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Abstract

The Wiener—Khintchine formula plays a central role in statistical mechanics. It is shown here
that the problem of prime pairs is related to autocorrelation and hence to a Wiener—Khintchine
formula. “Experimental” evidence is given for this. (© 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction

“The Wiener—Khintchine theorem states a relationship between two important char-
acteristics of a random process: the power spectrum of the process and the correlation
function of the process” [1]. One of the outstanding problems in number theory is the
problem of prime pairs which asks how primes of the form p and p+#A (where /4 is an
even integer) are distributed. One immediately notes that this is a problem of finding
correlation between primes. We make two key observations. First of all there is an
arithmetical function (a function defined on integers) which traps the properties of the
primes. This is the von Mangoldt function A(n) which is defined to be equal to log p
if n = p*, where p is prime and k any positive integer and is equal to 0 otherwise.
This is a good approximate “weighted” characteristic function of primes. Recall that a
characteristic function f(x) is equal to 1 if x€S and 0 if x¢ S for some set S. It is
standard to use A(n) in number theory in stead of characteristic function of primes.
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The second observation is that such arithmetical functions have a Ramanujan—Fourier
series. This is due to Ramanujan. The papers of Ramanujan [2] and Hardy [3] are still
the best place to read this topic. In this paper we show that the problem of distri-
bution of prime pairs is equivalent to proving a Wiener—Khintchine formula. Further,
numerical evidence is provided to justify the plausibility of this approach.

2. Ramanujan-Fourier series

The Ramanujan—Fourier series of an arithmetical function a(n) is an expansion of
the form

o0
a(n)=>_a,c (n), (1)
gq=1
where
q .
Cq(l’l): Z eZTU(k/q)n
k=1
(k,q)=1

and (k,q) denotes the greatest common divisor of k£ and ¢. Using extremely simple
arguments Ramanujan showed that the commonly known arithmetical functions all have
Ramanujan—Fourier series. For example, he showed that

o0
din == <2 e, (),
g=1
20 o= ¢ (n)
a(n)= 3 Z qqz ,
q=1
where d(n) is the number of divisors of n and a(n) their sum. He however did not
indicate any formula for getting the Ramanujan—Fourier coefficients a, which are the
back bone of Fourier analysis. This was done by Carmichael [4] a little later. He showed
that e?™"/9)" are almost periodic functions defined on the integers. This led to the
orthogonality relations and a method for evaluating the Ramanujan—Fourier coefficient.
Denote by M(g) the mean value of an arithmetical function g, that is,
.1
M(g) = lim — ,;vg(") :
For 1<k <q,(k,q)=1, let ek/q(n):ezm(k/q)”, (ne A"). If a(n) is an arithmetical function
with expansion (1) then

(Cq)_

= Z a(n)cy(n) .

= ¢() MN

Also,
1 ifklg=Kk/q,
Meyer /o) = 2
ST {o if klg £ K /q . @)
All this is well known in the field of almost periodic functions.
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The arithmetical properties of c,(n) were elucidated by Hardy in [3] using which
he obtained a Ramanujan—Fourier expansion for (¢(n)/n)A(n). (Here ¢(n) denotes the
number of integers less than n and relatively prime to n and is known as the Euler
totient function.) We state these results below.

(1) cy(n) is multiplicative. That is,

Caqr(n) = cq(m)cy (n) if (g.¢))=1. (3)
(ii) If p is a prime, then

—1 if ptn ,
= 4

where a|b means a divides b and atb means a does not divide b.

(iii)
o g <)—Z“("; ¢g(n). 5)

Here p(q) is the Mobius function defined as follows:

_ (=D ifg=pipr--- pi, pis are distinct primes ,
)= { 0 otherwise . ©)
Also,
(iv) For a given integer A,
def N M (61)
C(h)= Z @)™
-1
2 r—_ if A is even,
(p—lf p—2
p>2 ol )
p>
0 if & is odd,

where [] » denotes the product over primes.

The proof of (7) follows from the multiplicative properties of u(q), ¢(g) and c,.
For a given h, the series on the left-hand side of (7) is absolutely convergent and
hence has the Euler product expansion

2 1 1
(s Gern) (-G ) M0 55) @

pth plh

by (4) and (6). When 7 is odd, the infinite product on the right-hand side of (8) is 0
and when /% is even, it is equal to

T1(1- G2 17) 11 () ()

p>2 |7
p>2

which on simplification gives the right-hand side of (7).
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3. The twin-prime conjecture and the Wiener—Khintchine formula

The Wiener—Khintchine formula basically says that if
OED DN
then

I WV QTE SITA ©

n
The left-hand side of (9) is called an autocorrelation function. The right-hand side is
nothing but the power spectrum. It is used practically to extract hidden periodicities in
seemingly random phenomena.
For an arithmetical function a(n) having the Ramanujan—Fourier series (1), the
Wiener—Khintchine formula can be stated as follows:

A}lmoozlv > a(mya(n+h)y =" aycy(h). (10)
n<N q=1

The proof of (10) will follow from (1) and (2) if the Ramanujan—Fourier expansion
of a(n) is absolutely and uniformly convergent. But the Ramanujan—Fourier series for
(¢p(n)/n)A(n) does not belong to this class of functions. However, assuming the truth
of the theorem in the most general case would give the formula conjectured by Hardy
and Littlewood [5] which we now state.

There are infinitely many prime pairs p, p+h for every even integer h and if m;(N)
denotes the number of prime pairs less than N, then

N
(N) ~ C(h 11
W(N) ~ C( ) N (11)
The Wleneerhmtchme formula for (¢(n)/n)A(n) is given by

. Zqﬁ(n) ¢i":hh)A(n+h>:Z”(Q) (h) = C(h). (12)
q=

N—)OON qbZ( ) q

n<N

Let

PN) =Y ¢(”)A( )¢(” +h)/1( +h).

n<N

Then (12) implies that

Y(h,N)

N

The terms of the sum on the left-hand side of (13) are non zero if and only if both
A(n) and A(n + h) are prime powers, say p* and ¢/, respectively, for primes p and
q. Then ¢(n)/n=(p —1/p) and ¢(n+ h)/(n+ h)=(q — 1)/q. Hence,

P(n) ¢(n+h)
> AmAm+ k)= A= == A+ k)

n<N n<N

~ C(h). (13)
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_ Z logplogq+ Z log plogg Z log plog g

pF<N p ph<N 9 ph<N pq
pr+h=q' pFh=q' P +h=q'
=0(log> N loglogN) , (14)
where we have used the formula [6]
1
Z o8P ~ logx
P<x p
at the last step. Thus if (12) is true and % is even, then from (13) and (14) we get
> A(m)A(n + h) ~ C(h)N . (15)

n<N
When we pass from this formula to a formula for m;(N) using partial summation, (see
for example, Section 3 of [7]), the formula which arises naturally is not (11) but

N dx

log x

(V) ~ C(h) / (16)

and this is naturally equivalent to (11).
When 4 is odd, we know from (7) that C(k)=0. If a term on the left-hand side of
(13) is non-zero, then either n or n + & is a power of 2 and hence

ZA(n)A(n+h)=log2 Z log p

n<N <N
|p'=2F|=h

= O(log? N) (17)

from which one can deduce that m,(N)= O(1) when 4 is odd.
It is well-known that one proves the prime number theorem

n(x) = 1~ —
()= Z logx
p<x
by proving an equivalent assertion

YE) = A(n)~x, (18)

n<x
for the Chebyshev function y(x). Note that passing from (15) to (11) is analogous to
this.

4. Numerical evidence

For completeness we give the compelling numerical evidence for the truth of the
Wiener—Khintchine formula. For 7 =2,4 and 6, the formula (13) gives

P(2,N)~ C2)N ,
(4, N)~ C(4)N ,
W(6,N)~ C(6)N .
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Table 1

N P(2,N) L&A Ratio
100000 131522.552204 1315226 1.003876
200000 264287.347531 1321437 0.999158
300000 393317.025988 1311057 1.007068
400000 525523270611 1313808 1.004959
500000 654557.716460 1309115 1.008562
600000 789035.163302 1315059 1.004004
700000 919941.157912 1314202 1.004658
800000 1049182.174335 1311478 1.006745
900000 1180813.946552 1312015 1.006332

1000000 1312843.985016 1312844 1.005697

Table 2

N P(4,N) eN Ratio
100000 130212.335085 1302123 1.013977
200000 260492.247225 1.302461 1.013714
300000 390320.617781 1301069 1.014799
400000 527155.226011 1317888 1.001848
500000 653649.051733 1307298 1.009964
600000 789177.513123 1315296 1.003823
700000 923982.224287 1319975 1.000264
800000 1054670.388142 1318338 1.001506
900000 1180133.117590 1311259 1.006913

1000000 1307978.775955 1307979 1.009438

Note that C(4)=C(2) and C(6)=2C(2). It follows that there should be approximately
equal numbers of prime power pairs differing by 2 and by 4, but about twice as many
differing by 6. We have tabulated below the actual values of ¥Y(h,N) and also the
ratio C(h)/(¥(h,N)/N) (third column) for 4 =2,4 and 6 and N upto 10° (see Tables
1-3). We have used the value of C(2) = 2Hp>2(1 —1/(p —1)%) ~ 1.320323632 to
compute the ratio.

This shows that there is remarkable agreement between theory and numerical exper-
iment. This is impressive evidence for the truth of the Wiener—Khintchine formula.

5. Conclusion

As Kac [8] remarks “..... Consider the integers divisible by both p and ¢ (g an-
other prime). To be divisible by p and ¢ is equivalent to being divisible by pg and
consequently the density of the new set is 1/pg. Now,

1 11

pq pq’
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Table 3

N ¥(6, N) em Ratio
100000 261289.742001 2.612897 1.010620
200000 523391.109218 2.616956 1.009053
300000 787393.641752 2.624645 1.006097
400000 1056087.319082 2.640218 1.000162
500000 1316336.875799 2.632674 1.003029
600000 1579274310330 2.632124 1.003238
700000 1839327.388416 2.627611 1.004961
800000 2104826.034045 2.631033 1.003654
900000 2368450398104 2.631612 1.003434

1000000 2631198.406265 2631198 1.003591

and we can interpret this by saying that the “events” of being divisible by p and ¢ are
independent. This holds, of course, for any number of primes, and we can say using
a picturesque but not a very precise language, that the primes play a game of chance!
This simple, nearly trivial, observation is the beginning of a new development which
links in a significant way number theory on the one hand and probability theory on
the other”. One can see the interesting article [9] for elaborations of this theme. For
recent work in this direction see [10—12].

The Wiener—Khintchine formula seems to show that the primes have structure hidden
in their seemingly arbitrary behaviour. As Hardy remarks in [3], “... These series have
a peculiar interest because they show explicitly the source of the irregularities in the
behaviour of their sums. Thus, for example, ...

om="g 2 3 £
+2(cos(2/5)n1t + cos (4/5)nm) N 2cos(1/3)nmn L )

nn (1 L (=1 L 2 cos(2/3)nm n 2cos(1/2)nm

52 6?

and we see at once that the most important term in o(n) is énzn, and that irregular

variations about this average value are produced by a series of harmonic oscillations of
decreasing amplitude”. Hence the Ramanujan—Fourier series trap the vagaries in the be-
haviour of primes and the Wiener—Khintchine formula traps their correlation properties.
It is a pleasant surprise that the Wiener—Khintchine formula which normally occurs in
practical problems of brownian motion, electrical engineering and other applied areas
of technology and statistical physics has a role in the behaviour of prime numbers
which are studied by pure mathematicians.
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