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A b s t r a c t 

One o f t h e most i n t e r e s t i n g q u e s t i o n s i n t h e 
s t u d y o f human problem s o l v i n g i s t h e n a t u r e o f 
t h e I n t e r a c t i o n between a problem's i n t r i n s i c 
s t r u c t u r e and a problem s o l v e r ' s s t r a t e g i e s or 
b e h a v i o r s . The p r e s e n t paper suggests t h e use of 
t e c h n i q u e s developed i n r e s e a r c h i n mechanical 
problem s o l v i n g t o a s s i s t i n f o r m u l a t i n g and 
i l l u m i n a t i n g t h i s q u e s t i o n . The a u t h o r s a l s o seek 
t o develop a r e l a t i o n s h i p between a r t i f i c i a l 
i n t e l l i g e n c e methods and ' s t r u c t u r a l i s t 1 t h e o r i e s 
o f c o g n i t i o n b y r e l a t i n g groups o f symmetry t r a n s 
f o r m a t i o n s and ' c o n s e r v a t i o n ' o p e r a t i o n s . 

S e c t i o n I : I n t r o d u c t i o n 

One o f t h e most i n t e r e s t i n g q u e s t i o n s i n t h e 
psychology o f problem s o l v i n g i s t h e n a t u r e o f the 
i n t e r a c t i o n between a problem's i n t r i n s i c s t r u c 
t u r e and the s t r a t e g i e s o r b e h a v i o r s employed i n 
a t t e m p t i n g t o s o l v e the problem. S e v e r a l s t u d i e s 
have r e c e n t l y appeared a d d r e s s i n g t h i s s u b j e c t : 
1) the l e a r n i n g of mathematical s t r u c t u r e s such as 
the K l e i n group o r t h e c y c l i c group o f o r d e r f o u r , 
Branca & K l l p a t r i c k [ 1 3 , 2) t h e s t u d y of analogy 
and t r a n s f e r i n r e l a t e d problem s o l v i n g s i t u a t i o n s . 
Reed, E r n s t , & B a n e r j i [ 2 3 , Egan & Greno i n ( 3 ] , 
3) the development of mechanical theorem p r o v e r s 
b o t h i n e q u a t i o n s o l v i n g , Bundy [ 4 ] , and i n e l e 
mentary geometry, G e l e r n t e r [ 5 ] and G o l d s t e i n [ 6 3 . 
T h i s r e s e a r c h , a l t h o u g h from d i v e r s e p o i n t s o f view, 
shares a common i n t e r e s t : u n d e r s t a n d i n g t h e 
e f f e c t s of problem s t r u c t u r e - f o r i n s t a n c e , a 
problem's p o s s i b l e subproblem and symmetry decom
p o s i t i o n s - o n e f f i c i e n t problem s o l v i n g . 

T h i s paper suggests techniques t h a t may 
f u r t h e r a i d i n f o r m u l a t i n g and i l l u m i n a t i n g t h i s 
q u e s t i o n . More a m b i t i o u s l y , t h e a u t h o r s seek t o 
develop a r e l a t i o n s h i p between a r t i f i c i a l i n t e l l i 
gence methods and P i a g e t i a n or ' s t r u c t u r a l i s t ' 
t h e o r i e s o f c o g n i t i o n . 

N i l s s o n [ 7 ) has d e f i n e d t h e s t a t e space r e p 
r e s e n t a t i o n o f a problem a s t h e s e t o f d i s t i n g u i s h 
a b l e problem c o n f i g u r a t i o n s o r s i t u a t i o n s t o g e t h e r 
w i t h the p e r m i t t e d moves or steps f r o m one problem 
s i t u a t i o n to a n o t h e r . Thus the s t a t e space of a 
problem c o n s i s t s o f an i n i t i a l s t a t e , t o g e t h e r w i t h 
a l l the s t a t e s t h a t may be reached from the i n i t i a l 
s t a t e b y successive l e g a l moves i n t h e problem. 
One or more of these successor s t a t e s are c l a s s 
i f i e d as g o a l s t a t e s . The s t a t e space o f a pr o b 
lem, r e p r e s e n t e d as a n o n - d i r e c t e d g r a p h , w i l l be 
unique o n l y i f t h e problem's d e s c r i p t i o n c l e a r l y 
d e l i n l a t e s i t s i n i t i a l and g o a l s t a t e ( s ) and i t s 
s e t o f l e g a l moves Egan & Greno [ 3 3 . F i n a l l y , 
t h e concept of the s t a t e space of a problem can be 
g e n e r a l i z e d t o t h e analogous s t r u c t u r e f o r a n 
N-player game, i . e . , t h e game t r e e o r graph. 
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B a n e r j i [ 8 ] , B a n e r j i a E r n s t C93 and o t h e r 
r e s e a r c h e r s have o f f e r e d mathematical d e s c r i p t i o n s 
t o c h a r a c t e r i z e s t a t e spaces. T h i s ' s t a t e space 
a l g e b r a * a l l o w s such concepts as problem compar
i s o n , d e c o m p o s i t i o n , and e x t e n s i o n t o b e w e l l de
f i n e d and a l s o a l l o w s problem s o l v i n g s t u d i e s i n 
t h e areas of problem analogy, t r a n s f e r , and gen
e r a l i z a t i o n t o b e e x t r e m e l y p r e c i s e . 

I n e a r l y a r t i f i c i a l i n t e l l i g e n c e r e s e a r c h 
b o t h G e l e r n t e r ' s Geometry Theorem Prover [53 w i t h 
i t s use o f t h e symmetries w i t h i n t h e s y n t a x o f a 
problem's d e s c r i p t i o n , as w e l l as N e w e l l , Shaw 
and Simon's General Problem S o l v e r [103, w i t h i t s 
u t i l i s a t i o n o f a problem's p o s s i b l e subproblem 
decompositions, a f f i r m t h e need f o r as complete as 
p o s s i b l e e x p l o i t a t i o n o f a problem's s t r u c t u r e f o r 
e f f e c t i v e problem s o l v i n g . Again, i n p l a n 
f o r m a t i o n , S a c e r d o t l [113 uses ABSTRIPS to focus on 
t h e i m p o r t a n t f e a t u r e s o f a problem's s t r u c t u r e 
and t o i g n o r e t h e unnecessary d e t a i l t h a t l e a d s 
STRIPS to c o m b i n a t o r i a l problems. 

Newell and Simon's l a t e r work [123 p e r m i t s 
i n p r i n c i p l e a v e r y d e t a i l e d i n t e r p r e t a t i o n o f a n 
i n d i v i d u a l ' s problem s o l v i n g ' p r o t o c o l ' a s s t e p s 
i n i n f o r m a t i o n p r o c e s s i n g . However, a s t h e 
'problem space' f o r t h i s r e s e a r c h v a r i e s f r o m 
s u b j e c t t o s u b j e c t f o r each i n d i v i d u a l problem i t 
a l s o lends t o t h e i r model a d e f i n i t e p o s t hoc 
c h a r a c t e r . Since no f i n a l commitment c o n c e r n i n g 
t h e s t r u c t u r e o f t h e 'problem space' i s made u n t i l 
a f t e r the problem s o l v i n g i s observed, t h e p o t e n 
t i a l f o r p r e d i c t i n g t h e e f f e c t s o f a problem's 
s t r u c t u r e on a s u b j e c t ' s problem s o l v i n g b e h a v i o r 
seems to be l a c k i n g . 

I n t h e n e x t s e c t i o n two ideas are i n t r o d u c e d . 
F i r s t , we a s s e r t a fundamental correspondence be
tween c o n s e r v a t i o n o p e r a t i o n s and symmetry t r a n s 
f o r m a t i o n s . I n t h e sense o f P i a g e t , a conserv
a t i o n o p e r a t i o n i s t h e a b i l i t y o f a problem s o l v e r 
t o respond t h a t two d i f f e r e n t s t a t e s o f t h e en
v i r o n m e n t are e q u i v a l e n t when they are f u n c t i o n 
a l l y t h e same, t h a t i s when t h e y b o t h possess t h e 
same v a l u e f o r some p e r c e p t u a l or c o g n i t i v e v a r i 
a b l e . For example, 1 7 i s s a i d t o b e e q u i v a l e n t 
to 32 modulo 3, s i n c e b o t h have t h e same remainder 
on d i v i s i o n by 3. In g e n e r a l , a symmetry t r a n s 
f o r m a t i o n is a mapping which c a r r i e s one problem 
s t a t e i n t o another in such a way as to l e a v e un
changed i m p o r t a n t observable f e a t u r e s . I n t h e 
everyday sense of the word symmetry these f e a t u r e s 
are g e o m e t r i c , f o r example, t h e t r a n s f o r m a t i o n 
which changes a p a r t i c u l a r c o n f i g u r a t i o n o f o b j e c t s 
i n t o i t s ' m i r r o r image' may l e a v e the appearance 
of the c o n f i g u r a t i o n unchanged. We are i n t e r e s t 
ed, however, in a more g e n e r a l n o t i o n of symmetry, 
f o r example, symmetry w i t h i n a problem's d e s c r i p 
t i o n and u n d e r l y i n g problem s t r u c t u r e , a s w e l l a s 
i n the more r e a d i l y apparent geometric symmetries. 
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The second idea pursued in t h i s section is 
t h a t in problem s o l v i n g , a subgoal and aubproblem 
decomposition of a problem may govern a problem 
solver's behavior even when he or she is not 
consciously seeking t o a r r i v e a t t h a t p a r t i c u l a r 
subgoal, and despite the f a c t t h a t the i n f r a 
s t r u c t u r e of subproblem's w i t h i n the main problem 
may not on the surface be apparent. Furthermore, 
given a aubproblem decomposition, one kind of 
symmetry whose e f f e c t may be explored is the pres
ence in the problem of aubproblems of I d e n t i c a l 
(Isomorphic) s t r u c t u r e . 

I n the t h i r d s e c t i o n a d d i t i o n a l concepts con
cerning a problem's s t a t e space are r i g o r o u s l y 
defined, and several hypotheses o f f e r e d concerning 
e f f e c t s of problem s t r u c t u r e on subject's paths 
through the s t a t e space, such as a predominance of 
goal and subgoal d i r e c t e d paths, and an increased 
l i k e l i h o o d of congruent paths through isomorphic 
aubproblems. 

In the f o u r t h s e c t i o n , the Tower of Hanoi 
problem (Nilsson [ 7 ] ) and the Tea Ceremony problem 
(Hayes & Simon i n t 3 l ) are used t o i l l u s t r a t e the 
main ideas developed. F i n a l l y , some suggestions 
f o r f u r t h e r experimental i n v e s t i g a t i o n are pro
posed. 

Section I I : (A) Conservation Operations and 
Symmetry Transformations 

(B) Subproblem Decompositions 

(A) In Tic-Tac-Toe a player, say X, is said to 
' f o r k ' h i s opponent when he places h i s X_ in such a 
p o s i t i o n on the board t h a t 1) there are as a r e s u l t 
two possible 'winning moves* f o r X, and 2) O is 
able, in the next move, to block only one of these 
'winning moves'. There are several d i f f e r e n t 
• f o r k i n g ' p o s i t i o n s possible on the Tic-Tac-Toe 
board and these r e l a t i o n s h i p s are conserved or i n 
v a r i a n t over a l l r o t a t i o n s and r e f l e c t i o n s o f the 
game board. Thus i t can be said t h a t there i s a 
conservation or f u n c t i o n a l equivalence among the 
d i f f e r e n t ' f o r k i n g ' s i t u a t i o n s . I t i s also poss
i b l e to c o n s t r u c t symmetry transformations of one 
' f o r k i n g ' s i t u a t i o n onto any o t h e r . The authors 
would l i k e to e s t a b l i s h a l o g i c a l equivalence be
tween conservation operations and groups of sym
metry transformations f o r c h a r a c t e r i z i n g t h i s and 
other problem s o l v i n g s i t u a t i o n s (GoIdin & Luger 
[13} Luger [ 1 4 ] ) . 

The group is the paradigm in mathematics of 
the methodology which has been termed ' s t r u c t u r 
a l i s t ' (Piaget [ 1 5 ] ) . This methodology has been 
applied to f i e l d s of study as diverse as anthro
pology, l i n g u i s t i c s , and psychology, as w e l l as to 
mathematics [ 1 5 ] . According to Piaget a s t r u c t 
ure in the most general sense is a system or set 
w i t h i n which c e r t a i n r e l a t i o n s or operations have 
been defined, embodying the concepts of wholeness, 
t r a n s f o r m a t i o n , and s e l f - r e g u l a t i o n . For example 
a system of k i n s h i p c o n s t i t u t e s a s t r u c t u r e in 
anthropology as does a group in mathematics. In 
Plagetlan developmental psychology, the conser
v a t i o n operations - conservation of number, volume, 
q u a n t i t y , etc. - are transformations which repre
sent the c o g n i t i v e s t r u c t u r e s assumed to u n d e r l i e 
c e r t a i n p a t t e r n s o f behavior. A c q u i s i t i o n o f 
these conservation operations by c h i l d r e n defines 

sequential stages in t h i e r c o g n i t i v e development. 

In view of the p a r a l l e l fundamental r o l e s 
played by group structures in mathematics and 
c o g n i t i v e s t r u c t u r e s in developmental psychology, 
i t i s n a t u r a l t o t r y t o look a t the a c q u i s i t i o n 
of Plagetlan conservation operations as equivalent 
to the a c q u i s i t i o n of a group of symmetry t r a n s 
formations . 

For an observable (such as number, q u a n t i t y , 
etc.) to be conserved means i n f a c t t h a t when a 
given st a t e i s someKow transformed i n t o an a l t e r e d 
s t a t e , the value of the observable is unchanged 
from I t s i n i t i a l value. Of course, f o r the second 
sta t e to be regarded as d i f f e r e n t from the f i r s t 
s t a t e at a l l , there must be at l e a s t one other ob
servable which does change in value under the 
transformation, and which is not conserved by the 
transformation. A symmetry transformation may be 
defined, then, as a one-to-one mapping from the set 
of states onto i t s e l f which leaves i n v a r i a n t the 
s p e c i f i e d r e l a t i o n s h i p s among the states. Any 
c o l l e c t i o n of such symmetry transformations gener
ates a symmetry group. 

Let us say t h a t a c e r t a i n symmetry group G 
conserves a given set of observablea when f o r each 
s t a t e S _ is the system, a l l states which may be ob
tained from £ by applying symmetry transformations 
from G have e x a c t l y the same values of the spec
i f i e d observables. The maximal symmetry group 
possessing t h i s property f o r a given set of observ
ables is the group containing every symmetry t r a n s 
formation which preserves the values of the spec
i f i e d observables. 

To say t h a t a subject 'conserves number', f o r 
example, means t h a t no matter how a given s t a t e o f 
the environment is transformed i n t o an a l t e r e d 
s t a t e by simply moving the objects w i t h i n the en
vironment around, the value of the observable 
'number' - according to the subject's r e p o r t - r e 
mains unchanged. Thus, a group of one-to-one 
s u r j e c t i v e mappings from a region of R2 onto i t s e l f , 
maps the set o f states onto i t s e l f i n such a way 
t h a t a state s p e c i f i e d by n_ p o i n t s continues to be 
s p e c i f i e d b y n points a f t e r i t i s transformed, and 
so has the same value of the observable ' number' . 
I t i s not d i f f i c u l t to see t h a t t h i s set of mappings 
f i t s the d e f i n i t i o n of a symmetry group conserving 
t h a t observable. Thus, the a b i l i t y to conserve 
number may be seen to be l o g i c a l l y equivalent to 
the a c q u i s i t i o n of the s t r u c t u r e of a symmetry 
group, t h a t i s , the a b i l i t y t o undo ( i n v e r t ) any 
rearrangement transformation and to catenate any 
two such transformations. 

It may be hypothesized t h a t stages in the 
a c q u i s i t i o n of such a symmetry group s t r u c t u r e 
a c t u a l l y correspond to the a c q u i s i t i o n of p a r t i c 
u l a r subgroups of t h i s symmetry group. For 
example, a c h i l d might a t some time respond con
s i s t e n t l y t h a t the number of objects is unchanged 
when a c o n f i g u r a t i o n is merely t r a n s l a t e d a cer
t a i n distance in space, without i t s having been 
spread out or otherwise rearranged. If t h i s were 
to occur we would say t h a t the subgroup of K con
t a i n i n g a l l t r a n s l a t i o n s had been acquired as a 
symmetry s t r u c t u r e . V e r i f i c a t i o n of t h i s hypo
thesis would f u r t h e r demonstrate the usefulness of 
the conservation operation/symmetry group corres-

925 



pondence. 

In arguing f o r the r e f o r m u l a t i o n of conserva
t i o n operations i n terms o f symmetry groups, i t 
seems n a t u r a l t o c i t e examples of systems i n which 
the symmetries are f a m i l i a r , but the i d e n t i f i c a t i o n 
of conserved q u a n t i t i e s may be cumbersome. Many 
examples drawn from problem s o l v i n g t u r n out to be 
easier to describe in terms of symmetry groups than 
in terms of q u a n t i t i e s conserved by the transform
ations in those groups. For example, in Tic-Tac-
Toe, there are nine d i s t i n g u i s h a b l e states which 
can be reached by the f i r s t move of the f i r s t p lay
er. However, modulo the r o t a t i o n or r e f l e c t i o n 
symmetry, only three d i s t i n g u i s h a b l e states e x i s t . 
I n c o n s t r u c t i n g the s t a t e space r e p r e s e n t a t i o n f o r 
Tic-Tac-Toe, one could choose to represent a l l the 
d i s t i n g u i s h a b l e states of the system, and so obtain 
a very large s t a t e space; or one could use the 
much smaller s t a t e space obtained by regarding 
those states conjugate by symmetry as equivalent. 
This l a t e x choice corresponds to r e d u c t i o n of the 
s t a t e space representation modulo i t s symmetry 
transformations. 

In studying human problem s o l v i n g , we must 
take i n t o account the p o s s i b i l i t y t h a t the sub
j e c t ' s behavior does not i n i t i a l l y r e f l e c t a l l the 
symmetry which is a c t u a l l y present. Therefore, 
to map the subject's behavior f a i t h f u l l y , we 
should begin w i t h the expanded s t a t e space repre
s e n t a t i o n , i . e . , the s t a t e space c o n t a i n i n g a l l 
possible l e g a l states of the problem. This ex
panded s t a t e space (and i t s formal p r o p e r t i e s ) 
w i l l b e constant across a l l subjects s o l v i n g t h i s 
problem and thus make possible more than a post 
hoc analysis (p.2). 

Tic-Tac-Toe also provides an example of a 
game i n which the r o t a t i o n and r e f l e c t i o n symmetry 
Is e a s i l y recognized, but the corresponding con
served q u a n t i t i e s are cumbersome to d e f i n e . One 
such q u a n t i t y might be the number of Xs in corner 
squares, a number unchanged by the r o t a t i o n or r e 
f l e c t i o n operations. Number Scrabble [ 1 2 ] , a 
game isomorphic to Tic-Tac-Toe, may be described 
as f o l l o w s . The integers 1, 2, 3, ...., 9 are 
w r i t t e n on a pad, and the two opposing players 
take turns s e l e c t i n g s i n g l e numbers. Neither 
player may s e l e c t a number already taken. The 
goal is to o b t a i n any three numbers which add up 
to exactly f i f t e e n . The isomorphism between t h i s 
game and Tic-Tac-Toe can be i l l u s t r a t e d by p l a c i n g 
the integers 1 to 9 in the Tic-Tac-Toe g r i d in 
such a way t h a t each row, column, and diagonal add 
to 15. A player t r y i n g to 
l earn Number Scrabble would 
not have a v a i l a b l e the geo
metric symmetry presented 
by the Tic-Tac-Toe g r i d . 
Vi

t^"tt P^or f a m i l i a r i t y , , # 
w i t h the 'magic square', 
a player would have to seek r u l e s such as, ' I f the 
f i r s t player chooses £, then the second player has 
to pick an even number to avoid l o s i n g ' . Unbe
knownst to the player, the r e l e v a n t 'observables' 
are j u s t those which are conserved by the Tic-Tac-
Toe symmetry - 'even numbers selected', 'odd num
bers excluding 5/, and so on. 

Tic-Tac-Toe and Number Scrabble i l l u s t r a t e 
(a) t h a t symmetries may be more convenient than 
the q u a n t i t i e s conserved by those symmetries f o r 
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f o r m u l a t i n g the n o t i o n of equivalence among s t a t e s , 
(b) t h a t symmetries and conserved q u a n t i t i e s are, 
however, l o g i c a l l y interchangeable, and (c) t h a t 
the r u l e s of a game may be reformulated i n such a 
fashion as t o make i d e n t i f i c a t i o n o f the conserved 
q u a n t i t i e s easier or more convenient than the 
c h a r a c t e r i z a t i o n of the symmetries. 

F i n a l l y , the formal correspondence between a 
group of symmetry transformations and the observ
able q u a n t i t i e s conserved by these symmetry t r a n s 
formations suggests t h a t a c q u i s i t i o n of symmetries 
may be as fundamental to c o g n i t i v e development as 
i s the a c q u i s i t i o n o f conservation operations. 
We have also seen how the presence of symmetry may 
be represented in the s t a t e space of a problem or 
game. 

(B) A second f e a t u r e of a problem which is amen
able to study u t i l i z i n g the s t a t e space is a prob
lem's I n f r a s t r u c t u r e of subproblems. It has been 
commonly held t h a t an e f f e c t i v e problem s o l v i n g 
technique is to e s t a b l i s h subproblems or subgoals 
whose s o l u t i o n or attainment might a s s i s t in the 
conquest of the main problem. Polya [17] suggests 
such an approach in discussing h i s problem s o l v i n g 
' h e u r i s t i c s ' , i t forms the basis of Newell, Shaw, 
& Simon's General Problem Solver [ 1 0 ] , and suggests 
to Nilsson C6, p 80] one way to reduce the s t a t e 
space. But to e s t a b l i s h r i g o r o u s l y the r o l e of 
such i d e n t i f i c a t i o n of subgoals i n human problem 
s o l v i n g behaviour remains d i f f i c u l t and psychol
o g i s t s are d i v i d e d even over the assumption of 
'goal-directedness' (Kimble [17] sec. 13). Char
a c t e r i z a t i o n of subproblems as subspaces of the 
problem's s t a t e space should a s s i s t in i n v e s t i g a t 
ing the behavioral consequences of a subproblem 
decomposition by the problem s o l v e r . One may 
f u r t h e r discuss, independently, the group of sym
metry transformations of a subproblem t or explore 
the e f f e c t s of the presence in a problem of d i f 
f e r e n t subproblems having I d e n t i c a l (isomorphic) 
s t r u c t u r e . 

The above considerations suggest the u t i l i t y 
of mapping the problem solver's steps as paths 
through the s t a t e space representation of the 
problem. Baaed on the formal p r o p e r t i e s of the 
s p e c i f i c problem's s t a t e space, such as i t s sym
metry and decomposition i n t o subproblems, hypo
theses can be formulated which p r e d i c t the e f f e c t 
of t h i s s t r u c t u r e on the paths generated by the 
problem solver. Then the door is open to the 
development and e m p i r i c a l t e s t of general a l g o r i t h 
mic or mechanical procedures t h a t might r e p l i c a t e 
the p r o p e r t i e s of the paths generated by human 
problem solvers. The d e c i s i o n to represent prob
lem s o l v i n g behavior as paths through the s t a t e 
space of the problem is f u r t h e r motivated by the 
desire to make precise the data which needs to be 
'explained' by a theory of human problem s o l v i n g . 

I n p r a c t i c e i t may not always b e easy t o rep
resent behavior i n t h i s fashion, since the uniqu-
ness of a problem's s t a t e space r e p r e s e n t a t i o n 
r e l i e s on the preciseness of the problem's s t a t e 
ment. Further, a problem solver's production of 
paths depends on h i s or her a b i l i t y t o d i s c r i m i n a t e 
among the perceptual or c o g n i t i v e v a r i a b l e s which 
characterize the s t a t e s and l e g a l moves of the 
problem. The best experimental s i t u a t i o n then, is 
a problem whose states correspond to d i f f e r e n t 
d i s c r e t e s i t u a t i o n s of an a c t u a l p h y s i c a l device, 
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such as Tic-Tac-Toe, N-plle NIM, or the Tower of 
Hanoi and Tea Ceremony problems to be discussed 
in section f o u r . Other a v a i l a b l e means f o r r e 
cording a subject*s behavior as a succession of 
states entered may Include recordings of o r a l 
comments, w r i t t e n notes, or even gestures and eye 
movements ( B a r t i c t t t l 9 3 , Newell & Simon C12), and 
Young C191). 

Section I I I : (A) D e f i n i t i o n s and 

(B) General Hypotheses 

(A) Before proceeding w i t h f u r t h e r discussion, 
d e f i n i t i o n s are given f o r the concepts c e n t r a l to 
the present approach. These d e f i n i t i o n s are 
based on and expanded from those given by Nilsson 
[ 7 ] . The s t a t e space of a problem is the set of 
d i s t i n g u i s h a b l e s i t u a t i o n s or states of the prob
lem, together w i t h the permitted t r a n s i t i o n s or 
moves from one s t a t e to another. The problem 
must specify an i n i t i a l s t a t e and one or more goal 
s t a t e s , and so the s t a t e space may be v i s u a l i z e d 
as a d i r e c t e d graph (Figure 2 ) . 

A eubspace of the s t a t e space is a subset of 
the s t a t e s , together w i t h the permitted t r a n s i t i o n s 
which o b t a i n between these states in the subset. 
A subproblem is a subspace of the s t a t e space w i t h 
i t s own i n i t i a l and subgoal s t a t e ( s ) . For a sub-
problem i t i s required t h a t i f the I n i t i a l s t a t e 
i s not the I n i t i a l s t a t e o f the problem, i t can b e 
entered from a s t a t e outside the subspace; and if 
a subgoal s t a t e is not a goal of the main problem, 
it can be used to e x i t from the subspace - i . e . , 
to enter a s t a t e of the problem outside of the 
subproblem. There are o f t e n many ways to de
compose a p a r t i c u l a r problem i n t o subproblems, 
which correspond to d i f f e r e n t choices of subspaces 
w i t h i n the s t a t e space. 

Two problems (or subproblems) are said to be 
Isomorphic i f and only i f there i s a b i j e c t i v e 
mapping from the s t a t e space of the f i r s t onto the 
s t a t e space of the second and: 1) the i n i t i a l 
s t a t e of the f i r s t problem i s mapped onto the 
i n i t i a l s t a t e of the second, 2) the set of goal 
states of the f i r s t problem i s mapped s u r j e c t i v e l y 
onto the goal states of the second, and 3) a t r a n s 
i t i o n from one s t a t e t o another i s permitted i n 
one problem i f and only i f the corresponding t r a n s 
i t i o n i s permitted i n the other. 

An automorphism of a problem is an isomorphism 
o f the problem onto i t s e l f and i s c a l l e d a sym
metry transformation or symmetry automorphism. 
The s e t of a l l the automorphisms of a problem forms 
a group under the binary operation of composition 
or the successive a p p l i c a t i o n of two automorphisms. 
This group is c a l l e d the symmetry group or auto
morphism group of the problem. 

The states of a problem may be d i s t i n g u i s h e d 
by v i r t u e of having d i f f e r e n t d i s c r e t e values f o r 
a set of v a r i a b l e s c a l l e d observables. These 
observables, c h a r a c t e r i z i n g the problem s t a t e s , 
may r e f e r to c o l o r , p o s i t i o n , or number, e t c . An 
observable is said to be conserved by a group of 
symmetry transformations, i f and only i f f o r any 
s t a t e , the value of t h a t observable is unchanged 
by any element of the group of transformations. 

Let S be a s t a t e of a problem, and consider 
the set of a l l states which can be obtained by 
applying automorphisms or symmetry transformations 
from a group G to S. This set of states is c a l l e d 
the o r b i t of S under the automorphism group G. 
Two states are said to be conjugate modulo the 
symmetry group G I f they are i n the same o r b i t 
under G. 

The o r b i t s w i t h i n the s t a t e space form mutual
ly d i s j o i n t equivalence classes of s t a t e s . A new 
and simpler s t a t e space may now be constructed 
canonically by considering each equivalence class 
as a s t a t e In i t s own r i g h t , or a l t e r n a t i v e l y , by 
s e l e c t i n g one representative s t a t e from each o r b i t . 
The s t a t e space thus obtained is said to have been 
reduced w i t h respect to i t s symmetry group G, or 
reduced modulo G. G may be the f u l l automorphism 
group of the o r i g i n a l s t a t e space, or any subgroup 
thereof. 

A path in the s t a t e space of a problem is a 
sequence of states S,, S_, ...,S such t h a t f o r 

1 2 n 
i - 1, 2, , n - l the p a i r S ,S represents a 
permitted t r a n s i t i o n of the problem. A s o l u t i o n 
path f o r a problem is a path in which E. is the 

i n i t i a l state and S i s a goal s t a t e , w i t h S.,..., 
n 2 

S . neither i n i t i a l nor goal states of the prob
lem. Two paths w i t h i n respective isomorphic prob
lems are said to be congruent (modulo the isomor
phism) If one path is the image of the other under 
the isomorphism. 

We have seen above t h a t one way to reduce the 
size of the s t a t e space is w i t h respect to a group 
of symmetry automorphisms of the problem. A 
second means of s t a t e space reduction is w i t h r e 
spect to the subproblem s t r u c t u r e . The s t a t e 
space may be described, a l b e i t nonuniquely, as a 
union of mutually d i s j o i n t subspaces, such t h a t 
f o r any ordered p a i r of subspaces, a t r a n s i t i o n 
e x i s t s from a s t a t e in the f i r s t to a s t a t e In the 
second. An e n t i r e subspace may thus be regarded 
as a s i n g l e s t a t e in the reduced state space, and 
a t r a n s i t i o n is permitted from one subspace to 
another whenever a t r a n s i t i o n does in f a c t e x i s t 
from a state in the one to a state in the o t h e r . 
Each subspace, now a s t a t e in the reduced s t a t e 
space, becomes also a subproblem of the o r i g i n a l 
problem whenever a p a r t i c u l a r entry s t a t e Is des
ignated a s • i n i t i a l * , and any o r a l l o f I t s e x i t 
states are designated as 'goals'. We then say 
t h a t the state space has been reduced modulo i t s 
subproblem decomposition. 

F i n a l l y , one may address the concept of a 
non-random or a goal-directed path w i t h i n a problem 
or subproblem. Roughly speaking, a non-random 
path would d i f f e r l o c a l l y - perhaps i n the number 
of 'turns* or 'loops' - from random paths generated 
through a problem's s t a t e space representation. A 
goal-directed path is a s o l u t i o n path which does 
not 'double back' on i t s e l f w i t h i n the s t a t e space, 
moving c o n s i s t e n t l y * towards' rather than 'away 
from' the goal s t a t e . C r i t e r i a f o r d e f i n i n g 
'loops', or 'doubling back', or 'distance from the 
goal s t a t e ' , e t c . , are f o r the present to be e s t 
ablished in the context of each s p e c i f i c problem 
under consideration. While these c r i t e r i a may 
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d i f f e r across problems o f d i f f e r e n t s t r u c t u r e , 
they w i l l remain constant across populations of 
subjects s o l v i n g a p a r t i c u l a r problem. 

(B) In problem s o l v i n g it may be assumed t h a t the 
solver acts s e q u e n t i a l l y upon problem s i t u a t i o n s 
(states) to generate successor s t a t e s , a process 
which can be described, as discussed above, by 
means of paths through a s t a t e space represent
a t i o n o f the problem. I t i s nowhere suggested 
t h a t the problem solver 'perceives 1 the s t a t e 
space as an e n t i t y during problem s o l v i n g . The 
syoraetry p r o p e r t i e s which have been discussed are 
formal p r o p e r t i e s of the s t a t e space, which may 
(as in Tic-Tac-Toe) or may not (as in Number 
Scrabble) correspond to geometrical or perceptual 
p r o p e r t i e s of the problem r e a d i l y apparent to the 
problem solver. 

The approach to t h i s stage of research has 
been to formulate hypotheses respecting the paths 
generated by problem solvers in the s t a t e space of 
a problem. Such hypotheses 1) are motivated by 
the formal p r o p e r t i e s of the s t a t e space under 
discussion, and 2) represent the a n t i c i p a t e d 
e f f e c t s of the problem s t r u c t u r e in shaping prob
lem s o l v i n g behavior. The f o l l o w i n g hypotheses 
of a more-or-less general nature are suggested. 

Hypothesis 1 
(a) In s o l v i n g a problem (or subproblem) the 

subject generates non-random, g o a l - d i r e c t e d paths 
in the s t a t e space representation of the problem 
(or subproblem), and (b) when sub-goal states are 
a t t a i n e d , the path e x i t s from the respective sub-
problems . 

Hypothesis 2 
I d e n t i f i a b l e 'episodes' occur during problem 

solving corresponding to the s o l u t i o n of various 
subproblems. That i s , path segments occur during 
c e r t a i n episodes which do not c o n s t i t u t e the 
( d i r e c t ) s o l u t i o n of a problem, but which do con
s t i t u t e the s o l u t i o n of the isomorphic subproblems 
of the problem. 

HypotheeIs 3 
The problem solver's paths through isomorphic 

subproblems tend to be congruent. 

Hypothesis 4 
Given a symmetry group G of automorphisms of 

the s t a t e space of a problem, there tend to occur 
successive path segments congruent modulo G in the 
s t a t e space. 

It may be t h a t the v a l i d i t y of hypotheses 1 
and 2 depends on the p a r t i c u l a r way t h a t the s t a t e 
space of the problem is decomposed i n t o subproblems 
since such a decomposition is o f t e n not unique. 
Hypothesis 4 (symmetry a c q u i s i t i o n ) is suggestive 
of the ' i n s i g h t ' phenomenon which changes the 
g e s t a l t of the problem solver (Wertheimer [2o]) 
and o f t e n plays an important r o l e in the eventual 
problem s o l u t i o n . 

These hypotheses are not to be regarded as a 
d e f i n i t i v e l i s t , but r a t h e r a s p r e l i m i n a r y and 
I n d i c a t i v e of the k i n d of analysis possible of the 
e f f e c t s of problem s t r u c t u r e on the problem solver's 
behavior. I f v a l i d , these hypotheses would o f f e r 

f a i r l y general c o n s t r a i n t s on the p r o p e r t i e s which 
mechanical models must d i s p l a y to simulate human 
problem s o l v i n g . 

Section IV: Two Problem Solving Studies 
and Suggestions f o r Further Research 

Let us seek to make the foregoing ideas more 
concrete by considering two problems t h a t have 
been used f o r e m p i r i c a l i n v e s t i g a t i o n (Luger C14], 
[ 2 1 ] ) . The Tower of Hanoi problem has been 
extensively discussed in the l i t e r a t u r e C3] and 
i t s s t a t e space considered b y Nilsoon [ 7 ] . I t i s 
a n a t u r a l problem to consider both because i t s 
w e l l defined s t a t e space has a r i c h subproblem 
s t r u c t u r e and because i t s s t a t e space possesses 
somewhat more symmetry than is immediately ap
parent in the problem environment. 

In the Tower of Hanoi problem four concentric 
rings ( l a b e l l e d 1,2,3,4 re s p e c t i v e l y ) are placed 
in order of s i z e , the l a r g e s t on the bottom, on 
the f i r s t of three pegs l a b e l l e d A, B, C); the 
apparatus is p i c t u r e d in Figure 1. The o b j e c t of 
the problem is to t r a n s f e r a l l the r i n g s from peg 
A to peg C in the minimum number of moves. Only 
one r i n g may be moved at a time, and no l a r g e r 
r i n g may be placed over a smaller one on any peg. 

Figure 1 (1 to r) The 4-ring Tower of Hanoi a 
Tea Ceremony problems i n t h e i r ' s t a r t * s t a t e s . 
A,B,C,1,2,3,4 show the isomorphism r e l a t i o n s h i p . 

The Tea Ceremony, see Figure 1, is an 
isomorph of the Tower of Hanoi. Three people - a 
host and an elder and younger guest - p a r t i c i p a t e 
in the ceremony. There are four tasks they per
form - l i s t e d in ascending order of importance: 
feeding the f i r e , serving cakes, serving tea, and 
reading poetry. The host performs a l l the tasks 
at the s t a r t of the ceremony, and the tasks are 
t r a n s f e r r e d back and f o r t h among the p a r t i c i p a n t s 
u n t i l the eldest guest performs a l l the tasks, a t 
which time the ceremony is completed. There are 
two c o n s t r a i n t s on the one-at-a-time t r a n s f e r of 
tasks: 1) only the l e a s t Important task a person 
is performing may be taken from him, and 2) no 
person may accept a task unless it is less im
p o r t a n t than any task he is performing at the 
time. The o b j e c t o f the Tea Ceremony game i s t o 
t r a n s f e r a l l the four tasks from the host to the 
elder guest In the fewest number of moves. As 
w i t h the Tower of Hanoi, the subject attempts the 
game repeatedly, s t a r t i n g over again whenever he 
or she wishes u n t i l the r i n g s are moved (or tasks 
t r a n s f e r r e d ) in the fewest possible number of 
t r a n s i t i o n s . 

928 



I n the isomorphic r e l a t i o n s h i p between the 
Tea Ceremony and the Tower of Hanoi the people -
h o s t , y o u t h , and e l d e r - correspond r e s p e c t i v e l y 
w i t h pegs A, B, and C. The f o u r t a s k s - f e e d i n g 
t h e f i r e , s e r v i n g cakes, s e r v i n g t e a , and r e a d i n g 
p o e t r y - correspond r e s p e c t i v e l y w i t h r i n g s 1, 2, 
3, and 4. I t can be checked t h a t the i n i t i a l 
s t a t e , g o a l s t a t e , and l e g a l moves o f t h e two 
games correspond. 

F i g u r e 2 i s the complete s t a t e space r e p r e 
s e n t a t i o n of t h e Tower of Hanoi/Tea Ceremony prob
lem. Bach c i r c l e stands f o r a p o s s i b l e p o s i t i o n 
o r s t a t e o f t h e games. The f o u r l e t t e r s l a b e l 
l i n g a s t a t e r e f e r t o the r e s p e c t i v e pegs (people) 
o n which t h e f o u r r i n g s ( t a s k s ) a r e l o c a t e d . For 
example, s t a t e CCBC means t h a t r i n g 1 ( f i r e ) , r i n g 
2 ( c a k e s ) , and r i n g 4 ( p o e t r y ) are in t h e i r proper 
o r d e r on peg C (performed by the E l d e r ) . Ring 3 
(tea) is on peg B (performed by the y o u t h ) . A 
l e g a l move by t h e problem s o l v e r always e f f e c t s a 
t r a n s i t i o n between s t a t e s r e p r e s e n t e d b y neighbor
i n g c i r c l e s i n F i g u r e 2 . The s o l u t i o n p a t h con
t a i n i n g t h e minimum number o f moves c o n s i s t s o f 
the f i f t e e n s t eps from AAAA t o CCCC down t h e 
r i g h t s i d e o f t h e s t a t e space diagram. 

F i g u r e 2 The S t a t e Space R e p r e s e n t a t i o n of t h e 
Tower of Hanoi/Tea Ceremony problem. Legal moves 
e f f e c t t r a n s i t i o n s between a d j a c e n t s t a t e s . 
Examples of subspaces are g i v e n . 

The Tower of Hanoi/Tea Ceremony has a n a t u r a l 
decomposition i n t o nested subproblems. For ex
ample, to s o l v e t h e 4 - r i n g Tower of Hanoi problem, 
i t i s necessary a t some p o i n t t o move the l a r g e s t 
r i n g from i t s o r i g i n a l p o s i t i o n o n peg A t o peg C , 
b u t b e f o r e t h i s can be done t h e t h r e e s m a l l e r 
r f n g s must b e assembled i n t h e i r proper o r d e r o n 
peg B. The problem of moving the t h r e e r i n g s 
from one peg to another may be termed a 3 - r i n g 
subproblem, and c o n s t i t u t e s a subset of the s t a t e 
space o f the 4 - r i n g problem. The 4 - r i n g s t a t e 
space c o n t a i n s t h r e e isomorphic 3 - r i n g subspaces, 
f o r which t h e p h y s i c a l problem s o l v i n g s i t u a t i o n s 
a r e d i f f e r e n t b y reason o f t h e p o s i t i o n o f r i n g 4 . 

Each subspace becomes a subproblem when one of i t s 
e n t r y s t a t e s i s d e s i g n a t e d a s the i n i t i a l s t a t e , 
and i t s e x i t s t a t e s are d e s i g n a t e d a s g o a l s t a t e s . 
S i m i l a r l y , each 3 - r i n g subspace c o n t a i n s t h r e e 
isomorphic 2 - r i n g subspaces f o r a t o t a l o f n i n e 
i n the 4 - r i n g s t a t e space; and each 2 - r i n g sub-
space may be f u r t h e r decomposed i n t o t h r e e 1 - r i n g 
subspaces, c o m p r i s i n g o n l y t h r e e s t a t e s a p i e c e . 
Note the examples in F i g u r e 2 or 1 - , 2-, and 3-
r i n g subspaces. 

Each n - r i n g subproblem, as w e l l as the main 
problem, admits of a symmetry automorphism mapping a 
g o a l s t a t e o f the n - r i n g problem onto the c o n j u g a t e 
g o a l s t a t e which corresponds t o t r a n s f e r r i n g t h e 
n r i n g s to t h e o t h e r open peg. Were the t h r e e 
pegs of the Tower of Hanoi board to be arranged at 
the c o r n e r s o f a n e q u i l a t e r a l t r i a n g l e (as are t h e 
people in the Tea Ceremony), the symmetry a u t o 
morphism would r e p r e s e n t the geometric o p e r a t i o n 
o f r e f l e c t i o n about the a l t i t u d e s o f a n e q u i l a t e r a l 
t r i a n g l e . 

C r i t e r i a are e s t a b l i s h e d t l 4 3 f o r 'non-random
ness' and ' g o a l - d i r e c t e d n e s s ' of s u b j e c t ' s paths 
t h r o u g h t h e Tower of Hanoi/Tea Ceremony s t a t e 
space. The number of ' t u r n s * and 'loops' of a 
s u b j e c t ' s p a t h i s compared w i t h t h e ' t u r n s 1 and 
'loops' of a random p a t h of the same l e n g t h gen
e r a t e d i n the Tower o f Hanoi/Tea Ceremony s t a t e 
space. A ' m e t r i c * is d e f i n e d a l s o , a f u n c t i o n 
o f t h e number o f s t a t e s the s u b j e c t ' s c u r r e n t 
s t a t e i s d i s t a n t from the g o a l s t a t e . I f t h i s 
f u n c t i o n i s n o n - i n c r e a s i n g over t h e s u b j e c t ' s 
p a t h , the p a t h i s s a i d t o b e ' g o a l - d i r e c t e d ' . 
T h i s same m e t r i c i s e s t a b l i s h e d t o measure g o a l 
d l r e c t e d n e s s w i t h i n subproblems. When subgoal 
s t a t e s are a t t a i n e d t h e p a t h t h a t e x i t s from t h e 
subgoal i s examined t o see i f i t a l s o e x i t s from 
t h e subproblem. The f i r s t t r i a l o f F i g u r e 3 
decomposes the s t a t e space modulo i t s 2 - r i n g sub-
problems - each 2 - r i n g subproblem i s solved i n 
the minimum number of s t e p s , w h i l e the 3 - r i n g 
subproblem i s n o t . T h i s r e p r e s e n t s a 2 - r i n g 
'episode' i n the problem's s o l u t i o n . T h i s same 
t r i a l shows two congruent paths t h r o u g h i s o m o r p h i c 
3 - r i n g subproblems. 

The problem s o l v i n g data of 45 a d u l t s u b j e c t s 
s o l v i n g t h e Tower of Hanoi and 21 a d u l t s u b j e c t s 
s o l v i n g t h e Tea Ceremony problems are r e p o r t e d i n 
[141 & C211. Except f o r Hypothesis 3 (the p r o 
d u c t i o n o f congruent paths through isomorphic 
subproblems), a l l t h e hypotheses are supported b y 
t h e d a t a . E s p e c i a l l y s t r o n g (near 100%) i s t h e 
support o f the s p e c i a l r o l e p l a y e d b y subgoal 
s t a t e s w i t h i n the problem (Hypothesis l b ) . 86% 
o f a l l t h e s u b j e c t s have a t l e a s t one problem 
s o l v i n g 'episode' w i t h 60% showing two or more of 
t h e t h r e e t h e o r e t i c a l l y p o s s i b l e 'episodes' 
(Hypothesis 2 ) . 52% o f a l l s u b j e c t s i n t h e 
s t u d i e s i n t e r r u p t e d a p a t h and immediately p r o 
duced a p a t h segment t h a t was the symmetric con
j u g a t e o f the i n t e r r u p t e d p a t h (Hypothesis 4 ) . 
T h i s new p a t h was o f t e n t h e minimum s t e p s o l u t i o n 
p a t h . 
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Figure 3 The behavior of a subject s o l v i n g the 
4-ring Tower of Hanoi problem. 

Figure 3 p i c t u r e s the a c t u a l paths through 
the s t a t e space generated by one a d u l t subject 
solving the Tower of Hanoi problem. This sub
j e c t ' s behavior happened t o conform t o a l l four 
proposed hypotheses. The paths are both goal-
and subgoal-dlrected, and e x i t from the subproblem 
whenever a subgoal s t a t e i s entered. The f i r s t 
two t r i a l s contain 7 instances ( i n 7 attempts) of 
minimum s o l u t i o n of the 2-ring subproblem, while 
the 3-ring subproblem has not yet been solved by 
the shortest path * a 2-ring 'episode'. T r i a l 1 
I l l u s t r a t e s two congruent non-minimum paths 
through 3-rlng subproblem*. F i n a l l y , t r i a l 2 i s 
i n t e r r u p t e d and t r i a l 3, the shortest s o l u t i o n 
path, follows as the Image of t r i a l 2 under the 
symmetry automorphism t h a t exchanges pegs B and C. 

Figure 4 p i c t u r e s the paths of an a d u l t sub
j e c t s o l v i n g the Tea Ceremony problem. The paths 
w i t h i n each problem are g o a l - d i r e c t e d , and when
ever a subproblem's goal s t a t e i s entered i t i s 
l e f t by the unique path t h a t also leaves the sub-
problem space. From the beginning the problem 
is reduced modulo I t s 2-task subproblems, since 
during the problem s o l v i n g 12 of 14 of the 2-task 
subproblems are solved in the minimum number of 
steps. A f t e r the f i r s t 3-task subproblem, there 
is an 'episode' in which 5 of 6 of a l l f u r t h e r 3-
task subproblems are solved in the minimum number 
of steps but the e n t i r e problem (4-task) Is not, 
reducing the problem by i t s 3-task subproblems. 
The f i r s t and second t r i a l s begin w i t h congruent 
paths (non-minimum) through 3-task subproblems. 
The t h i r d t r i a l i s I n t e r r u p t e d , and i t s symmetric 
conjugate - which solves the problem - is produced 
i n the f o u r t h t r i a l . 

In summary, the present paper suggests one 
n a t u r a l way t o make the s t r a t e g y / s t r u c t u r e 
d i s t i n c t i o n . We l e t the s t r u c t u r e of a problem 
r e f e r t o the formal p r o p e r t i e s o f i t s s t a t e space 
r e p r e s e n t a t i o n , such as i t s symmetry automorphisms 
and possible subproblem decompositions. He con
sider the subject's possible c o g n i t i v e s t r u c t u r e s 
to include the conservation operations, symmetry 
and subproblem decompositions t h a t the subject 
can apply to the problem s i t u a t i o n . An example 
of t h i s i n the Tower of Hanoi i s the a b i l i t y of a 
subject to solve a l l 2-ring subproblems, no matter 
where they are in the context of the problem, in 
the minimum number of steps. These s t r u c t u r e s 
determine the states t h a t the subject t r e a t s as 
d i s t i n c t and those t r e a t e d as equivalent. These 
may change during problem s o l v i n g , leading to an 
e f f e c t i v e r e d u c t i o n of the s t a t e space. A sub
j e c t ' s behavior may be f a i t h f u l l y mapped as long 
as the s t a t e space representation t h a t is u t i l i s e d 
b y the researcher i s s u f f i c i e n t l y d e t a i l e d , I n 
t h a t i t does not t r e a t states a s equivalent which 
the subject t r e a t s as d i s t i n c t . 

We l e t the term s t r a t e g y r e f e r to p a r t i c u l a r 
r u l e s or procedures f o r t a k i n g steps w i t h i n the 
s t a t e space. D i f f e r e n t i n d i v i d u a l s may employ 
d i f f e r e n t s t r a t e g i e s i n s o l v i n g the same problem, 
and the same i n d i v i d u a l may employ d i f f e r e n t 
s t r a t e g i e s i n s o l v i n g d i f f e r e n t but isomorphic 
problems. The present paper does not e x p l a i n 
s t r a t e g i e s per se, but hypothesizes t h a t even in 
the context o f d i f f e r e n t s t r a t e g i e s , c e r t a i n pat
t erns of behavior tend to occur as a consequence 
of the s t r u c t u r e of the problem. 

There are several obvious, very broad d i r e c t 
ions f o r f u r t h e r experimental research i n c l u d i n g 
broadening the domains both of problems and subject 
populations considered. Another area of i n v e s t i 
g a t i o n i s ' t r a n s f e r ' e f f e c t s i n the behavior o f a 
subject s o l v i n g d i f f e r e n t problems having r e l a t e d 
s t r u c t u r e . The second author has In f a c t a study 
in progress considering t r a n s f e r across isomorphic 
problem s i t u a t i o n s 1213 j Egan and Greno [33 and 
Reed, Ernst, and B a n a r j i C81 have examined t r a n s f e r 
e f f e c t s In problems of homomorphic s t r u c t u r e . 
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