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Abst rac t 

A new approach to the semantics of description 
logics, using concept algebras, was introduced 
in [Dionne et al., 1992b]. In that approach, 
the terms of a description logic, i.e., concept 
descriptions, were viewed as elements of a free 
algebra. In the context of a given knowledge 
base possibly involving cycles, an intensional 
semantics was given by mapping every concept 
description to a possibly non-well-founded set 
that embodied the abstract structure of the 
concept description. This is in contrast to an 
extensional semantics that assigns to a concept 
description a specific set it describes. These 
sets that embody the abstract structures of 
concept descriptions are the elements of the 
universal concept algebra. The novelty of this 
approach is that one can define an ordering on 
the terms in these algebras that corresponds di­
rectly to the structural subsumption algorithms 
that most of these logics employ in their imple­
mentations. In this paper we prove that struc­
tural subsumption in the universal concept al­
gebra is the most abstract wi th respect to all 
the greatest fixed point models, i.e., that sub­
sumption defined structurally is equivalent to 
subsumption defined model-theoretically. This 
result provides the l ink between our intensional 
semantics based on concept algebras and the 
usual extensional models. 

1 In t roduc t i on 

The nature of extensional semantics for description logics 
is easily grasped: given a knowledge base, concept terms 
are interpreted as sets of objects from some universe be­
ing modeled by that knowledge base. Thus, there is 
a particular world view in the form of a fixed universe 
that is at the root of an extensional semantic model. In 
contrast, an intensional semantics implies an interpreta­
tion uncommitted to the specifics of a particular world 
view. A related contrasting use of terminology is found 
when we speak of a function being defined intension-
ally as some sort of algorithm or formula, as opposed 
to extensionally as a set of ordered pairs. Concept alge­

bras, recently introduced in [Dionne et al., 1992b], pro-
vide the mathematical underpinnings for a first attempt 
at an intensional semantics for description logics. An 
element of the universal concept algebra is an abstract 
object that reflects the structural essence of a term of a 
description logic. The ordering of the terms in this alge­
bra corresponds to subsumption. In fact, the definition 
of this ordering is actually an abstract specification of 
structural subsumption used in description logics like K-
REP [Mays et al., 1991], LOOM [MacGregor and Bates, 
1987], and CLASSIC [Borgida et al., 1989], in contrast 
to KRIS [Baader and Hollunder, 1991], which employs 
a model-based approach. This algebraic model captures 
the essence of subsumption as a process of structural 
comparison, and is defined without any use of exten­
sional models. 

Bi l l Woods has argued eloquently for taking a more 
operational or intensional view of subsumption [Woods, 
1991], with several examples that exhibit the confu­
sions that arise through implicit use of quantifiers. His 
work has motivated our development of concept algebras. 
Though certainly a broader approach to intensional se­
mantics is called for by Woods, concept algebras arc an 
init ial step in that direction. Another motivation for the 
algebraic approach was the problem of cycles. We've 
shown that, in elementary description logics support­
ing conjunctions of concepts, recursive definitions can 
be handled. This model has also been extended to han­
dle disjunctions, while sti l l handling cycles [Dionne et 
a/., 1992a]. Since we have not yet extended our proof of 
the main theorem of this paper to the model support­
ing disjunction, we wil l restrict ourselves to the more 
elementary case. 

The class of concept algebras is defined using univer­
sal algebra [jacobson, 1989]. The signature is specified 
using the operators for term formation in the description 
logic, and axioms are specified that must be satisfied by 
algebras in the class. Three kinds of concept algebras 
are of particular interest. First, there are free algebras, 
i.e, algebras of syntactic terms, that are generated by 
a set of variables that may be defined by a knowledge 
base, where a knowledge base is simply a set of equa­
tions equating variables with terms of the free algebra. 
Second, we consider quotients of free algebras by congru­
ences generated by knowledge bases. Finally we consider 
the universal concept algebra, which is given by the so-
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l u t i o n of a cer ta in set-theoretic equat ion. The carrier of 
th is algebra is a col lect ion of non-wel l - founded sets, each 
representing the st ructure of a concept descr ipt ion. For 
each given knowledge base sat isfy ing a cer ta in weak con­
d i t i o n , there is a unique homomorph ism f r o m the corre­
sponding quot ien t algebra to the universal concept alge­
b ra . T h e universal concept algebra can be thought of as 
the col lect ion of a l l possible concepts. In [Dionne et a/., 
1992b], we conjectured t ha t th is algebra was the most 
abstract o f a l l the greatest f ixed po in t extensional m o d ­
els. In th is paper, the conjecture is stated fo rma l l y and 
proved as a theorem, thus l i nk ing this new approach 
w i t h ex is t ing mode l theories. We c la im the novelty o f 
th is algebraic approach is t ha t the quot ient algebra cor­
responding to a given knowledge base, together w i t h i ts 
m a p p i n g to the universal concept algebra, elucidates the 
d is t inc t ions between descript ive and greatest f ixed po in t 
semantics. T h i s coincides w i t h Bernhard Nebel's com­
ment [Nebel, 1990] t ha t in descript ive f ixed point models, 
concept names are a d is t inguish ing feature. In fact, in 
a new imp lemen ta t i on of K - R E P two spaces of objects 
are ma in ta ined , a def in i t ion space corresponding to the 
quot ient a lgebra, and a semantic space corresponding to 
the universal concept algebra. T w o concepts m igh t be 
defined w i t h different names tha t classify to the same ob-
jec t . The i r separate def ini t ions arc kept in the def in i t ion 
space, yet they po in t to the same object in the semantic 
space. We feel th is is a first step towards an intensional 
semantics t h a t w i l l enhance our understanding of how to 
imp lement correct ly the effect of def in i t ional changes on 
subsumpt ion relat ions. 

In the next section we discuss some related works. 
Th i s is fo l lowed by a br ief section describing the descrip­
t i on logic we are discussing. Then , there is a section 
rev iewing [Dionne et a/., 1992b] covering the fo rmal de­
f init ions of concept algebras and of homomorphisms be­
tween t h e m . In Section 5 we out l ine the construct ion of 
extensional greatest f ixed po in t models. Next is Section 
6, wh ich contains the m a i n result: a theorem relat ing 
the universal concept algebra to the class of extensional 
greatest f ixed po in t models. The paper ends w i t h re­
marks on intensional semantics and prospects for han­
d l i ng negations. 

2 Related Work 
Various f ixed po in t models have been investigated in 
[Nebel, 1990]. The prob lem of cyclic def ini t ions, in 
rough ly the same subset of descript ion logics tha t we 
discuss here, was first solved in [Baader, 1990]. Baader 
views concept descript ions as au tomata , and couches 
subsumpt ion questions in terms of language acceptance. 

A use of non-wel l - founded sets s imi lar to ours is made 
in [Rounds, 1991]. There the emphasis is on merging 
re la t iona l da ta bases, s i tua t ion theory, and feature log­
ics. Our m a i n emphasis is on subsumpt ion of terms and 
the incrementa l maintenance of a network of terms. Our 
work is restr icted to descr ipt ion logics, w i t h emphasis 
placed on issues par t i cu la r to t hem. The "complex ob­
jec ts " appear ing in [Rounds, 1991] have bo th intensional 
and extensional aspects, and bo th least upper bounds 
and greatest lower bounds of complex objects are exam­

ined, inc lud ing a detai led explanat ion of how Aczel's So­
l u t i on L e m m a is used to compute the least upper bound. 
In our imp lementa t ion we are never required actual ly to 
compute least upper bounds, since subsumpt ion is com­
puted direct ly. A l t hough our s i tuat ion is, on the surface, 
less complex, it does no t seem to be a special case of the 
results presented in [Rounds, 1991]. Nevertheless, the 
use of non-wel l- founded set theory to handle recursive 
def ini t ions is s imi lar . 

Another algebraic approach [Br ink and Schmidt , 
1992], involves an equat ional algebra of relations act­
ing on a boolean algebra of sets, s imi lar to the not ion of 
a module. Though more general than concept algebras, 
since roles are treated as first class citizens, the details 
of subsumpt ion, which amounts to equat ional reasoning 
in their algebra, are not yet worked out . Even though 
cycles are not considered, th is work is s imi lar to con­
cept algebras, in tha t the view is algebraic as opposed 
to model-theoret ic. 

3 The Representation Language 

As in [Dionne et a/., 1992b], we are only considering a 
smal l subset of K - R E P [Mays et al.} 1991], a description 
logic based knowledge representation language. Table 1 
shows the constructs in th is language, together w i t h their 
abstract f o r m and set-theoretic semantics. Though we 
have developed concept algebras for a larger model that 
includes dis junct ions, and are current ly pursuing nega­
t i on , we restr ict ourselves here to the or ig inal model . 
Th is is the model for which we prove the conjecture 
or ig ina l ly stated in [Dionne et al.y 1992b]. Note that 
our "allsonse" operator combines two operators that are 
normal ly kept separate in most descript ion logics. The 
"some" operator by i tself wou ld act as a j o i n homomor­
ph ism (see [Br ink and Schmidt , 1992]), and one a t tempt 
at extending concept algebras to handle negations i n ­
volves separating the two out to make use of the clas­
sical relat ionship between negat ion and existential and 
universal quant i f icat ion. 

We assume the reader is fami l ia r w i t h descript ion log­
ics. The po in t we wish to emphasize is tha t concepts 
are organized in to an ordered structure ( in this model a 
meet-semilatt ice, in [Dionne et a/., 1992a] a d is t r ibut ive 
lat t ice) , by a process called classif ication, whose ma in 
component is s t ruc tura l subsumpt ion. One concept te rm 
subsumes another if: 1) a l l of i ts p r im i t i ve components 
are contained in the other, 2) i ts roles are a subset of the 
roles of the other, and 3) the value restr ict ion of each 
of i ts roles subsumes the value restr ict ion of the other 
concept's role. Later th is subsumpt ion order ing w i l l be 
r igorously stated in terms of the order ing of elements in 
the universal concept algebra. 

4 Concept Algebras 

Consider the signature E conta in ing a set P of constants, 
a set !R of unary operators, a b inary operator A, and a 
constant T. Let E be the fo l lowing set of axioms w i t h 
respect to th is signature: 
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lapgs (accessible pointed graphs) are pictures of non-well-
founded sets (see [Acsel, 1988]) 
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7 Conclusion 

This paper has shown that structural subsumption as 
computed in the universal concept algebra, and sub-
sumption in all greatest fixed point models, are essen­
tial ly the same. Therefore, for purposes of subsumption 
testing, one need not appeal to extensional models. This 
appears to be a first step towards intensional semantics, 
in the larger sense, as advocated in [Woods, 1991]. Con­
cepts are seen as just descriptions. Their relationships, 
via subsumption, to other concepts is a structural com­
parison process. Each concept in K-REP gives rise to 
two objects: a definitional one in and a semantic 
one in C. 

Currently we are working on extending concept alge­
bras, which now include disjunctions (see [Dionne et al., 
1992a]), to include negation while sti l l handling cycles. 
One approach might make use of the fact that a finite 
distributive lattice is a Heyting algebra, in which one 
can define negation in terms of disjunction. Another ap­
proach would be to use boolean algebras, in which case 
normalization in the presence of cycles is problematic. 


