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J o p h i e n v a n V a a l e n 

TO AUTOMATIC TIIEOREM PROVING 
AN EXTENSION OF UNIFICATION TO SUBSTITUTIONS WITH AN APPLICATION 



Step 11 : If Aok is a s i n g l e t o n s t o p : ok. is the 
most genera l u n i f i e r o f A. 
Step I I I : Compute the d isagreement set o f A o k ; o r 
der t h i s se t such tha t the v a r i a b l e s a re i n f r o n t , 
the r e s t o f the o r d e r i n g be ing i m m a t e r i a l . 
I f v k and u k a re the two e a r l i e s t e lements of the 
d isagreement set and vk is a v a r i a b l e t h a t does not 
occur in uk then o k + 1 := ok. {vk->uk}; k := k+1 ; go 
to s tep 2 o t h e r w i s e s top then A is no t u n i f i a b l e . 

UNIFICATION THEOREM, let A be a non-empty finite 
eet of expressions. If A is unifiable then there 
exists a most general unifier o of A which is com
puted by the unification algorithm. 

Dur ing the compu ta t i on o f a d e d u c t i o n in a u t o 
m a t i c theorem p r o v i n g a g r e a t amount o f u n i f i c a t i o n 
computa t ions has to be per fo rmed. The implementa
t i o n o f the u n i f i c a t i o n a l g o r i t h m can be done much 
more e f f i c i e n t than a s t r a i g h t a w a y implemen
t a t i o n ; See 16, 2 and 7 J. 

3 . An E x t e n s i o n o f U n i f i c a t i o n to S u b s t i t u t i o n s 

D e f i n i t i o n s 

Substitution unifier. Let o = l f J ; * i - i be a set of 
s u b s t i t u t i o n s and o a s u b s t i t u t i o n ; o is s a i d to 
u n i f y 0 o r to be a u n i f i e r o f o i f e-o t t r i + i ° r o r 

a l l I< i < k. A set of s u b s t i t u t i o n s wh ich has a 
u n i f i e r is s a i d to be unifiable or to be compatible. 
(By e q u a l i t y o f s u b s t i t u t i o n s i s meant the set t h e 
o r e t i c a l e q u a l i t y o f the o rde red p a i r s ) . 

Instantiation, I f U j and o 2
 a r e s u b s t i t u t i o n s then 

the c o m p o s i t i o n O.B- * s c a l l e d an i n s t a n c e o f 0 . . 

Most general unifier. A u n i f i e r o of a set of sub
s t i t u t i o n s 0 = l O ^ t ^ . j is c a l l e d a most gene ra l 
u n i f i e r i f f o r a l l u n i f i e r s i o f 0 t h e r e e x i s t s a 
s u b s t i t u t i o n A such tha t T= nA; the i n s t a n c e f l jo 
i s c a l l e d the most genera l i n s t a n c e o f 0 . 

Normal form, A s u b s t i t u t i o n 6 ~ ^ v i ^ c i ^ i « l ^s *-n 

normal fo rm i f f o r a l l i , j : 1 < i , j * k , v - does 
not occur i n t ; . 

Note 

1 . B y d e f i n i t i o n i t ho lds t h a t a l l v j ' s i n a sub
s t i t u t i o n a r e d i f f e r e n t . 

2 . The most gene ra l u n i f i e r o f exp ress ions comput
ed by the u n i f i c a t i o n a l g o r i t h m as quoted in 2.2 
i s in normal f o rm . 

3. The most gene ra l i n s t a n c e of a se t of s u b s t i t u 
t i o n s *C 0 -1 ̂ *» i is sometimes a l s o denoted by 
6 1 * 6 2 * - • . * 0 ^ ; t h i s o p e r a t i o n i s commutat ive and 
a s s o c i a t i v e . 

A s u b s t i t u t i o n component v * t is c a l l e d circular 
i f v occurs i n t . 

A se t of s u b s t i t u t i o n s 0 « {0 - } ^ ^ . is c a l l e d con
tradictory i f t h e r e are two s u b s t i t u t i o n s 6 | , 6 
in G such t h a t t he re is a s u b s t i t u t i o n component 
vj -* tj . in 6 j and a s u b s t i t u t i o n component 
v j * t j m in 0 f f l such t h a t VJ - v j and the terms 

t ; . and t : are not u n i f i a b l e . J I Jm 

A l g o r i t h m s and Theorems 

We now g i v e the a l g o r i t h m to compute the roost 
gene ra l u n i f i e r o o f a set o f s u b s t i t u t i o n s l 0 . ) n , . 

1 i * l 

78 

Wo assume t h a t in each s u b s t i t u t i o n of a set of 
s u b s t i t u t i o n s the s u b s t i t u t i o n - c o m p o n e n t s a re o r 
dered acco rd ing t o a f i x e d enumerat ion o f a l l v a r i 
ab les and the re are no c i r c u l a r components. 



general instance but 

To compute the most gene ra l u n i f i e r o f exp ress ions 
we can a l s o use the a l g o r i t h m f o r comput ing the 
m . g . u . o f s u b s t i t u t i o n s i f w e c o n s i d e r the d i s 
agreement se t to be s u b s t i t u t i o n s and look a t the 
c l a s s o f d isagreement s e t s . The c l a s s o f d i s a g r e e 
ment s e t s of a nonempty se t of exp ress ions A con 
s i s t s o f the c l a s s o f s e t s o f w e l l - f o r m e d subex
p r e s s i o n s f rom the exp ress ions in A by d e l e t i n g the 
p a r t s wh ich are common to a l l exp ress ions in A 
( scann ing s t a r t s f rom the l e f t ) . 

Example 

Algorithm 2 to make a set of s u b s t i t u t i o n s out of a 
d isagreement set o f a set o f e x p r e s s i o n s i f p o s s i b l e . 

Step I : I f the d isagreement set does not c o n t a i n 
any v a r i a b l e then h a l t : t h e r e i s no u n i f i e r . 
Step IX : Choose one o f the v a r i a b l e s f rom the d i s 
agreement set (e1 , . . . , e n } say e^ and make the f o l 
l o w i n g set o f ( n -1 ) s u b s t i t u t i ons 

I f t h e r e i s any s u b s t i t u t i o n component c i r c u l a r i n 
t h i s set then h a l t : t h e r e i s n o u n i f i e r . 

THEOREM I . be a non-empty set of 
substitutions. If 0 is unifiable then there exists 
a moet general unifier o of Qand o is determined by 
the substitution unification algorithm. The proof 
goes s i m i l a r l y t o t h a t o f t he u n i f i c a t i o n theorem. 

THEOREM 2. Given a unifiable set of substitutions 
^6 i*?»l oue^ that «£ is in normal form for all i. 
The most aeneral instance of is also a uni
fier of 

PROOF. Let the most g e n e r a l u n i f i e r of 
be o then is the most gene ra l i n 
s t a n c e . Because o f the normal fo rm o f the s u b s t i 
t u t i o n s h o l d s . Because o f the a s s o c i a 
t i v i t y o f the c o m p o s i t i o n o f s u b s t i t u t i o n s we have: 

and t h e r e f o r e 
Hence, i s a u n i f i e r . 

THEOREM 3. For a given set of expressions which is 
unifiable we can compute the most general unifier 
also by applying the substitution unification al
gorithm on the set of substitutions formed by al
gorithm 2 from the disagreement sets. Then the 
m.g.u. of the expressions is the most general in
stance of these substitutions. 

( S u b s t i t u t i o n s f rom the second a l g o r i t h m are i n 
normal f o rm s i n c e every s u b s t i t u t i o n c o n s i s t s o f 
bu t one s u b s t i t u t i o n somponent) 
The p r o o f proceeds in two s t e p s : f i r s t we prove 
t h a t u n i f i a b i 1 i t y occurs in the same c i reurnstances; 
second ly we can prove t h a t we get the same u n i f i e r 
up to i somorph isms. 

Remark 

The computed u n i f i e r i s not n e c e s s a r i l y the most 
gene ra l one because v a r i a b l e s wh ich occur in E j can 
be d e l e t e d by s u b s t i t u i o n f l . ; t h e r e f o r e they do not 
occur i n the computed u n i f i e r . Th i s i s one o f t h e 
reasons t h a t the converse o f the theorem does n o t 
ho ld i n g e n e r a l . 

Counterexamples 

However, the converse theorem ho lds i f we r e s t r i c t 
the s u b s t i t u t i o n s 0^ t o v a r i a b l e s t h a t occur i n E -
and i f t he exp ress ions E^ do not have any v a r i a b l e s 
in common. 

THEOREM *). Let be a set of expressions 
which have no varxables in common and are unifiable 
with a moet general unifier o. Let be a set 
of substitutions such that a variable occuring in 
0^ does not occur in and has as 
left-hand sides of its components only variables 
occuring in E .̂ If the set of expressions 
is unifiable then the set of substitutions 

is unifiable. 

The p roo f proceeds by c o n t r a d i c t i o n a l o n g t h e d i f 
f e r e n t s teps o f t he s u b s t i t u t i o n u n i f i c a t i o n a l 
g o r i t h m . 

Example 

Given E^ * P ( y f f ( z ) , z ) and E- - P ( x , x , t ) t hen the 
most genera l u n i f i e r of E| and E2 is 
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0 means not r e s o l v a b l e ( i d e n t i c a l t o : o p p o s i t e in 
s i g n and the a b s o l u t e va lues a re not u n i f i a b l e ) . 
o13 means l i t e r a l 1 and l i t e r a l 3 are r e s o l v a b l e 
i n v o l v i n g s u b s t i t u t i o n o13 where v a r i a b l e s o c c u r 
r i n g , in l i t e r a l 1 are indexed by I and v a r i a b l e s 
o c c u r r i n g in l i t e r a l 3 by 3 so making the standard 
i z i n g a p a r t q u i t e e a s i l y . The f o l l o w i n g s u b s t i t u 
t i o n s are i n v o l v e d i n the m a t r i x : 

W e w o r k t h i s examp le o u t u s i n g c o n n e c t i o n 
g r a p h s [ 4 ] . I f w e use c o n n e c t i o n g r a p h s i t i s a l 
most n e c e s s a r y t o use t h e s u b s t i t u t i o n u n i f i c a t i o n 
a l g o r i t h m because t h e a r c s b e t w e e n t h e c l a u s e s 
( l i t e r a l s ) a r e i n f a c t u n i f i e r s and new a r c s can 
b e compu ted f r o m o l d a r c s u s i n g t h i s a l g o r i t h m . 
The i n i t i a l g r a p h i s made f r o m t h e c l a s s i f i c a t i o n 
m a t r i x : 

Note t h a t because we are o n l y i n t e r e s t e d 
i n those s u b s t i t u t i o n s conce rn ing v a r i a b l e s i n l i t 
2 and l i t 4 , 5 . 
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