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Progra in s y n t h e s i s i s t h e c o n s t r u c t i o n o f a 
c o m p u t e r p r o g r a m f r om g i v e n s p e c i f i c a t i o n s . A n 
a u t o m a t i c p r o g r a m s y n t h e s i s s y s t e m mus t comb ine 
r e a s o n i n g and p r o g r a m m i n g a b i l i t y w i t h a good 
d e a l o f k n o w l e d g e a b o u t t h e s u b j e c t m a t t e r o f 
t h e p r o g r a m . T h i s a b i l i t y and k n o w l e d g e must b e 
m a n i f e s t e d b o t h p r o c e d u r a l l y (by p r o g r a m s ) and 
s t r u c t u r a l l y ( b y c h o i c e o f r e p r e s e n t a t i o n ) . 

We d e s c r i b e some o f t h e r e a s o n i n g and p r o ­
g ramming c a p a b i l i t i e s o f a p r o j e c t e d s y n t h e s i s 
s y s t e m . S p e c i a l a t t e n t i o n i s p a i d t o t h e i n t r o ­
d u c t i o n o f c o n d i t i o n a l t e s t s , l o o p s , and I n s t r u c ­
t i o n s w i t h s i d e e f f e c t s i n t h e p r o g r a m b e i n g c o n ­
s t r u c t e d . The a b i l i t y t o s a t i s f y s e v e r a l i n t e r ­
a c t i n g g o a l s s i m u l t a n e o u s l y p r o v e s t o b e i m p o r t ­
a n t i n many c o n t e x t s . The m o d i f i c a t i o n o f an 
a l r e a d y e x i s t i n g p r o g r a m t o s o l v e a somewhat 
d i f f e r e n t p r o b l e m has been found t o b e a p o w e r f u l 
a p p r o a c h . 

Some o f t h e s e t e c h n i q u e s have a l r e a d y been 
i m p l e m e n t e d , some a r e i n t h e c o u r s e o f i m p l e m e n t a ­
t i o n , w h i l e o t h e r s seem e q u i v a l e n t t o w e l l - k n o w n 
u n s o l v e d p r o b l e m s i n a r t i f i c i a l I n t e l l i g e n c e . 

I I n t r o d u c t i o n 

I n t h i s p a p e r w e d e s c r i b e some o f t h e k n o w l ­
edge and t h e r e a s o n i n g a b i l i t y t h a t a c o m p u t e r 
s y s t e m must have i n o r d e r t o c o n s t r u c t c o m p u t e r 
p r o g r a m s a u t o m a t i c a l l y . We b e l i e v e t h a t such a 
s y s t e m needs t o embody a r e l a t i v e l y s m a l l c l a s s 
o f r e a s o n i n g and p r o g r a m m i n g t a c t i c s c o m b i n e d 
w i t h a g r e a t d e a l o f k n o w l e d g e a b o u t t h e w o r l d . 
These t a c t i c s and t h i s know ledge a r e e x p r e s s e d 
b o t h p r o c e d u r a l l y ( i . e . , e x p l i c i t l y i n t h e 
d e s c r i p t i o n o f a p r o b l e m - s o l v i n g p r o c e s s ) and 
s t r u c t u r a l l y ( i . e . , i m p l i c i t l y i n t h e c h o i c e o f 
r e p r e s e n t a t i o n ) . W e c o n s i d e r t h e a b i l i t y t o 
r e a s o n a s c e n t r a l t o t h e p rog ram s y n t h e s i s p r o c e s s , 
and mos t o f t h i s p a p e r i s c o n c e r n e d w i t h t h e 
i n c o r p o r a t i o n o f common-sense r e a s o n i n g t e c h n i q u e s 
I n t o a p r o g r a m s y n t h e s i s s y s t e m . Howeve r , s y m b o l i c 
r e a s o n i n g a l o n e w i l l n o t s u f f i c e t o s y n t h e s i z e 
c o m p l e x p r o g r a m s ; t h e r e f o r e o t h e r t e c h n i q u e s a r e 
n e c e s s a r y a s w e l l , such a s 

The c o n s t r u c t i o n o f " a l m o s t c o r r e c t " p r o g r a m s 
t h a t must b e debugged ( c f . Sussman [ 1 9 7 3 ] ) . 

* The m o d i f i c a t i o n o f a n e x i s t i n g p r o g r a m t o 
p e r f o r m a somewhat d i f f e r e n t t a s k ( c f . B a l z e r 
[ 1 9 7 2 ] ) . 

# The use o f " v i s u a l " r e p r e s e n t a t i o n s t o r e d u c e 
t h e need f o r d e d u c t i o n ( c f . Bundy [ 1 9 7 3 ] ) , 

We r e g a r d p r o g r a m s y n t h e s i s as a p a r t o f 
a r t i f i c i a l i n t e l l i g e n c e . Many o f t h e a b i l i t i e s 
we r e q u i r e o f a p r o g r a m s y n t h e s i z e r , such as t h e 
a b i l i t y t o r e p r e s e n t k n o w l e d g e o r t o d raw common-
sense c o n c l u s i o n s f r o m f a c t s , w e w o u l d a l s o e x p e c t 
f r o m a n a t u r a l l a n g u a g e u n d e r s t a n d i n g s y s t e m o r 
a r o b o t p r o b l e m s o l v e r . These g e n e r a l p r o b l e m s 
have been u n d e r s t u d y b y r e s e a r c h e r s f o r many 
y e a r s , and w e d o n o t e x p e c t t h a t t h e y w i l l a l l b e 
s o l v e d i n t h e n e a r f u t u r e . Howeve r , w e s t i l l 
p r e f e r t o a d d r e s s t h o s e p r o b l e m s r a t h e r t h a n 
r e s t r i c t o u r s e l v e s t o a more l i m i t e d p r o g r a m 
s y n t h e s i s s y s t e m w i t h o u t t h o s e a b i l i t i e s . 

T h u s , a l t h o u g h i m p l e m e n t a t i o n o f some o f t h e 
t e c h n i q u e s i n t h i s p a p e r has a l r e a d y been com­
p l e t e d , o t h e r s r e q u i r e f u r t h e r d e v e l o p m e n t b e f o r e 
a c o m p l e t e i m p l e m e n t a t i o n w i l l be p o s s i b l e . We 
i m a g i n e t h e k n o w l e d g e and r e a s o n i n g t a c t i c s o f 
t h e s y s t e m to be e x p r e s s e d i n a PLA INER- t ype 
l a n g u a g e ( H e w i t t [ 1 9 7 2 ] ) ; o u r own i m p l e m e n t a t i o n 
i s i n t h e QLISP l a n g u a g e (Reboh and S a c e r d o t l 
[ 1 9 7 3 ] ) . F u r t h e r d e t a i l s o n t h e i m p l e m e n t a t i o n 
a r e d i s c u s s e d i n S e c t i o n I I I - A . 

P a r t I I o f t h e p a p e r g i v e s t h e b a s i c t e c h ­
n i q u e s o f r e a s o n i n g f o r p r o g r a m s y n t h e s i s . They 
i n c l u d e t h e f o r m a t i o n o f c o n d i t i o n a l t e s t s and 
l o o p s , t h e s a t i s f a c t i o n o f s e v e r a l s i m u l t a n e o u s 
g o a l s , and t h e h a n d l i n g o f i n s t r u c t i o n s w i t h 
s i d e e f f e c t s . I n P a r t I I I w e g i v e some o f t h e 
h i s t o r i c a l b a c k g r o u n d o f a u t o m a t i c p r o g r a m 
s y n t h e s i s , and w e compare t h i s work w i t h o t h e r 
r e c e n t e f f o r t s . 

A l o n g e r v e r s i o n o f t h i s p a p e r ( t o a p p e a r 
i n t h e A r t i f i c i a l I n t e l l i g e n c e J o u r n a l ) w i l l a p p l y 
t h e t e c h n i q u e s o f P a r t I I t o s y n t h e s i z e two 
" p a t t e r n m a t c h i n g " p r o g r a m s o f some c o m p l e x i t y . 

11 - F u n d a m e n t a l R e a s o n i n g 

I n t h i s s e c t i o n w e w i l l d e s c r i b e some o f 
t h e r e a s o n i n g and p r o g r a m m i n g t a c t i c s t h a t are 
b a s i c t o t h e o p e r a t i o n o f o u r p r o p o s e d s y n t h e ­
s i z e r . These t a c t i c s a r e n o t s p e c i f i c t o one 
p a r t i c u l a r d o m a i n ; t h e y a p p l y t o any p r o g r a m m i n g 
p r o b l e m . I n t h i s c l a s s o f t a c t i c s , w e i n c l u d e 
t h e f o r m a t i o n o f p r o g r a m b r a n c h e s and l o o p s and 
t h e h a n d l i n g o f s t a t e m e n t s w i t h s i d e e f f e c t s . 

A , S p e c i f i c a t i o n s and T a c t i c s Language 

We mus t f i r s t say s o m e t h i n g a b o u t how p r o ­
g ramming p r o b l e m s a r e t o b e s p e c i f i e d . I n t h i s 
d i s c u s s i o n w e c o n s i d e r o n l y c o r r e c t and e x a c t 
s p e c i f i c a t i o n s I n a n a r t i f i c i a l l a n g u a g e . T h u s , 
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we w i l l n o t d i s c u s s i n p u t - p u t p u t examples ( c f . 
Green e t a l . [ 19743 , Hardy [ 1 9 7 4 ] ) , t r a c e s ( c f . 
Blermann e t a l . [ 1 9 7 3 ] ) , o r n a t u r a l language 
d e s c r i p t i o n s as methods f o r s p e c i f y i n g programs; 
no r w i l l w e c o n s i d e r i n t e r a c t i v e s p e c i f i c a t i o n o f 
programs ( c f . B a l z e r [ 1 9 7 2 ] ) . N e i t h e r are we 
l i m i t i n g o u r s e l v e s t o the f i r s t - o r d e r p r e d i c a t e 
c a l c u l u s ( c f . Kowa lsk i [ 1 9 7 4 3 ) . I n s t e a d , we t r y 
t o I n t r o d u c e s p e c i f i c a t i o n c o n s t r u c t s t h a t a l l o w 
the n a t u r a l and i n t u i t i v e d e s c r i p t i o n o f p rogram­
ming p rob lems. We t h e r e f o r e i n c l u d e c o n s t r u c t s 
such as 

F ind x such t h a t P(x ) 
and t h e e l l i p s i s n o t a t i o n , e . g . , 

A [ 1 3 , A f 2 J , . . . , A{n3 . 
Fu r t he rmo re , we i n t r o d u c e new c o n s t r u c t s t h a t a re 
s p e c i f i c t o c e r t a i n s u b j e c t domains. For i n s t a n c e , 
In the domain of s e t s we use 

[ x j P(x) } 
f o r " t h e se t o f a l l x such t h a t P ( x ) " . As we 
i n t r o d u c e an example we w i l l d e s c r i b e f e a t u r e s 
o f the language t h a t app l y t o t h a t example. S ince 
the s p e c i f i c a t i o n language is e x t e n d i b l e , we can 
i n t r o d u c e new c o n s t r u c t s a t any t i m e . 

We use a separa te language to express the 
sys tem 's knowledge and reason ing t a c t i c s . I n t h e 
paper , these w i l l be expressed in the form of 
r u l e s w r i t t e n i n E n g l i s h . I n our i m p l e m e n t a t i o n , 
the same r u l e s a re rep resen ted as programs in the 
QLISP programming language . When a problem or 
goa l i s p resen ted t o the sys tem, the a p p r o p r i a t e 
r u l e s a re summoned by " p a t t e r n - d i r e c t e d f u n c t i o n 
i n v o c a t i o n " ( H e w i t t [ 1 9 7 2 3 ) . I n o t h e r words , the 
form o f the goa l de te rm ines which r u l e s a r e a p ­
p l i e d . 

In the f o l l o w i n g two s e c t i o n s we w i l l use a 
s i n g l e example, the s y n t h e s i s o f t he s e t - t h e o r e t i c 
un ion program, t o i l l u s t r a t e the f o r m a t i o n bo th o f 
c o n d i t i o n a l s and of l o o p s . The problem here is 
t o compute the un ion o f two f i n i t e s e t s , where 
s e t s are rep resen ted as l i s t s w i t h no repea ted 
r l f i m e n t s . 

Be fore p roceed ing w i t h our example we must 
d i s c u s s the f o r m a t i o n o f c o n d i t i o n a l e x p r e s s i o n s . 

B. Format ion o f C o n d i t i o n a l Express ions 

In a d d i t i o n to the above c o n s t r u c t s , we 
assume t h a t our programming language c o n t a i n s 
c o n d i t i o n a l exp ress ions o f the form 

The c o n d i t i o n a l e x p r e s s i o n is a techn ique f o r 
d e a l i n g w i t h u n c e r t a i n t y . I n c o n s t r u c t i n g a 
program, we want to know if c o n d i t i o n p is t r u e 
or n o t , but in f a c t p may be t r u e on some 
occas ions and f a l s e on others, depending on the 
va lue of the argument . The human programmer 
faced w i t h t h i s problem i s l i k e l y t o r e s o r t t o 
" h y p o t h e t i c a l r e a s o n i n g " : he w i l l assume p is 
f a l s e and w r i t e a program r t h a t s o l v e s h i s p rob lem 
in t h a t case ; then he w i l l assume p la t r u e and 
w r i t e a program q t h a t works in t h a t case; he 
w i l l then put the two programs t o g e t h e r i n t o a 
s i n g l e program 

( i f p then q e l s e r ) . 
Concep tua l l y he has so l ved h i s problem by s p l i t t i n g 
h i s w o r l d i n t o two w o r l d s : t he case in which p i s 
t r u e and t h e case in which p Is f a l s e . In each 
o f these w o r l d s , u n c e r t a i n t y i s reduced . Note 
t h a t we must be c a r e f u l t h a t the c o n d i t i o n p on 
wh ich we are s p l i t t i n g the wo r l d is computable 
i n ou r programming language; o t h e r w i s e , the 
c o n d i t i o n a l exp ress ion we c o n s t r u c t a l s o w i l l n o t 
be computable ( c f . Luckham and Buchanan [ 1 9 7 4 ] ) 

We can now proceed w i t h the s y n t h e s i s of the 
un ion f u n c t i o n . Our s p e c i f i c a t i o n s were 

u n i o n ( s t ) = { x | x € s or x e t j . 
We beg in to t r a n s f o r m these s p e c i f i c a t i o n s us i ng 
our r u l e s . Rule (1 ) a p p l i e s t o the subexpress ion 
x e s, g e n e r a t i n g a s u b g o a l , e m p t y ( s ) . We cannot 
prove s in empty - t h i s depends on the I n p u t -
and t h e r e f o r e t h i s is an occas ion f o r a hypo­
t h e t i c a l w o r l d s p l i t . (We know t h a t empty(s) i s 
a computable c o n d i t i o n because empty is a p r i m i ­
t i v e in our l anguage . ) In the case in which s i s 

Now r u l e ( 4 ) reduces t h i s to t , which is one o f 
the i n p u t s t o our program and t h e r e f o r e i s i t s e l f 

♦Since se ts a re represented as l i s t s , head 
and t a l l may be a p p l i e d to sets as w e l l as l i s t s 
T h e i r va lue then depends on ou r a c t u a l cho i ce of 
r e p r e s e n t a t i o n . 
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an a c c e p t a b l e program segment in ou r language -

In the o t h e r w o r l d — t h e case in which s is 
no t empty—we cannot s o l v e t h e prob lem w i t h o u t 
r e s o r t i n g t o the r e c u r s i v e loop f o r m a t i o n 
mechanism, which i s the s u b j e c t o f the nex t 
s e c t i o n . However, we know a t t h i s p o i n t t h a t the 
program w i l l have the form 

where the e l s e c lause w i l l be whatever program seg ­
ment we c o n s t r u c t f o r the case in which s is no t 
empty. 

C. Fo rmat ion of Loops 

The term " l o o p " inc ludes bo th i t e r a t i o n and 
r e c u r s i o n ; however, i n t h i s paper we w i l l o n l y 
d i s c u s s r e c u r s i v e loops ( c f . Manna and Wald lnger 
[ 1 9 7 1 ] ) . I n t u i t i v e l y , we form a r e c u r s i v e c a l l 
when, in the course of work ing on our p rob lem, we 
gene ra te a subgoal t h a t i s i d e n t i c a l i n fo rm t o 
our t o p - l e v e l g o a l . For i n s t a n c e , suppose our 
t o p - l e v e l goa l i s t o c o n s t r u c t the program 
r e v e r s e ( l ) , t h a t reve rses the e lements o f t he l i s t 
l ( e . g . , reverse(A (B C) D) = (D (B C) A ) ) . If 
in the course o f c o n s t r u c t i n g t h i s program we 
genera te the subgoal o f r e v e r s i n g the e lements o f 
the l i s t t a l l ( t ) , we can use the program we are 
c o n s t r u c t i n g t o s a t i s f y t h i s s u b g o a l . I n o t h e r 
words we can I n t r o d u c e a r e c u r s i v e c a l l 
r e v e r s e ( t * i l ( J & ) ) to so l ve the s u b s i d i a r y p rob lem. We 
must a lways check t h a t a r e c u r s i v e c a l l d o e s n ' t 
l ead to an I n f i n i t e r e c u r s i o n . No such i n f i n i t e 
l oop can occur here because the I n p u t t a l l ( I ) i s 
" s h o r t e r " than the o r i g i n a l i n p u t I . 

As presented In t h i s s e c t i o n , the l oop f o r m a t i o n 
techn ique can on l y be a p p l i e d I f a subgoal is 
generated t h a t i s a s p e c i a l case o f the t o p - l e v e l 
g o a l . We s h a l l see in the nex t s e c t i o n how t h i s 
r e s t r i c t i o n can be r e l a x e d . 
I ) G e n e r a l i z a t i o n o f S p e c i f i c a t i o n s 

When p r o v i n g a theorem by mathemat i ca l i n ­
d u c t i o n , i t i s o f t e n necessary t o s t r e n g t h e n the 

theorem i n o r d e r f o r the i n d u c t i o n t o "go 
t h r o u g h . " Even though we have an a p p a r e n t l y 
more d i f f i c u l t theorem t o p r o v e , the p roo f i s 
f a c i l i t a t e d because we have a s t r o n g e r I n d u c t i o n 
h y p o t h e s i s . For example , i n p r o v i n g theorems 
about LISP programs, the theorem p r o v e r o f Boyer 
and Moore [1973 ] o f t e n a u t o m a t i c a l l y g e n e r a l i z e s 
t h e s ta tement o f t he theorem In the course o f a 
p r o o f by i n d u c t i o n . 

A s i m i l a r phenomenon occu rs in the s y n t h e s i s 
o f a r e c u r s i v e program. I t I s o f t e n necessary 
to s t r e n g t h e n the s p e c i f i c a t i o n s o f a program in 
o r d e r f o r t h a t program t o b e u s e f u l i n r e c u r s i v e 
c a l l s . W e b e l i e v e t h a t t h i s a b i l i t y t o s t r e n g t h e n 
s p e c i f i c a t i o n s i s a n e s s e n t i a l p a r t o f t h e s y n ­
t h e s i s p r o c e s s , as many o f our examples w i l l show. 

Th is is a good way to compute r e v e r s e : I t uses 
very p r i m i t i v e LISP f u n c t i o n s and i t s r e c u r s i o n 
i s such t h a t I t can be compi led w i t h o u t use o f 
a B t a c k . Howe v e r , w r l t l n g such a program ent a11a 
w r i t i n g the f u n c t i o n r e v , which i s a p p a r e n t l y 
more gene ra l and d i f f i c u l t to compute than 
reve rse I t s e l f , s i nce i t must r eve rse I t s f i r s t 
argument as a s u b t a s k . The s y n t h e s i s of t h i s 
reve rse f u n c t i o n i n v o l v e s g e n e r a l i z i n g the 
o r i g i n a l s p e c i f i c a t i o n s o f r e v e r s e i n t o the 
s p e c i f i c a t i o n s o f r e v . 

T n e a v e r s e f u n c t i o n r e q u i r e s t h a t the t o p -
l e v e l goa l be g e n e r a l i z e d in o rde r to match the 
lower l e v e l g o a l . Another way to s t r e n g t h e n t h e 
s p e c i f i c a t i o n s i s t o propose a d d i t i o n a l r e q u i r e ­
ments f o r the program be ing c o n s t r u c t e d . For 
I n s t a n c e , suppose In the course o f the s y n t h e s i s 
of a f u n c t i o n f ( x ) , we genera te a subgoal of the 
form P ( f ( a ) ) , where f ( a ) I s a p a r t i c u l a r r e c u r s i v e 
c a l l . I ns tead o f p r o v i n g P ( f ( a » , i t may b e 
e a s i e r t o s t r e n g t h e n the s p e c i f i c a t i o n s f o r f ( x ) 
s o a s t o a l s o s a t i s f y P ( f ( x ) ) f o r a l l x . Th i s 
s t e p may r e q u i r e t h a t we a c t u a l l y mod i fy p o r t i o n s 
of the program f t h a t have a l r e a d y been s y n t h e ­
s i zed i n o r d e r t o s a t i s f y the new s p e c i f i c a t i o n 
P. The r e c u r s i v e c a l l to the m o d i f i e d program 
w i l l then b e sure t o s a t i s f y P ( f ( a ) ) . Th i s p r o ­
cess i s i l l u s t r a t e d i n more d e t a i l d u r i n g the 
syn thes i s o f the p a t t e r n matcher i n the f u l l v e r ­
s i o n o f t h i s paper. 

The same r e c u r s i o n - i n t r o d u c t i o n mechanism 
has been found Independen t l y by B u r s t a l l and 
D a r l i n g t o n ( 1 9 7 5 ) . 
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E . C o n j u n c t i v e G o a l s 

The p r o b l e m o f s o l v i n g c o n j u n c t i v e g o a l s I s 
t h e p r o b l e m o f s y n t h e s i z i n g a p r o g r a m t h a t s a t i s ­
f i e s s e v e r a l c o n s t r a i n t s s i m u l t a n e o u s l y . The 
g e n e r a l f o r m f o r t h i s p r o b l e m i s 

F i n d z such t h a t P ( z ) and Q ( z ) 
The c o n j u n c t i v e g o a l s p r o b l e m i s d i f f i c u l t 

b e c a u s e , even i f w e have me thods f o r s o l v i n g t h e 
goa I s 

F i n d z s u c h t h a t P ( z ) 
and 

F i n d z such t h a t Q ( z ) 
i n d e p e n d e n t l y , t h e two s o l u t i o n s may n o t merge 
t o g e t h e r n i c e l y i n t o a s i n g l e s o l u t i o n . M o r e o v e r , 
t h e r e seems t o b e n o way o f s o l v i n g t h e c o n j u n c t i v e 
g o a l p r o b l e m i n g e n e r a l ; a me thod t h a t wo rks o n 
one such p r o b l e m may b e i r r e l e v a n t t o a n o t h e r . 

W e w i l l i l l u s t r a t e one i n s t a n c e o f t h e c o n ­
j u n c t i v e g o a l s p r o b l e m : t h e s o l u t i o n o f two 
s i m u l t a n e o u s l i n e a r e q u a t i o n s . A l t h o u g h t h i s 
p r o b l e m i s n o t i t s e l f a p r o g r a m s y n t h e s i s p r o b l e m , 
1 t c o u l d be r e p h r a s e d as a s y n t h e s i s p r o b l e m . 
M o r e o v e r t he d i f f i c u l t i e s i n v o l v e d and t h e t e c h ­
n i q u e t o b e a p p l i e d e x t e n d a l s o t o many r e a l 
s y n t h e s i s p r o b l e m s , such a s t h e p a t t e r n - m a t c h e r 
s y n t h e s i s o f t he f u l l p a p e r . Suppose o u r p r o b l e m 
i s t h e f o l l o w i n g : 

Suppose f u r t h e r t h a t a l t h o u g h w e can s o l v e s i n g l e 
l i n e a r e q u a t i o n s w i t h e a s e , w e have n o b u i l t - i n 
package f o r s o l v i n g s e t s o f e q u a t i o n s s i m u l ­
t a n e o u s l y . W e may t r y f i r s t t o f i n d a s o l u t i o n 
t o each equa t i o n s e p a r a t e l y . S o l v i n g t h e f i r s t 
e q u a t i o n , we m i g h t come up w i t h 

whe reas s o l v i n g t h e second e q u a t i o n m i g h t g i v e 

T h e r e i s n o way o f c o m b i n i n g t h e s e two s o l u t i o n s . 
F u r t h e r m o r e , i t d o e s n ' t h e l p m a t t e r s t o r e v e r s e 
t h e o r d e r i n w h i c h w e a p p r o a c h t h e two s u b g o a l s . 
Whet i s n e c e s s a r y i s t o make t h e s o l u t i o n o f t h e 
f i r s t g o a l a s g e n e r a l a s p o s s i b l e , s o t h a t some 
s p e c i a l c a s e o f t h e s o l u t i o n m i g h t s a t i s f y t h e 
second g o a l a s w e l l . For i n s t a n c e , a " g e n e r a l " 
s o l u t i o n t o t h e f i r s t e q u a t i o n m i g h t b e 

T h i s s o l u t i o n i s a g e n e r a l i z a t i o n o f o u r e a r l i e r 
s o l u t i o n The p r o b l e m I s how t o f i n d a 
s p e c i a l case o f t h e g e n e r a l s o l u t i o n t h a t a l s o 
s o l v e s t h e second equa t i o n . I n o t h e r w o r d s , w e 
must f i n d a w such t h a t 

T h i s s t r a t e g y l e a d s u s t o a s o l u t i o n . 

The above a p p r o a c h o f f i n d 1 n g a g e n e r a 1 s o 1 u t i o n 
t o one o f t h e c o n J u n e t s and p l u g g i n g i t i n t o t h e 
o t h e r s i s n o t e f f e c t i v e i n t h i s c a s e . 

F . S i d e E f f e c t s 

Up to now we have been c o n s i d e r i n g p r o g r a m s 
i n a l . I S P - l i k e l a n g u a g e : t h e s e p rog rams r e t u r n n 
v a l u e b u t e f f e c t n o change i n any d a t a s i r u e t u r e . 
I n t h e n e x t t w o s e c t i o n s w e w i 1 1 c o n s i d e r t h e 
s y n t h e s i s o f p r o g r a m s w i t h " s i d e e f f e c t s " t h a t may 
m o d i f y t h e s t a t e o f t h e w o r l d . 

Fo r i n s t a n c e , a L I S P - l i k e p r o g r a m t o s o r t 
t w o v a r i a b l e s x and y w o u l d r e t u r n a s i t s v a l u e 
a l i s t o f two n u m b e r s , e i t h e r ( x y ) o r ( y x ) , 
w i t h o u t a l t e r i n g t h e c o n t e n t s o f x and y . O n 
t h e o t h e r h a n d , a p r o g r a m w i t h s i d e e f f e c t s t o 
s o r t x and y m i g h t change t h e c o n t e n t s o f x and y . 

I n o r d e r t o I n d i c a t e t h a t a p r o g r a m w i t h s i d e 
e f f e c t s i s t o b e c o n s t r u c t e d , w e p r o v i d e a s p e c i ­
f i c a t i o n o f f o r m 

A c h i e v e P. 
T h i s c o n s t r u c t means t h a t t h e w o r l d i s t o b e 
changed so as to make P t r u e . Fo r i n s t a n c e , 1 f we 
s p e c i f y a p r o g r a m 

A c h i e v e x = y, 
w e i n t e n d t h a t t h e p r o g r a m a c t u a l l y change t h e 
v a l u e o f x o r y , say b y a n a s s i g n m e n t s t a t e m e n t . 
Howeve r , i f w e s p e c i f y 

F i n d x s u c h t h a t x = y , 
t h e p r o g r a m c o n s t r u c t e d w o u l d r e t u r n t h e v a l u e o f 
y , b u t w o u l d n o t change t h e v a l u e o f x o r y . 

Many o f t h e t e c h n i q u e s w e used I n t h e s y n ­
t h e s i s o f I J S P - l i k e p rog rams a l s o a p p l y t o t h e 
c o n s t r u c t i o n o f p r o g r a m s w i t h s i d e e f f e c t s . I n 
p a r t i c u l a r , w e can use p a t t e r n - d i r e c t e d f u n c t i o n 
i n v o c a t i o n t o r e t r i e v e t a c t i c a l k n o w l e d g e . The 
s y n t h e s i s o f t h e p r o g r a m I n t h e f o l l o w i n g e x a m p l e 
has t h e same f l a v o r a s o u r e a r l i e r u n i o n e x a m p l e , 
b u t I n v o l v e s t h e i n t r o d u c t i o n o f s i d e e f f e c t s . 

The p r o g r a m s o r t ( x y ) t o b e c o n s t r u c t e d i s t o 
s o r t t h e v a l u e s o f two v a r i a b l e s x and y Fo r s i m -
p l i c i t y w e w i l l use t h e s t a t e m e n t i n t e r c h a n g e ( x y ) 
t o exchange t h e v a l u e s o f x and y , I n s t e a d 
o f t h e u s u a l sequence o f a s s i g n m e n t s t a t e m e n t s . 
Our s p e c i f i c a t i o n w i l l b e s i m p l y 

A c h i e v e x & y. 
S t r i c t l y s p e a k i n g , w e s h o u l d I n c l u d e i n t h e s p e c i ­
f i c a t i o n t h e a d d i t i o n a l r e q u i r e m e n t t h a t t h e s e t 
o f v a l u e s o f x and y a f t e r t he s o r t s h o u l d b e 
t h e same a s b e f o r e t h e s o r t . However , w e w i l l n o t 
c o n s i d e r such compound g o a l s u n t i l s e c t i o n H , and 
w e can a c h i e v e t h e same e f f e c t b y r e o u i r i n g t h a t 
t h e i n t e r c h a n g e s t a t e m e n t b e t h e o n l y i n s t r u c t i o n 
w i t h s i d e e f f e c t s t h a t a p p e a r s i n t h e p rog ram 

The f i r s t s t e p I n a c h i e v i n g a g o a l i s t o see 
i f i t i s a l r e a d y t r u e . ( I f a g o a l i s a t h e o r e m , 
f o r i n s t a n c e , w e d o n o t need t o c o n s t r u c t a p r o ­
gram to a c h i e v e i t . ) We c a n n o t p r o v e x±y, b u t we 
can use i t a s a b a s i s f o r a h y p o t h e t i c a l w o r l d 
s p l i t . T h i s s p l i t c o r r e s p o n d s t o a c o n d i t i o n a l 
e x p r e s s i o n i n t h e p r o g r a m b e i n g c o n s t r u c t e d . I n 
f l o w c h a r t n o t a t i o n t h e c o n d i t i o n a l e x p r e s s i o n i s 
w r i t t e n as a p r o g r a m b r a n c h : 

O f c o u r s e t he me thod o f g e n e r a l i z a t i o n does 
n o t a p p l y t o a l 1 c o n j u n c t i v e g o a l p r o b l e m s Fo r 
i n s t a n c e , t h e s y n t h e s i s o f a n i n t e g e r s q u a r e -
r o o t p r o g r a m has s p e c i f i c a t i o n s 
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and we wish to de te rm ine i f x<3 a t p o i n t 2 . In 
o r d e r t o d o t h i s i t s u f f i c e s t o check i f what w e 
know at p o i n t 1 i m p l i e s t h a t y<3. In g e n e r a l , to 
de termine an a s s e r t i o n o f form P(x ) a t p o i n t 2 , 
check P(y) a t p o i n t 1 . We w i l l say t h a t the 
a s s e r t i o n P(y) i s the r e s u l t o f " p a s s i n g back" the 
a s s e r t i o n P(x) from p o i n t 2 to p o i n t 1 . (Th i s i s 
p r e c i s e l y the process o u t l i n e d by F loyd [1967] 
and Hoare [1969] - see a l s o Manna [1974] - in 
re fe rences t o program v e r i f i c a t i o n . ) 

Fu r the rmore , i f ou r program c o n t a i n s the 
i n s t r u c t i o n 

O f ten the s p e c i f i c a t i o n o f a program w i l l 
r e q u i r e t h e s i m u l t a n e o u s s a t i s f a c t i o n o f more than 
one g o a l . As in the case o f c o n j u n c t i v e goa l s in 
M S P - l i k e programs, the s p e c i a l i n t e r e s t o f t h i s 
problem l i e s i n t h e i n t e r - r e l a t e d n e s s o f the 
g o a l s . The techn iques o f t h i s s e c t i o n w i l l now be 
a p p l i e d t o handle the i n t e r a c t i o n between g o a l s . 
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H. S imu l taneous Goals 

A s imu l taneous g o a l problem has the form 
Ach ieve P and Q. 

Sometimes P and Q w i l l be independent c o n d i t i o n s , so 
t h a t we can ach ieve P and Q s imp ly by a c h i e v i n g 
P and then a c h i e v i n g Q. For example, i f our g o a l 
i s 

Ach ieve x = 2 and y = 3, 
the two g o a l s x=2 and y=3 are comp le te l y independent 
In t h i s s e c t i o n , however, we w i l l be concerned 
w i t h the more complex case in which P and Q i n t e r ­
act .. In such a case we may make P f a l s e in the 
course of a c h i e v i n g Q. 

Cons ider f o r example the problem o f s o r t i n g 
t h r e e v a r i a b l e s x , y , and z. We w i l l assume 
t h a t the o n l y i n s t r u c t i o n we can use is the sub ­
r o u t i n e s o r t ( u v ) , d e s c r i b e d i n the p r e v i o u s 
s e c t i o n , wh ich s o r t s two v a r i a b l e s . Our goa l i s 
then 

Ach ieve x<y and y<z 
We know t h a t the program s o r t ( u v) w i l l ach ieve a 
goa l o f form u ' v . I f we app ly the s t r a i g h t f o r w a r d 
t echn ique o f a c h i e v i n g the c o n j u n c t x<y f i r s t , and 
then the c o n j u n c t y<z , we o b t a i n the program 

However, t h i s program has a bug in t h a t s o r t i n g y 
and z may d i s r u p t the r e l a t i o n x<y: i f z is 
i n i t i a l l y the s m a l l e s t o f t he t h r e e , i n i n t e r ­
chang ing y and z we make y l e s s than x. Revers ing 
the o r d e r i n which the c o n j u n c t s a re ach ieved i s 
use less i n t h i s case . 

There a re a number of ways in which t h i s p r o b ­
lem may be r e s o l v e d . One of them i n v o l v e s t h e 
n o t i o n o f program m o d i f i c a t i o n , ( c f . Sussman 
[1973] ) The g e n e r a l s t r a t e g y i s as f o l l o w s : to 
ach ieve P and Q s i m u l t a n e o u s l y , f i r s t w r i t e a 
program to ach ieve P; then mod i fy t h a t program 
to ach ieve Q as w e l l . The essence o f t h i s s t r a t e g y , 
t h e n , l i e s i n a t e c h n i q u e o f program m o d i f i c a t i o n . 

We s t i l l need to ach ieve goal ( i i ) a t p o i n t 2 ; 
we can ach ieve t h i s goa l s i m p l y by i n s e r t i n g the 
i n s t r u c t i o n s o r t ( x z ) a t t h a t p o i n t . Th i s i n ­
s e r t i o n i s seen not t o v i o l a t e any p r o t e c t e d 
r e l a t i o n . Our f i n a l program is thus 

I f the subgoals a re pursued i n a d i f f e r e n t o r d e r , 
d i f f e r e n t v a r i a t i o n s o n t h i s program a re o b t a i n e d 

The program m o d i f i c a t i o n s t r a t e g y seems to 
be a f a i r l y gene ra l approach to the s imu l taneous 
g o a l p rob lem. I t a l s o is a p o w e r f u l program 
s y n t h e s i s techn ique in g e n e r a l . An expanded 
t r ea tmen t o f t h i s s t r a t e g y i s c o n t a i n e d i n 
Wa ld inger [ 1 9 7 5 ] . 

T h i s conc ludes the p r e s e n t a t i o n o f our b a s i c 
program s y n t h e s i s t e c h n i q u e s . I n the l o n g e r 
v e r s i o n of t h i s paper we show how these same 
techn iques work t o g e t h e r in the s y n t h e s i s o f some 
more complex examples. 

I I I . DISCUSSION 

A. Imp lemen ta t i on 

Imp lemen ta t i on o f the techn iques p resen ted 
in t h i s paper is underway. Some of them have 
a l r e a d y been implemented. Others w i l l r e q u i r e 
f u r t h e r development b e f o r e a n imp lementa t ion w i l l 
be p o s s i b l e . 

We imagine the r u l e s , used to rep resen t 
r e a s o n i n g t a c t i c s , to be expressed as programs in 
a PLANNER-type language. Our own imp lemen ta t i on 
is in QLISP (Reboh and S a c e r d o t i [ 1 9 7 3 ] ) . Rules 
a re summoned by p a t t e r n - d i r e c t e d f u n c t i o n i n v o ­
c a t i o n . 

W o r l d - s p l i t t i n g has been implemented u s i n g 
the c o n t e x t mechanism of QLISP, which was i n t r o ­
duced in QA4 ( R u l i f s o n et a l [ 1 9 7 2 ] ) . The 
c o n t r o l - s t r u c t u r e necessary f o r the h y p o t h e t i c a l 
w o r l d s , which i n v o l v e s an a c t u a l s p l i t t i n g o f 
t he c o n t r o l path as w e l l as the a s s e r t l o n a l da ta 
base, i s expressed u s i n g the m u l t i p l e env i ronments 
(Bobrow and Wegbrei t [ 1 9 7 3 ] ) of INTERLISP 
(Te l t e lman [ 1 9 7 4 ] ) A l though the w o r l d - s p l i t t i n g 
has been implemented, we have yet to exper iment 
w i t h t h e v a r i o u s s t r a t e g i e s f o r c o n t r o l l i n g i t . 

The e x i s t i n g system is capable of p roduc ing 
s imp le programs such as the un ion f u n c t i o n , the 
program t o s o r t t h r e e v a r i a b l e s from Par t I I , o r 
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t h e l o o p - f r e e segmen ts o f t h e p a t t e r n - m a t c h e r f r o m 
t h e f u l l v e r s i o n o f t h i s p a p e r . 

The g e n e r a l i z a t i o n o f s p e c i f i c a t i o n s 
( S e c t i o n s I I - D ) i s a d i f f i c u l t t e c h n i q u e t o 
a p p l y w i t h o u t i t s g o i n g a s t r a y . W e w i l l d e v e l o p 
h e u r i s t i c s t o r e g u l a t e i t i n t h e c o u r s e o f t h e 
i m p l e m e n t a t i o n . S i m i l a r l y , o u r a p p r o a c h t o c o n ­
j u n c t i v e g o a l s ( S e c t i o n 1 1 - E ) needs f u r t h e r 
e x p l i c a t i o n . 

B . H i s t o r i c a l C o n t e x t and C o n t e m p o r a r y R e s e a r c h 

E a r l y w o r k i n p r o g r a m s y n t h e s i s ( e . g . S imon 
[ 1 9 6 3 ] , G reen [ 1 9 6 9 ] , W a l d i n g e r and L e e [ 1 9 6 9 ] ) . 
was l i m i t e d b y t h e p r o b l e m - s o l v i n g c a p a b i l i t i e s 
o f t h e r e s p e c t i v e f o r m a l i s m s i n v o l v e d ( t h e G e n e r a l 
P r o b l e m S o l v e r i n t h e c a s e o f S i m o n , r e s o l u t i o n 
t h e o r e m p r o v i n g i n t h e c a s e o f t h e o t h e r s ) . Our 
p a p e r o n l o o p f o r m a t i o n (Manna and W a l d i n g e r 1 1 9 7 1 ] ) 
was s e t in a t h e o r e m - p r o v i n g f r a m e w o r k , and p a i d 
l i t t l e a t t e n t i o n t o t h e i m p l e m e n t a t i o n p r o b l e m s . 

I t i s t y p i c a l o f c o n t e m p o r a r y p r o g r a m s y n ­
t h e s i s w o r k n o t t o a t t e m p t t o r e s t r i c t i t s e l f 
t o a f o r m a l i s m ; s y s t e m s a r e more l i k e l y t o w r i t e 
p r o g r a m s t h e way a human p rog rammer w o u l d w r i t e 
t h e m . Fo r e x a m p l e , t h e r e c e n t w o r k o f Sussman 
[ 1 9 7 3 ] i s m o d e l l e d a f t e r t h e d e b u g g i n g p r o c e s s . 
R a t h e r t h a n t r y i n g t o p r o d u c e a c o r r e c t p r o g r a m 
a t o n c e , S u s s m a n ' s s y s t e m r a s h l y goes ahead and 
w r i t e s i n c o r r e c t p r o g r a m s w h i c h i t t h e n p r o c e e d s 
t o d e b u g . The w o r k r e p o r t e d i n Green e t a l . 
[ 1 9 7 4 ] a t t e m p t s t o model a v e r y e x p e r i e n c e d 
p r o g r a m m e r , r e l y i n g o n k n o w l e d g e more t h a n r e a s o n ­
i n g i n p r o d u c i n g a p r o g r a m . 

The w o r k r e p o r t e d h e r e e m p h a s i z e s r e a s o n i n g 
more h e a v i l y t h a n t h e p a p e r s o f Sussman and G r e e n . 
Fo r i n s t a n c e , i n o u r s y n t h e s i s o f t h e p a t t e r n -
m a t c h e r we assume no k n o w l e d g e a b o u t p a t t e r n -
m a t c h i n g i t s e l f . O f c o u r s e w e d o assume e x t e n s i v e 
k n o w l e d g e o f l i s t s , s u b s t i t u t i o n s , and o t h e r 
a s p e c t s o f t h e s u b j e c t d o m a i n . 

A l t h o u g h S u s s m a n ' s d e b u g g i n g a p p r o a c h has 
i n f l u e n c e d o u r t r e a t m e n t o f p r o g r a m m o d i f i c a t i o n 
and t h e h a n d l i n g o f s i m u l t a n e o u s g o a l s , w e t e n d 
t o r e l y more o n l o g i c a l me thods t h a n Sussman . 
F u r t h e r m o r e , Sussman d e a l s o n l y w i t h p r o g r a m s t h a t 
m a n i p u l a t e b l o c k s o n a t a b l e ; t h e r e f o r e h e has n o t 
been f o r c e d t o d e a l w i t h p r o b l e m s t h a t a r e more 
c r u c i a l i n c o n v e n t i o n a l p r o g r a m m i n g , s u c h a s t h e 
f o r m a t i o n o f c o n d i t i o n a l s and l o o p s . 

The work o f Buchanan and Luckham [ 1 9 7 4 ] ( s e e 
a l s o Luckham and Buchanan [19741) i s c l o s e s t t o 
o u r s i n t he p r o b l e m s i t a d d r e s s e s . Howeve r , t h e r e 
a r e d i f f e r e n c e s i n d e t a i l b e t w e e n o u r a p p r o a c h and 
t h e i r s : 

The Buchanan -Luckham s p e c i f i c a t i o n l a n g u a g e 
i s f i r s t - o r d e r p r e d i c a t e c a l c u l u s ; o u r s a l l o w s a 
v a r i e t y o f o t h e r n o t a t i o n s . T h e i r me thod o f 
f o r m i n g c o n d i t i o n a l s i n v o l v e s a n a u x i l i a r y s t a c k ; 
o u r s uses c o n t e x t s and t h e B o b r o w - W e g b r e l t c o n t r o l 
s t r u c t u r e s . I n t h e Buchanan -Luckham s y s t e m t h e 
loops i n t he p r o g r a m a r e i t e r a t i v e , and a r e 
s p e c i f i e d i n advance b y t h e u s e r a s " i t e r a t i v e 
r u l e s , whereas i n o u r s y s t e m t h e ( r e c u r s i v e ) 
l o o p s a r e i n t r o d u c e d b y t h e s y s t e m i t s e l f when i t 
r e c o g n i s e s a r e l a t i o n s h i p be tween t h e t o p - l e v e l 
g o a l a n d a s u b g o a l - The t r e a t m e n t o f p r o g r a m s w i t h 

s i d e e f f e c t s i s a l s o q u i t e d i f f e r e n t i n t h e 
B u c h a n a n - L u c k h a m s y s t e m , i n w h i c h a model o f t h e 
w o r l d i s m a i n t a i n e d and u p d a t e d , and a s s e r t i o n s 
are removed when t h e y are f o u n d to contradict 
o t h e r a s s e r t i o n s i n t h e m o d e l . Our use o f c o n ­
t e x t s a l l o w s t h e s y s t e m t o r e c a l l p a s t s t a t e s o f 
t h e w o r l d and a v o i d s t h e t r i c k y p r o b l e m o f d e t e r m ­
i n i n g when a mode l i s i n c o n s i s t e n t . I t s h o u l d b e 
added t h a t t h e i m p l e m e n t a t i o n o f t h e B u c h a n a n -
Luckham s y s t e m i s c o n s i d e r a b l y more a d v a n c e d t h a n 
o u r s . 

C . C o n c l u s i o n s and F u t u r e Work 

We hope we have managed to c o n v e y in t h i s 
p a p e r t h e p r o m i s e o f p r o g r a m s y n t h e s i s , w i t h o u t 
g i v i n g t h e f a l s e i m p r e s s i o n t h a t a u t o m a t i c s y n ­
t h e s i s i s l i k e l y t o b e i m m i d a t e l y p r a c t i c a l . A 
c o m p u t e r s y s t e m t h a t can r e p l a c e t h e human p r o ­
grammer w i l l v e r y l i k e l y b e a b l e t o pass t h e r e s t 
o f t h e T u r i n g t e s t a s w e l l . 

Some o f t h e a p p r o a c h e s t o p r o g r a m s y n t h e s i s 
t h a t w e f e e l w i l l b e mos t f r u i t f u l i n t h e f u t u r e 
h a v e been g i v e n l i t t l e e m p h a s i s i n t h i s p a p e r 
b e c a u s e t h e y a r e n o t y e t f u l l y d e v e l o p e d . For 
e x a m p l e , t h e t e c h n i q u e o f p r o g r a m m o d i f i c a t i o n , 
w h i c h o c c u p i e d o n l y one s m a l l p a r t o f t h e c u r r e n t 
p a p e r , w e f e e l t o b e c e n t r a l t o f u t u r e p r o g r a m 
s y n t h e s i s w o r k The r e t e n t i o n o f p r e v i o u s l y c o n ­
s t r u c t e d p r o g r a m s i s a p o w e r f u l way t o a c q u i r e 
and s t o r e k n o w l e d g e F u r t h e r m o r e p r o g r a m o p t i m i ­
z a t i o n ( c f . D a r l i n g t o n and B u r s t a l l [ 1 9 7 3 ] ) and 
p r o g r a m d e b u g g i n g a r e j u s t s p e c i a l cases o f p r o ­
gram m o d i f i c a t i o n 

A n o t h e r t e c h n i q u e t h a t w e b e l i e v e w i l l b e 
v a l u a b l e i s t h e use o f more v i s u a l o r g r a p h i c -
r e p r e s e n t a t i o n s , t h a t c o n v e y more o f t h e p r o p e r t i e s 
o f t h e o b j e c t b e i n g d i s c u s s e d i n a s i n g l e s t r u c t u r e . 
A m a t h e m a t i c i a n w i l l o f t e n i n f o r m a l l y use a d i a g r a m 
i n s t e a d o f a s y m b o l i c r e p r e s e n t a t i o n t o h e l p h i m ­
s e l f f i n d a p r o o f . The t h e o r e m - p r o v i n g s y s t e m s o f 
G e l e r n t e r [ 1 9 6 3 ] ( i n g e o m e t r y ) and Bundy [ 1 9 7 3 ] 
( i n a l g e b r a ) , f o r e x a m p l e , use d i a g r a m - l i k e n o t a ­
t i o n s t o f a c i l i t a t e p r o o f s . W e s u s p e c t t h a t p r o ­
gram s y n t h e s i s w o u l d a l s o b e n e f i t f r o m such n o t a ­
t i o n s . 

A c k n o w l e d g e m e n t s 

We w i s h to t h a n k R o b e r t B o y e r , Nachum 
D e r s h o w i t z , B e r t r a m R a p h a e l , and G e o r g i a S u t h e r l a n d 
f o r g i v i n g d e t a i l e d c r i t i c a l r e a d i n g s o f t h e m a n u ­
s c r i p t . W e w o u l d a l s o l i k e t o t h a n k P e t e r D e u t s c h , 
R i c h a r d F i k e s , A k i r a F u s a o k a , C o r d e l l G r e e n and 
h i s s t u d e n t s , I r e n e G r e i f , C a r l H e w i t t , Shmuel 
K a t z , D a v i d Luckham, E a r l S a c e r d o t i , and Ben 
W e g b r e l t f o r c o n v e r s a t i o n s t h a t a i d e d i n f o r m u l a t i n g 
t h e i d e a s i n t h i s p a p e r . The s e t - t h e o r e t i c 
e x p r e s s i o n h a n d l e r i s b a s e d o n t h e w o r k o f J a n 
D e r k s e n . W e w o u l d a l s o l i k e t o t h a n k L i n d a K a t u n a , 
C l a i r e C o l l i n s and Hanna Z i e s f o r t y p i n g many v e r ­
s i o n s o f t h i s m a n u s c r i p t . 

T h i s r e s e a r c h was p r i m a r i l y s p o n s o r e d b y t h e 
N a t i o n a l S c i e n c e F o u n d a t i o n u n d e r g r a n t s G J - 3 6 1 4 6 
and G K - 3 5 4 9 3 . 
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