
G E N T Z E N - T Y P E F O R M A L , SYSTEM R E P R E S E N T I N G P R O P E R T I E S O F 

F U N C T I O N A N D ITS I M P L E M E N T A T I O N 

Tosh io N i s h i m u r a 
Dept . of Math 
Un iv . of Tsukuba 
I b a r a g i P r e f . Japan 

Masakazu Nakan ish i and M o r i o Nagata 
F a c u l t y of Eng . , K e i o Un iv . 
Yokohama, Japan 

Yosh iak i I w a m a r u 
The M i t s u i Bank L t d 
Tokyo , Japan 

A B S T R A C T 

We d e s c r i b e a t h e o r e m - p r o v e r (ca l led T K P 1), 
wh ich is based on a Gen tzen- type f o r m a l sys tem 
[14) . T K P 1 can d i r e c t l y dea l w i t h func t iona ls and 
the c o m p o s i t i o n of f unc t i ona l s , i t c o m p r i s e s the 
f i xed point o p e r a t o r and a k i nd of f a c i l i t y fo r 
i n d u c t i o n . Le t us a t tempt to p rove P(F(x , y)) f o r 
F ( x , y ) such that F (x , y ) P r o v i d e d 
that P ( F ( x , y ) ) can be obta ined f r o m P f f n ( x , y ) ) 
n = 0, 1 , 2 , . . . , T K P 1 a u t o m a t i c a l l y g i ves the induc­
t ion hypothes is P ( fn (x , y ) ) , and then prove P(fn - 1 ' 
( x , y ) ) . It. can e f f i c i en t l y make p r o v i n g p r o c e d u r e 
for p r o p e r t i e s o f r e c u r s i v e p r o g r a m s . We can 
supply assumpt ions and de f i n i t i ons a t w i l l . T K P 1 
d i sp lays an eas i ly read p r o o f - f i g u r e . 

K E Y WORDS 

L I S P , au tomat i c t h e o r e m p r o v i n g , i nduc t i ons , 
p r o v i n g p r o g r a m s c o r r e c t , f i xed point o p e r a t i o n , 
G e n t / e n - t y p e f o r m a l s y s t e m , compos i t i on o f 
f u n c t i o n a l , i n f i n i t e l y long e x p r e s s i o n . 

In o r d e r to p rove these sequen ts ,we may use the 
m a t h e m a t i c a l i nduc t i on . 
F i r s t , we p rove F°(x) -> G. Next f n -1 (x) - G is 
t r i e d to p rove under the i nduc t ion hypothes is 
f n (x ) -> G. 
Because T K P 1 can d i r e c t l y dea l w i th the c o m ­
pos i t i on of func t iona ls and p rov ides a k i n d of 
f a c i l i t y o f f i xed point o p e r a t o r and i n d u c t i o n , 
T K P 1 can e f f i c i e n t l y p rocess the p roo fs f o r p r o p ­
e r t i e s o f r e c u r s i v e p r o g r a m s . As T K P 1 i s 
developed as the c u t - l e s s s y s t e m , i t can eas i l y 
decompose a t h e o r e m to be p roved in to some 
s u b t h e o r e m s . And i t accomp l i shed the p roo fs o f 
m o s t p r o b l e m s d e s c r i b e d i n (8 ) , and m o r e o v e r , 
acced ing to u s e r ' s demands, assumpt ions and 
de f i n i t i ons a r e acceptab le by T K P 1 , and i t 
d i sp lays the p r o o f - f i g u r e in a p la in f o r m a f te r 
p r o b l e m s are p r o v e d . In sec t ion 2 , we s h a l l 
exp la in the ou t l i ne o f the f o r m a l sys tem and in 
3 d e s c r i b e the f o r m a l s y s t e m , The way to p rove 
the p r o b l e m s h a l l be exp la ined in 4 . The ou t ­
l i ne of i m p l e m e n t a t i o n is g iven in 5. In 6 we 
d i scuss some i m p r o v e m e n t s and i t s f u tu re 
app l i ca t i ons o f T K P 1 . 

1 . I N T R O D U C T I O N 

Many methods for p r o v i n g t h e o r e m s about p r o ­
g r a m s have been s tud ied . ( [ 1 ) , [ 2 ] , [ 6 ] e t c . ) 
Some of them are w o r k s on the f i xed point o p e r a t o r 
(2) , [ 15 ] . We have t r i e d an i m p l e m e n t a t i o n 
o f an au tomat i c t h e o r e m p r o v i n g s y s t e m , ca l l ed 
T K P 1 ( T s u k u b a - K e i o P r o v e r No . 1), wh ich i s 
based on a Gentzen- type f o r m a l sys tem r e p r e s e n t ­
ing the p r o p e r t i e s o f func t ions (14) . The p l a u s i ­
b i l i t y and the comp le teness o f t h i s sys tem a r e 
c e r t i f i e d by the monoton ic func t i ona l i n t e r p r e t a t i o n 
[13 ] , 1141. M o r e o v e r , the c u t - e l i m i n a t i o n 
t h e o r e m (3) holds in th is s y s t e m . The basic ex ­
p ress i ons o f t h i s sys tem a r e f unc t i ona l s and c o m ­
pos i t i on o f f unc t i ona l s , w h e r e i n the usual l o g i c a l 
f o r m u l a is a k ind of f u n c t i o n a l . Connect ives be ­
tween func t iona ls a r e decomposed in a way s i m i ­
l a r to l o g i c a l connec t i ves . Bes ides , the s y s t e m 
inc ludes the o p e r a t o r f o r i n f i n i t a r y s u m , f r o m 
wh ich we can apply the f i xed po in t o p e r a t o r in t h i s 
s y s t e m . L e t us c o n s i d e r to p rove 
In th i s case the f o l l o w i n g sequents m u s t oe p r o v e d . 

2. OUTLINE OF FORMAL SYSTEM 

Now we shall b r ie f l y explain our system, which 
is main ly based on 2 valued logic. The under ly ­
ing fo rma l system is given in [14], and it can be 
interpreted by monotonic functionals. The plausi­
b i l i ty and the completeness can be cer t i f i ed in a 
way s im i l a r to [13] . 
Let F and G be functions of the type α->β and β-> Y 
respect ively. We denote the composit ion of F and 
G by 

F- G (F- G(x)=G(F(x))) 
If F and G are compatible and of the same type, 
the jo in of F and G is denoted by 

FVG 
A fo rmula P may have the value true (i) or false 

Let the function always have the value 
and the function I the value i. Then a formula 
p can be considered as functions and I accord ­
ing that they have values and I respect ively. 
And the expression PG has the value G if P is 
t rue and if P is fa lse. 
Let us consider the fo l lowing expression 

if P (x) then y else f(x) 
The value of th is expression is y if P(x) is t r ue . 
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and is f(x) i f P(x) is f a l se . We can rep resen t th is 
by the f o l l o w i n g c o m p o s i t i o n . 

whe re P(x) denotes the negat ion of P (x ) . 
N e x t , we cons ide r the p r o g r a m 

T h i s can be rep resen ted by 

whe re 

and 
When A and B a re f o r m u l a s , we can cons ide r that 
the compos i t i on A B means 'A and B' , because 

The s i m i l a r 
method conce rn ing I and is shown in [ 2 ) . 
S i m i l a r l y the j o in A V B beans *A o r B ' , because 

The p r o g r a m 

w i l l show the same resu l t 
T h i s rep resen ted by the e x p r e s s i o n of the f o r m 

w h i c h is ca l l ed a sequent. ' F - G' means that G 
is an ex tens ion of F. In the 2 -va lued case , f o r 
f o r m u l a s A and B, *A > B' means that A i m p l i e s 
B, and so is i d e n t i c a l w i t h A-* B in Gentzen 's 
o r i g i n a l f o r m [3J. 
Now , we s h a l l cons ide r the f o l l o w i n g r e c u r s i v e 
de f i n i t i on of the funct ion F (of type a). 

F ( x , y ) =_if P(x) t h e n y else h (F (k ( x ) , y ) ) 

I t is w e l l known that F can be de f ined as the leas t 
f i xed point J/o f " ( 'o ) (denoted by dl), if we 
i n t roduce the fo l l ow ing func t ion f o f the type a - a 
111). 

On the o the r hand the func t ion G of the same type 
as F is def ined by 

In o r d e r to p rove that F is the same func t ion as G, 
i t is su f f i c ien t to show the f o l l ow ing two sequents: 

We sha l l use the f i r s t of these to i l l u s t r a t e the 
p rov i ng p rocedu re o f ou r t h e o r e m p r o v e r d i s c u s s ­
ed in 4. As is shown in the f o l l ow ing sec t i on , 
r u l e s o f i n fe rence w i l l be g iven s y m m e t r i c a l l y f o r 
the le f t hand side and the r i gh t hand side of -* . 

3 . T H E F O R M A L SYSTEM 

H e r e , we desc r i be s i m p l y the ax i oms and r u l e s o f 
i n f e r e n c e . The mean ings o f m o s t symbo ls e m ­
p loyed h e r e have been b r i e f l y exp la ined in the 
p r e v i o u s sec t ion . He re in we use Greek c a p i t a l 
l e t t e r s , r , A e tc . , to r ep resen t a f i n i t e set of 
func t iona ls such as F» , F™ . In M i n e r ' s 
L C F sys tem UOJ, " , M i n both s ides denotes the 
con junc t i on . In our s y s t e m , " , " in the lef t hand s ide 
of ■+ r e p r e s e n t s the con junc t ion and ", " in the r i g h t 
s ide denotes the d i s j u n c t i o n . A p r o o f - f i g u r e is a 
t r e e cons t ruc ted by sequents , in wh i ch e v e r y 
uppe rmos t sequent is an ax iom and upper sequents 
and a l o w e r sequent a re connected by a r u l e of 
i n f e r e n c e . 

3. 1 A x i o m s 

In g e n e r a l , va r i ous assumpt ions a r e acceptab le by 
T K P 1 as a x i o m s , howeve r , we es tab l i sh our 
s y s t e m us ing only l o g i c a l ax ioms as the mos t 
basic ones. 
L o g i c a l ax i oms a re sequents o f the f o l l o w i n g f o r m . 

3. 2 Ru les of I n fe rence 

3. 2. 1 Ru les of Rep lacement 

(1) I F , FL and can be rep laced by F, 
the converse a lso h o l d . 

(2) F and F can be rep laced by the con 
ve rse a lso ho lds . 

(3) a n d c a n be rep laced by $ and I r e s p e c ­
t i v e l y , the conve rse a lso ho lds . 

(4) 

and P r e s p e c t i v e l y , the converse 
a lso ho lds . 

(5) If 4> occu rs in the l e f t hand s ide of a sequent , 
then the le f t s ide can be rep laced by * and $ 
in the r i g h t can be o m i t t e d . 

3. 2. 2 Ru les of In fe rence w i t h respec t to L o g i c a l 
Connect ives 
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F r o m the c o m p a t i b i l i t y o f 
these r u l e s o f i n f e rence a re reasonab le . 

and 

where AM . . . , Am , B, , . . . , B« a re of type 
and F and G of type These rules* a re e a s i l y 
v e r i f i e d . 

As desc r i bed in the p rev ious sec t ion , F and G 
can be def ined by the s e r i e s of f o r m u l a s : 
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w h e r e g is an a r b i t r a r y func t iona l s a t i s f y ­
i ng the cond i t ion in the d e s c r i p t i o n o f 
l e f t . 

3. 2. 3 Other Rules of I n fe rence 

As the occas ion demands , we can add the f o l l ow ing 
p r a c t i c a l r u l e s . 

whe re f is a v a r i a b l e sa t i s f y i ng the cond i ­
t i o n in the d e s c r i p t i o n of - r i g h t 

where f is an a r b i t r a r y f ree v a r i a b l e o f 
the same type as h not conta ined in the 
l o w e r sequent. 

whe re g is an a r b i t r a r y func t iona l of the 
same type as h, and P [ g / h ) denotes the 
r e s u l t obta ined by r e p l a c i n g h for g. 
M o r e o v e r , we sha l l use the symbo ls - r i g h t , 

- l e f t , a r i g h t and J - le f t as f o l l ows . 

4 . P R O V I N G PROCEDURE OF 
T K P 1 A N D ITS E X A M P L E 

In th i s sec t i on , we i l l u s t r a t e the theo rem prover 
based on the f o r m a l sys tem which is desc r i bed 
in the p rev ious sec t i on . 

4 . 1 I l l u s t r a t i v e E x a m p l e 

We sha l l i l l u s t r a t e the p r o v i n g p rocedu re o f 
T K P 1 by g i v i n g the p roo f of the fo l l ow ing 
examp le : 



( 4 . 1 0 - 4 ) and the r e s u l t obta ined by the r e p l a c e ­
ment o f f n w i t h g n i n (4 . 10 -4 ) , where t h i s r e ­
p lacement is poss ib le acco rd ing to the hypo thes is 
(4 . 10), have no l o g i c a l connec t i ves and do not 
m a t c h to de f i n i t i ons and assumpt ions (4. 1) ~ (4 . 6) 
and (4 . 10). T h e r e f o r e T K P 1 f a i l s to p rove 
( 4 . 1 0 - 4 ) , and i t mus t back t rack to (4. 8). Now i t 
a t t e m p t s to p rove 

4. 2 A p p l i c a t i o n of Ru les of In fe rence 

F i r s t , T K P 1 exam ines whe the r the same e x p r e s 
s ion ex i s t s in both s ides of a sequent or not and 
whether an undef ined e lemen t ex i s t s in the le f t 
hand side of a sequent or not . I f t he re e x i s t s a 
same exp ress i on in both s ides or w in the le f t hand 
side in a sequent , the sequent is p r o v a b l e . I f a 
sequent is not p rovab le and inc ludes some l o g i c a l 
connec t i ves , T K P 1 t r a n s f o r m s i t a c c o r d i n g to 
the top l eve l l o g i c a l connec t i ves in the lef t and 
r i g h t hand side of the sequent . 
We sha l l show the t r a n s f o r m a t i o n r u l e s . In these 
r u l e s the le f t hand s ide is a g i ven sequent 
and the r i g h t hand s ide is t r a n s f o r m e d sequents . 

(5) D e c o m p o s i t i o n of F u n c t i o n s 

M c C a r t h y ' s c o n d i t i o n a l e x p r e s s i o n is based 
on the f o r m of i f - then - e l se , e . g . 

i f p then ci e lse en . 
Such an e x p r e s s i o n p is ca l l ed a p - type 
e x p r e s s i o n . In the p r o v i n g p r o c e s s , the 
f o l l o w i n g r u l e s a re app l ied to the e x p r e s s i o n 
wh i ch con ta ins p - type e x p r e s s i o n s , 
( i ) f (p) is decomposed in to p 

( i i ) f (p op k) and f (k op p) a re decomposed 
r e s p e c t i v e l y i n to p op f(k) and f (k )op p, 
where op is a l og i ca l connect ive and k is 
not a p - type e x p r e s s i o n , 

( i i i ) i s decomposed in to w h e r e p is 
a p - type e x p r e s s i o n . 

(6) Undef ined E l e m e n t 

These r u l e s a re app l ied i n the f o l l o w i n g o r d e r . 

i n both s i de , i n le f t s ide , i n r i g h t s i d e , 
i n le f t s ide , i n r i g h t s ide , i m p l i c a t i o n 

in both s ides ,equ iva lence in both s i des , 
decompos i t i on of func t ion and undef ined 
e lemen t . 

4. 3 A p p l i c a t i o n of A s s u m p t i o n s and D e f i n i t i o n s 

When a sequent can not be t r a n s f o r m e d by r u l e s 
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of i n f e rence and is not p r o v a b l e , T K P 1 a t t emp ts 
to apply assumpt i ons and de f in i t i ons wh ich a re 
g i ven by the use r to the sequent. In app l i ca t i ons 
of assumpt i ons and d e f i n i t i o n s , a p a t t e r n - m a t c h ­
ing f a c i l i t y i s r e q u i r e d . I n ma tch ing p rocesses 
fo r assumpt ions and d e f i n i t i o n s , T K P 1 f i r s t t r i e s 
to make assumpt ions match and then de f i n i t i ons 
a f t e r w a r d s . When an assumpt ion ma tches two or 
m o r e subexpress ions of a sequent, i t f i r s t app l ies 
to the i n n e r m o s t e x p r e s s i o n conta ined in the l e f t ­
mos t t e r m . I f an assumpt ion (o r a de f in i t i on ) 
ma tches a s u b e x p r e s s i o n , then the r i g h t pa r t of 
the assumpt ion (or the de f in i t ion) is subs t i tu ted 
fo r the subexp ress i on . The p r o v e r t r i e s to p rove 
each new sequent. When T K P 1 can not p rove 
any new sequent, it w i l l try to apply the next 
assumpt ion (or de f in i t i on ) to the o ld sequent. I f 
a sequent t r a n s f o r m e d by an assump t i on (o r a d e f ­
i n i t i on ) is the same f o r m as a sequent which a l r eady 
appeared in the p rov i ng p r o c e s s , i t i s cons ide red 
that the ma tch i ng f a i l s . 

4 .4 Induc t ion 

T h e r e a re s i tua t ions in wh ich our f o r m a l sys tem 
mus t p rove the sequents i nc l ud ing i n f i n i t a r y sums . 
T h e r e f o r e T K P 1 has the p rocedu re fo r a f i xed 
point ope ra to r and m a t h e m a t i c a l i n d u c t i o n . O i r 
sys tem emp loys the i nduc t i on w i th r e s p e c t to the 
n u m b e r of app l i ca t ions of f unc t ions . The p r o c e ­
dure of t r a n s f o r m a t i o n of a f i xed point o p e r a t o r is 
as f o l l o w s . In th is sec t ion ex(x) denotes an ex­
p r e s s i o n w i th subexp ress ion x . 

(1) 

(2) I f the p r o v e r can not p r o v e the e x p r e s s i o n , 

(3) The p r o v e r genera tes au toma t i ca l l y the induc ­
t i on hypothes is fo r in + 1 or n + 2 to p rove the 
g i ven p r o p o s i t i o n fo r a l l n . 

The p r o v e r a t tempts to p rove the t r a n s f o r m e d ex ­
p r e s s i o n . I f i t i s p r o v e d , a p roo f t r e e w h i c h 
denotes the p r o v i n g p rocedu re i s c o n s t r u c t e d . I f 
i t f a i l s to p rove t h e m , i t a u t o m a t i c a l l y p r i n t s out 
the t r i a l p rocess o f the proo f . T h i s output shows 
us what k i nd o f assumpt ion is r e q u i r e d . 

5 . I M P L E M E N T A T I O N 

5. 1 T K P 1 and K L I S P 

Our p r o g r a m , ca l l ed T K P 1 , i s w r i t t e n i n K L I S P 
(Ke io L lS t P r o c e s s o r ) language wh ich is a subset 
o f L I S P 1.5 [ 9 ] [ 1 ] . K L I S P i n t e r p r e t e r o n 
TOSBAC 3400/30 (24 b i t s / w o r d , 16K words ) has 
about 4K ce l l s o f f r e e l i s t . As i t has GL ISP s y s ­
t em w h i c h t r a n s l a t e s p r o g r a m s in M - e x p r e s s i o n 
in to S - e x p r e s s i o n , so we have w r i t t e n T K P 1 
in M - e x p r e s s i o n . 
T K P 1 cons i s t s of t h r e e phases ; translator, 

I f the p r o v e r cannot prove a p r o b l e m , no p roo f 
t r e e s are gene ra ted . When i t f a i l s to p rove the 
p r o b l e m , the t r i a l p rocess t o p rove th i s i s a lways 
d i sp l ayed . 
When a p roo f t r e e is gene ra ted , the p r o v e r c o n ­
s t r u c t s a p roo f t r e e and puts i t in to an a u x i l i a r y 
m e m o r y . 
V i s u a l i z e r t r a n s l a t e s t h i s t r e e to a p roo f f i g u r e 
us ing the s t r u c t u r e o f s t a i r s c o r r e s p o n d i n g to the 
l e v e l o f sequent i n the p roo f t r e e . An examp le 
o f the p roo f f i g u r e w i l l be shown in the A P P E N D I X . 
The de ta i l ed g r a m m e r o f the input f o r m and t r a n s -
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prover and viaualizer. These a re success ive ly 
executed. P r o b l e m s in input f o r m are read by the 
t r a n s l a t o r o f T K P 1 and a re t r ans l a ted into i n t e r ­
na l f o r m s wh i ch can be eas i l y man ipu la ted by the 
p r o v e r . When the p r o v e r succeeds in p rov ing 
the g iven p rob lems , the p r o v e r puts p roo f t r ees 
in S - e x p r e s s i o n f o r m in to an a u x i l i a r y m e m o r y . 
F i n a l l y the v i s u a l i z e r r e c e i v e s these proof t r ees 
and d i sp lays the p roo f f i g u r e s in p r i n t e d f o r m . 

5. 2 Input F o r m of T K P 1 

Us ing the examp le of 4. 1, let us exp la in the input 
f o r m o f T K P 1 . Inputs fo r T K P 1 a re assumpt ions , 
de f i n i t i ons and a sequent to be p r o v e d . Each of 
a s s u m p t i o n , de f i n i t i on and a sequent is ca l l ed a 
s ta temen t , and any set of s ta temen ts wh ich c o n ­
ta ins a sequent is ca l l ed a p r o b l e m . In the case 
of the example of 4. 1, inputs fo r T K P 1 a re as 
f o l l o w s . 



l a t i on r u l e s a re desc r i bed in [ 5 ] , [3] Gentzen, G. "Un te r suchungen uber das 
log ische S c h l i e s e n l , I I , " Ma th , Z e i t s c h r 
39, 1934, pp. 176 - 210, pp. 405 - 4 3 1 . 

6. CONCLUSIONS 

Many compu te r p r o g r a m s to p rove t h e o r e m s about 
p r o g r a m s have been i m p l e m e n t e d { ( l ) , (6) e t c . ) . 
One o f the m a i n f ea tu res o f o u r t h e o r e m p r o v e r i s 
based on a Gentzen - type f o r m a l s y s t e m . Most 
s i gn i f i can t fea tu res of T K P 1 a re the fo l l ow ing ; 
(1) Since cut ope ra t i on is not r e q u i r e d in our 
f o r m a l s y s t e m , T K P 1 can be i m p l e m e n t e d as a 
f u l l y au tomat i c t h e o r e m p r o v e r . (2) The f i xed 
point o p e r a t o r can be decomposed as i t is a 
l o g i c a l o p e r a t o r . (3) An i nduc t i on hypothes is 
i s a u t o m a t i c a l l y gene ra ted . (4) T K P 1 p e r f o r m s 
a pa r t of c o u r s e - o f - v a l u e s i nduc t i on (7) . A 
Gentzen - type t h e o r e m p r o v e r wh ich has the 
f a c i l i t y to d isp lay p roo f f i gu res i s ve ry use fu l to 
show readab le and unders tundab le p roo f p r o c e ­
d u r e s . I f we make an i n t e r a c t i v e t h e o r e m p r o v e r , 
t h i s fea tu re i s ve ry p o w e r f u l . The o the r f ea tu re 
i nvo l ves us ing an i nduc t i ve method and f i xed po in t 
t h e o r e m . Some p r o g r a m s us ing i nduc t ion m e t h ­
ods have been a l ready s tud ied (11 (.10), in ou r 
p r o v e r , p ropos i t i ons to be p roved a re not r e ­
s t r i c t e d by a p a r t i c u l a r p r o g r a m m i n g language. 
P r o v i d i n g assumpt ions and de f i n i t i ons to t h i s 
p r o v e r , r e s u l t s in a l a rge g e n e r a l i t y and f l e x i ­
b i l i t y w i t h our p r o g r a m . In sp i te o f the a b i l i t y 
t o p rove a l l examp les desc r ibed i n (8 ) , our f o r m a l 
s y s t e m and our t h e o r e m p r o v e r a r e qu i te conc i se , 
n a m e l y , 4K ce l l s a re ava i l ab le fo r the p r o v e r and 
data . 
C o n s i d e r i n g the fac ts d e s c r i b e d above, we s u m ­
m a r i z e here some f u t u r e aspects o f the study of 
o u r p r o g r a m and f o r m a l s y s t e m . 

(1) The p r o g r a m can be extended to accept a 
k i nd o f dynamic a s s u m p t i o n s , e . g . , p rocedu ­
r a l assumpt ions (4 ) . 

(2) I t may be an t ic ipa ted that th is p r o v e r should 
con ta in use fu l a l geb ra i c t h e o r e m s , and theo ­
r e m s wh ich are unusefu l should be au toma t ­
i c a l l y deleted f r o m the s y s t e m . 
T h e o r e m s p r e p a r e d should be se lec ted ac­
c o r d i n g to use r 1 s r e q u i r e m e n t s . 

(3) We conc ide r that ou r t h e o r e m p r o v e r w i l l 
have m o r e ex tens ive app l i ca t ions when p r o ­
v ided w i t h an i n t e r a c t i v e f a c i l i t i e s . 
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