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Abstract

We study a variation of the Kaprekar operator F'(z) for all non-
negative integers x and show that the range of F' consists of 0, 99,
1089, and the integers of the form 1099...98900...0, where 99...9
and 00...0 may be long, short, or disappear.

1 Introduction and Statement of the Main
Result

Throughout this article, if y € R, then |y] is the largest integer less than or
equal to y and [y] is the smallest integer larger than or equal to y. Unless
stated otherwise, all other variables are nonnegative integers. For any x €
NU {0}, we write the decimal expansion of x as

b
xr = (CLkCLk_l . alao)m = E ak_jlo J,
0<j<k

where 0 < a; <9forallt=0,1,2, ..., k.
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The Kaprekar operator K is defined by the following operation: take any
positive integer x having four decimal digits which are not all equal and the
leading digit is not zero, say x = (azaxa1a9)10, ag # 0, and a; # a; for some
1, 7, then rearrange as, as, ay, ag as c3, ca, ¢1, o S0 that c3 > co > ¢; > ¢g.
Then

K(SL’) = (03020100)10 — (00010203)10. (11)

Observe that the second number on the right-hand side of (1.1) is obtained
by reversing the decimal digits of the first. It is well known that no matter
what x we start with, after repeating this process at most 7 steps, we always
obtain the number 6174. For example, suppose x = 1000. Then

K(z) = 1000 — 1 = 999,
2(z) = K(K(z)) = K(999) = K(0999) = 9990 — 0999 = 8991,

(z)
K3(z) = K(8991) = 9981 — 1899 = 8082,
K*(z) = 8820 — 0288 = 8532,
K°(x) = 8532 — 2358 = 6174,

and K™(x) = 6174 for all m > 6. Here, it is important to keep in mind that
the Kaprekar operator operates on the positive integers having four digits
not all equal. So the decimal representation of K (z) with nonzero leading
digit may have only 3 digits but, to calculate K (K (x)), we must first write
K(x) as 4 digits number by adding 0 as the leading digit, as shown above
in K(999) = K(0999). We can generalize K to operate on any nonnegative
integers as follows:

Definition 1.1 (Kaprekar operator on nonnegative integers). Let g :
NU{0} - NU{0} be given by g(0) = .0 If x = (agag—1 - - .ao)10, ax # 0, and
Ck, Ck_1, - - -, Co 1S the permutation of ay, ax_1, ..., ag such that ¢, > cp_1 >
<o - > ¢, then

g(x) = (Cka_l Ce 0100)10 — (C()Cl Ce Ck—lck)lo-

In addition, for the purpose of this article, if x is as above, then we always
write the decimal representation of g(x) as k + 1 digits number, say g(x) =

(bkbk—l c. bO)lO'

Another trick is as follows: take any positive integer having three digits,
say © = (aga1a9)10, where ay # 0, 0 < a; < 9 for all j, and a; # a; for
some i, j. Then calculate g(x), say g(x) = b = (bab1bg)10- Then compute
f(b) = b+ reverse(b) = (babibg)10 + (bob1b2)10. No matter what = we start
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with, we always obtain f(b) = 1089. We generalize this to the following
operator:

Definition 1.2. Let f be the reverse and add an operator. Let F': NU{0} —
N U {0} be defined by F' = f o g. In addition, to calculate F(z) = f(g(x)),
we always keep the same convention in Definition 1.1, where the number of
decimal digits of x and g(x) are equal.

For example, suppose x = 100. Then g(x) = 99 = 099 and so F(z) =
£(099) = 990 + 099 = 1089. By using a computer or a straightforward
calculation, it is not difficult to notice the following pattern:

if 10 < 2 < 10%, then F(z) = 0 or 99;

if 10 < x < 103, then F(z) = 0 or 1089;

if 10° < 2 < 10%, then F(x) = 0, 10890, or 10989;
if 10* < x < 10°, then F(z) = 0, 109890, or 109989.

In general, we have the following result.

Theorem 1.3. Let F' = fog, k > 2, and 10F < 2 < 10F!. Let 2 =
(arag—_1...a0)1w0, ax #0, and 0 < a; <9 forallt =0, 1, ..., k. If k =2,
then F(x) = 0 or 1089. Suppose that k > 3 and cg, cx_1, ..., co 1S the
permutation of ag, ax_1, ..., ag such that ¢y > cp_q1 > -+ > ¢o. Let m = z(x)
be the largest element of the set {j € {0,1,...,k} | ck—j > ¢;}. If a; = a; for
all i, j, then F(x) =0. If a; # a; for some i, j, then

F(z) =1099...98900...0,

y(z) z(x)
where y(x) =k — 2 — z(x).

Although the result is easy to observe for k = 2, 3, 4, it is more difficult
when k is large. As far as we know, there is no proof for a general k. We
hope that this article will help explain something related to 6174, 1089, and
other similar magic numbers. Finally, it is an interesting open problem to
determine whether or not a given number in the range of F'is a Liychrel num-
ber. We leave this problem for the interested reader. For more information
on 6174 and the Kaprekar operator, see for instance in [5], [6], and [7]. For
related articles on 1089 and 2178, see for example [1], [2], [3], [4], [8], [9], and
[10].
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2 Proof of the Main Result

Proof. We first consider the case k = 2. Since 10* < x < 103, it can be
written in the decimal representation as z = (agajag)19, where ay # 0 and
0<a;<9fori=0,1,2. Ifay =a; = ag, then F(z) = 0. So suppose that
as, ay, ag are not all the same and let ¢y, ¢, ¢g be the permutation of as, aq,
ag such that ¢y > ¢; > ¢5. Then ¢y > ¢y and

g(x) = (cac1c0)10 — (cocic2)10
= (10%¢cy + 10¢; + co) — (10%co + 10¢; + ¢3)
=10%(cy — g — 1) +10(9) + 10 — (cz — co)
= (d2d1d0)107

where dy = co —cg — 1, d; = 9, and dy = 10 — (cg — ¢p). Then it is easy to
see that

F(z) = (dadydy) 10 + (dodyds)10 = 1089.

Next, let & > 3, 10F < 2 < 10, and write # = (azas_; . . .ag)10, where a;, # 0
and 0 <a; <9foralli=0,1, ...,k If a; =a; for all ¢, j, then F(z) =0
and we are done. So suppose that a; # a; for some 4, j. Let ¢, cx_1, ..., Co
be the permutation of ay, ay_1, ..., ag such that ¢, > ¢cx_1 > -+ > ¢g. Then

g(x) = (cpCr_1-..co) — (coc - - k)10

k k
= Z Ck_jlok_j - Z leok_j
j=0 j=0

- Z(ck_j — ¢;)10F (2.2)

Let A= {j €{0,1,...,k} | cxy—; > ¢;}. Since ¢ > ¢y, we see that 0 € A,
and so A # @. Let m be the largest element of A. If m > [%], then
k—m<k— [g} = ng < m, which implies ¢;_,, < ¢,, which contradicts the

fact that m € A. Therefore, 0 < m < [£]. Since m is the largest element of
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Aand ¢, > cp_q1 > -+ > ¢, we assert that the following relations hold:

ch—j >c; for 0<j<m, (2.3)
ch—j <¢; for j>m, 2.4)
k
ch—j=c¢; for m<j< liJ : (2.5)

k .
cp—j = c; for B) <j<k—m, (2.6)
ch—j <c; for k—m<j<k. (2.7)

For (2.3), we know that ¢,_,, > ¢, and if 0 < j < m, then cx_; > cp_pp, >
Cm > ¢j. So (2.3) is verified. By the choice of m, (2.4) follows immediately.
If j < %], thenk—j >k—|%] =[4] > j, and so ¢4—; > ¢;. This and (2.4)
imply (2.5). Replacing j by k£ — j in (2.5), we obtain (2.6). Changing j to
k — jin (2.3), we obtain (2.7).

Next, we divide the sum in (2.2) into 3 parts: 0 < j<m,m < j < k—m,
and k —m < j < k. By (2.5) and (2.6), the second part is zero. Therefore,
(2.2) becomes

g@)= D (g —e)10"7 + 3" (e —ep)10F T (2.8)
0<j<m k—-m<j<k

The terms c;_; — ¢; in (2.8) are positive in the first sum and negative in the
second. Then we write

10F—m = < Z 9-10’“‘]’) +10

m41<j<k—1
— < > 9-10’“‘]’) +< > 9-10’H’) +10.
m+1<j<k—m-—1 k—m<j<k-1
Let dy—, = Cleyn — € — 1 and dy = 10 + ¢g — ¢;. Then
(Chm — Cm)10F7™ Z (Ch—j — cj)lok_j
k—m<j<k

= dp_m 10" 105 4 Y (e — ;) 1057

k—m<j<k
= dy_n 1057 + ( > o9 10’H‘>
m+1<j<k—m-—1

+ > (94 ey — ) 1087+ dy, (2.9)

k—m<j<k—1
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where dj,_.,, do, and the coefficients of 1077 in the above equation are non-
negative and are less than 10. Therefore, (2.8) and (2.9) imply that we can
write g(x) in the decimal expansion as:

g(z) = (dpdg-1 - .. do)ro = Z dy_ ;10877

0<j<k

where 0 < d; <9 foralli=0,1, 2, ...,k and dj_; satisfies the following
relations:

dy—j =cp—j—c; for 0<j<m, (
Ay = Choep — Cm — 1, (
dpj=9 for m+1<j<k-m-—1, (
dp—j =9+ c_j—c; for k—m<j<k-1, (2.13
do =10 4 ¢¢ — . (

h

Since the decimal expansion of g(x) has k + 1 digits, that of f(g(z))
most k£ 4+ 2 digits. Then

F(x) = f(g(x)) = (dkdk—l - -d0)10 + (dod1 .. -dk)lo = (ekﬂek .. 60)10,

where 0 < e; < 9 foralli=0,1, ..., k+ 1. From elementary arithmetic,
recall the fact that eg = dg + d, — 10eg, where ¢y = 0 if dy + d, < 10, and
g0 = 1 if dy+d; > 10. In addition, e; = dj +dj_; +€;-1 —10¢; for 1 < 5 <k,
where ;1 = 0 if there is no carry in the addition in the (j — 1)th position
and €;_; = 1 otherwise; while ¢; = 0 if d; + dj—; + ;-1 < 10, and ¢; = 1 if
d; +di—j+¢ej—1 > 10. Moreover, e = 0 if there is no carry in the addition
in the kth position and e, = 1 otherwise. We now calculate eq, e, ..., e,
ex+1 by using this fact and the relations in (2.10) to (2.14). We obtain

eo = do + dp — 10eg = (10 + ¢o — ¢x) + (e — o) — 10eg = 10 — 10¢y,
which implies ¢g = 1 and ey = 0. Then
epr =di+dp_1+1—10ey = (94c1—cp_1)+(cpo1—c1) +1—10e; = 10— 10¢y,
which implies 1 = 1 and e; = 0. In general, we replace j by & — j in (2.13)
togetd; =9+c¢; —cp_;jfor1 <j<mjandife;1=1land2<j<m—1,

then

€j = dj—l—dk_j+1—1()€j = (9—|—Cj —Ck_j)+(ck_j—0j)+1—105j = 10—105]',
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which implies €; = 1 and e; = 0. Applying this observation for j =2, 3, ..,
m — 1, respectively, we obtain

E9 = 1,62 20,83 = 1,63 = 0,...,€m_1 = 1,6m_1 =0.
Then

em = Ay + dp—m, + 1 — 10e,,
=094+ cm—ckm) + (Chem — cm — 1) + 1 — 10, = 9 — 10¢,,,

which implies ¢, = 0 and e,,, = 9. Then e,,,1 = dp41 + dg_m_1 — 10g11 =
949 —10¢,,+1, which implies ,,,1 = 1 and e,,,1 = 8. In general, we replace
Jj by k—jin (2.12) to obtain d; = 9 for m+1 < j < k—m — 1; and if
gior=landm+2<j<k—-m-—1, then

ej:dj“_dk—j“‘fj_l—105j:9+9+1—105j:19—105]',

which implies €; = 1 and e; = 9. Applying this observation for j = m + 2,

m+3, ..., k—m — 1, respectively, we obtain
Emrz = Lemia =9 em3 =Lemis =9, &p-m-1 =1, €1 =9.
Then

€k—m = dk—m + dm +1—10ep_m
=(Chem—Cm— 1)+ (94 cm — Ch—m) + 1 — 10k, = 9 — 1064_p,,

which implies e;_,, = 0 and eg_,, = 9. Then

Ch—m+1 = Ag—mt1 + dm—1 — 10441
= (Ck—m-l—l - Cm—l) + (9 + Cm—1 — Ck—m-i—l) - 10€k_m+1
— 0 — 106411,

which implies €41 = 0 and ex_,11 = 9. In general, we replace j by k — 5
in (2.13) to obtain d; =94 ¢; —¢x—; for 1 < j < m; and if g,_;_; = 0 and
1 <7 < m, then

€k—j = dk_j —l—dj — 105k—j = (Ck_j —Cj) + (9+Cj —Ck_j) — 105k—j =9— 105k—j>

which implies €;_; = 0 and e;_; = 9. Applying this observation for j = m—2,
m — 3, ..., 1, respectively, we obtain

Ek-mr2 =0, €—mi2 =9 mi3 =0, mi3=9,...,6,-1 =0,e,1 = 9.
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Then
€L = dk + do — 105k = (Ck — Co) + (10 + ¢y — Ck) — 105k =10 — 105k>

which implies ¢, = 1 and e, = 0. Then e,y = 1. To conclude, we obtain
e, =0for0<j<m, e, =9 ¢€nn =8¢ =9form+2<j5<k-1,
er = 0, and ey = 1. This completes the proof. O
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