
WALKING CONTROL AND DYNAMICS OP A SYSTEMS WITH TWO LEGS 

B e l e t s k i i V.V., I n s t i t u t e o f A p p l i e d Mathematics, 

Academy of Sciences, Moscow 

K i r s a n o v a T.S., Moscow S t a t e U n i v e r s i t y 

Tchudiaov P.S., I n s t i t u t e o f A p p l i e d Mathematics, 
Academy of Sciences, Moscow 

A b s t r a c t . The p r e s e n t r e p o r t suggests 
and i n v e s t i g a t e s a model of t h e t w o - l e g s 
w a l k i n g . The w a l k i n g a p p a r a t u s i s s i m u l a 
t e d b y a heavy r i g i d body s y p p l i e d w i t h a 
p a i r o f m u l t i l i n k l e g s . The a l g o r i t h m 
f o r s o l v i n g t h e problem o f t h e t w o - l e g s 
w a l k i n g is composed. A number of t h e 
problems o n c o n s t r u c t i o n o f t h e t w o - l e g s 
w a l k i n g a r e s o l v e d and a n a l y s e d w i t h i n 
t h e framework o f t h e suggested a l g o r i t h m . 

Today one o f t h e a c t u a l problem i s 
t o c r e a t e t h e anthropomorphous locomo
t i o n systems. I t appears t h e whole num
be r o f i n v e s t i g a t i o n s c o n c e r n i n g t o t h e 
dynamics and t h e c o n t r o l o f t h e two-
l e g s w a l k i n g [ I-8] . T h i s is a complex 
problem which has a g r e a t number degrees 
of freedom, a s p e c i f i c c h a r a c t e r of con
n e c t i o n s and c o n t r o l s . That i s why t h e 
d i f f e r e n t dynamical models o f t h e two-
l e g s w a l k i n g suggested e a r l i e r (even t h e 
s i m p l e s t models) are v e r y complex. I t 
causes d i f f i c u l t i e s t o a n a l y s e t h e p r o b 
lem. 

Meanwhile t h e problem o f t h e two-
l e g s w a l k i n g a s w e l l a s any problem o f 
dynamics and c o n t r o l needs in a model 
statement which i s s u f f i c i e n t l y r e a s o 
na b l e t o d e s c r i b e t h e p r i n c i p l e e f f e c t s 
and p e c u l i a r i t i e s o f t h e processes i n 
v e s t i g a t e d . T h i s model statement s h o u l d 
be a l s o s u f f i c i e n t l y s i m p l e t o assume 
a n e f f e c t i v e a n a l y s i s . 

The r e p r e s e n t e d r e p o r t d e s c r i b e s 
i n v e s t i g a t i o n s c a r r i e d out i n t h i s d i 
r e c t i o n . I n a number o f cases suggested 
s t a t e m e n t s a l l o w t o o b t a i n t h e process 
d e s c r i p t i o n i n t h e a n a l y t i c a l f o r m . 

They also allow to give qualitative and 
parametrical analysis, and to construct 
the effective and simple algorithms for 
the numerical calculations. 
I. Let us simulate the anthropomorphous 
system by means of a heavy rigid body 
(body-beam) which is supplied by a pair 
of imponderable non-inertial multilink 
legs suspended in one point of the body 
( f i g . I ) . The contact of a leg with a 
surface is point and the interaction of 
the leg with the surface reduces to the 
resultant force applied to the point of 
the contact. In this case the algorithm 
for the construction of the motion and 
controls can be described by the f o l l o 
wing system of equations: 
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of a support, refers to the leg 
going out of the stage of a support. The 
process of the support transposition from 
one leg to another one is described by 
the arbitrary bunction which sa

tisfies the conditions 
r 

where is the beginning of a double-
support phase of the motion and 
is the end of a double-support phase of 
the motion. is a tensor of the body's 

inertia in the point of the leg suspen
sion, is a vector of the immediate 
angular velocity of the body, is a 
vector fixed in the body from the point 
of the leg suspension into the center of 
mass of the body; is a mass of the 
body; is a vector of a gravity force, 
/f is a sum vector of the reactions 
applied in the points of the leg suppor
ting ("the vector of reaction"), and 

are components of this vector-force 
in each of the'supporting pointBi is 
a vector of control in the i - t h joint of 
the j-th leg, is a trajectory of the 
i-th joint of the j-th leg; is a 
length of the i-th link of the leg. The 
corresponding matrix function can be 
introduced instead of the scalar func
tion Aft) f and thereby it widens a class 
of the possible motions (equations (2) 
w i l l have some different structure ffoj ) • 
Alternativly i f we assume A = / we shall 
narrow a class of the motions up to the 
single-support walkings; in such wal
kings there are no a stage of support on 
two legs. The single-support walkings 
are a class of thei motions which is a 
boundary between the eigen-walking and 
running. Sequence of calculations: the 
functions of time, the required trajec
tory of the point of the leg suspension 
and the footstep trajectory and , 
are given as explicit; equation (2) of 
the angular motion is integrated and 
among a set of the possible solutions we 
select ones which have the given proper
ties (for example, the periodical solu
tions); the forces of reactions are 

calculated by formulae (3)-(4); the fun
ction of time of the trajectory of the 
leg joints are given as explicit and 
satisfying connections (6). According 
to (5) the controls are calculated for
ming the given motion. 

Let us note that basic equations 
(2) and (3) do not depend on the motion 
of the leg joints (and depend only on the 
footstep trajectory and the trajectory 
of the suspension point). It represents 
the different possibilities for the eye-
thesis of the controls providing the g i 
ven motion. 

2. A number of problems on the construc
tion of the two-legs walking are solved 
and analysed in the framework of the 
described algorithm. 

We call the walking comfortable if 
the point of the leg suspension moves 
uniformly and rectilinearly and regular 
i f each coordinate of the footstep tra
jectory is a step function obtaining the 
equal increments in equal intervals of 
time. 

Let the walking be comfortable and 
regular. Assume also (the point of 

the leg suspension coincides with the 
center of mass of the beam), and the beam 
is dynamically symmetrical. Then in v i r 
tue of (I)-(6) we come to the very simple 
model of the walking. This modes allows 
the complete analytical description: it 
is accurate in the plane case and appro
ximate (but high-accurate) in the spatial 
case. The angular motions of the body 
are described by the three-parametric 
family of the periodical motions. It is 
shown in f i g . 2. The angle 6 describes 
the normalized oscillations along the 
course counted from the vertical line, 
the angle describes these oscillations 

across the course. Factually, the trajec
tory of a "summit" of the walker (upper 
view) is shown here. 
3. At any the body vibrations 
when the system moves can be small. Then 
equations (2) allow linearization. The 
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linear problems also allow the analytical 
solutions. So the problem on the comfor
table motion by the steps and the i n c l i 
ned plane has been solved. The body vib
rations in this case are described in the 
modified Bessel functions (fig.3). The 
shift of the average value of the body 
inclination at the expense of the i n c l i 
nation of the motion trajectory and the 
footstep path is demonstrative. 
4. The considered statement allows effec
tively to solve the manoeuvring problems 
as well as the problem of motion on the 
rugged terrain, the problem of adaptation 
to the surface roughness and some other 
problems of control. The existance of the 
free parameters in the motion of the two-
legs systems is very important. Such pa
rameters are: the height of the point of 
the leg suspension, the supporting inter
val (the distance from the supporting 
point to the projection of the point of 
the leg suspension on the horizontal axis 
in the moment of change of the supporting 
leg). Fig. 4 illustrates an influence the 
parameter on the motion of the walker 
( is proportional to the supporting 
interval). If the apparatus walks 
with body inclination backwards on the 
average, if the apparatus vib
rates on the average relative to the ver
t i c a l line, if it inclines, on 
the average, forth. The corresponding 
possible configurations of the walker at 
the beginning and at the end of the half-
period (i.e. at the moment of change of 
the supporting leg) are shown next to. 

Thanks to the existence of the free 
parameters there is some possibility to 
optimize with respect to several of them. 
As an optimized value we can choose, for 
example, the work of the controlling mo
ments during the corresponding angular 
movings for the halfperiod, i.e. during 
one step. The dependence of work on the 
value of the supporting segment for the 
plane model of the walker is constructed 
in fig.5- It is seen that at the fixed 

magnitudes of the remain parameters there 
exists some optimal value S minimizing 
the work. 
5- The development of the described model 
is an analogous model having the ponde
rable legs. In this model the whole class 
of the plane motions is studied in detail. 
The algorithm is investigated which 
gives the legs' Kinematics. It calculates 
the motion of the point of the leg sus
pension. It construct the oscillational 
body motion, the algorithm calculates the 
reactions and the controls providing the 
fulfilment of the stated locomotional 
problem. On the whole the algorithm is 
reduced to the solution of the boundary 
value problem for one differential equa
tion of the second order (describing the 
body vibration) and to the following 
calculations by the f i n i t e formulae. The 
boundary value problem can be solved by 
analytical way in the case of the small 
body vibration* then this solution is 
used as the f i r s t approximation to solve 
the nonlinear problem. 

The parametrical analysis is obtai
ned for the body vibration, for the cont
rol by the supporting and bearable legs, 
for the forces of reactions at the diffe
rent kinds of motions. For the plane 
linear problem a l l motions and the acting 
forces are obtained in the closed analy
t i c a l form. 

Fig. 6 illustrates the solutions 
for the problem of walking (for three 
types of walking) so called the " f u l l " 
walking (I) symmetrical man walking ( I I ) , 
non-symmetrical man walking ( I I I ) . For 
each type of walking above we construct 
the trajectories of the represantabie 
points corresponding to the supporting 
and bearable legs on the plane of variab
les are the angles which 
are formed vertically by a hip and a shin). 
In the case of " f u l l " walking the repre
santabie point corresponding to the sup
porting leg passes the are of ellipse 
1-5-3 &nd the represantabie point corres-
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ponding t o t h e b e a r a b l e l e g passes t h e 
a r c o f e l l i p s e I'-3'-5'. l a t h e case o f 
t h e s y m m e t r i c a l man w a l k i n g t h e r e p r e -
a a n t a b l e p o i n t s c o r r e s p o n d i n g t o t h e 
s u p p o r t i n g and b e a r a b l e l e g s pass one 
and t h e same a r c 1-3-3 but in t h e oppo
s i t e d i r e c t i o n s . I n t h e case o f t h e non
s y m m e t r i c a l w a l k i n g t h e r e p r e s a n t a b l e 
p o i n t o s c i l l a t e s a l o n g t h e l i m i t t e d seg
ment o f t h e e l l i p s e a r c . I n a l l t h r e e 
w a l k i n g s t h e b e a r a b l e l e g moves b y 
" d r a g g i n g " o n t h e s u r f a c e . I t i s n o t a 
m a t t e r of p r i n c i p l e by t h e way. Below we 
i l l u s t r a t e t h e c o r r e s p o n d i n g c o n f i g u r a 
t i o n o f t h e w a l k e r f o r t h e d i f f e r e n t mo
ments o f t i m e . " U n n a t u r a l " m o t i o n s o f 
t h e w a l k e r ' s l e g s i n t h e case o f " f u l l " 
w a l k i n g a r e t h e a n a l i t i c i t y f e e o f t h e 
o b t a i n e d s o l u t i o n s . Dependence o f t h e 
work o n t h e p e r i o d o f m o t i o n i s shown i n 
f i g . 7 f o r t h e i n d i c a t e d t y p e s o f w a l 
k i n g s ( I , I I , I I I ) . W e can see t h a t t h e 
n o n - s y m m e t r i c a l w a l k i n g s a r e more econo
m i c a l t h a n s y m m e t r i c a l ones. 

P i g . 8-12 i l l u s t r a t e some r e s u l t s 
o f s o l u t i o n s o f the w a l k i n g problems f o r 
t h e p l a n e n o n l i n e a r model; f i g . 8-9 - f o r 
t h e s y m m e t r i c a l man w a l k i n g , f i g . 1 0 - 1 2 -
f o r t h e non-symmetrical c o m f o r t a b l e w a l 
k i n g . P i g . 8 showe t h e v e r t i c a l component 
o f r e a c t i o n i n t h e p o i n t o f t h e s u p p o r t 
A y depending o n t i m e ( i n t h e h a I f pe

r i o d ) . I t s h o u l d b e n o t i c e d t h a t R y i s 
v e r y c l o s e t o t h e analogous component 
o b t a i n e d w h i l e s t u d y i n g t h e man locomo
t i o n . P i g . 9 shows t h e dependence o f t h e 
c o n t r o l l i n g moments i n t h e j o i n t s on t i m e 
d u r i n g one s t e p . The c o n t r o l s i n t h e sup
p o r t i n g l e g i s one a n o r d e r more t h a n i n 
t h e b e a r a b l e l e g . I n t h i s case t h e c o n t 
r o l s i n a h i p J-4 t i m e s more t h a n t h e 
c o n t r o l s i n a s h i n . P i g . 1 0 i l l u s t r a t e s 
a s t r o n g i n f l u e n c e of v a l u e of t h e sup
p o r t i n g segment o n t h e v a l u e o f work o f 
t h e i n n e r f o r c e s . Depending o n t h e v a l u e 

S t h e work can almost 4 t i m e s be chan
ged. L e t us i n t r o d u c e t h e parameter ^ 
which i s e q u a l t o t h e r e l a t i o n o f t h e 
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