, R,(7) = —28,0,-4,0,4,0,—4,0,4,0,—4,0,4,0},
—2N — 2 turns up 1 time, and R,(7) = 0 turns up

N — 2 times altogether. which is compatible with the result given by Corollary 2.
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4 Conclusion

In this paper, two new constructions of binary interleaved
sequences of period 4N with low autocorrelation and bal-
ance property are proposed. From the autocorrelation
distributions given by Corollaries 1 and 2, we can con-
clude that two new binary sequences defined in this paper
have good autocorrelation properties. Especially, when
d = %, the sequence a in Construction B is a binary
sequence with almost optimal autocorrelation magnitude.

Ideally, good sequences combine the low autocorrela-
tion properties with high linear complexity [3]. Further-
more, apart from balance property and autocorrelation
property, the linear complexity of these sequences con-
structed in this paper remains to be solved.
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