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Abstract

For a non-zero integer N, we consider the problem of finding 3 integers

(a,b,c) such that
a b c

b+c+ c—|—a+ a+b
We show that the existence of solutions is related to points of infinite order on
a family of elliptic curves. We discuss strictly positive solutions and prove the
surprising fact that such solutions do not exist for N odd, even though there
may exist solutions with one of a, b, ¢ negative. We also show that, where a
strictly positive solution does exist, it can be of enormous size (trillions of
digits, even in the range we consider).

N =
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1. Introduction

Several authors have considered the problem of representing integers N (and in par-
ticular, positive integers N) by a homogeneous cubic form in three variables. See,
for example, the papers of Bremner & Guy [1], Bremner, Guy, and Nowakowski [2],
Brueggeman [3]. Analysis for cubic forms is made possible by the fact the the re-
sulting equation is that of a cubic curve, and hence in general is of genus one.

In this note, we shall study the representation problem

a b c
N = 1.1
b—|—c+c—|—a+a+b’ (1.1)
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where a, b, ¢ are rationals. Equivalently, by homogeneity, we may consider a, b, c €
Z.

Studying numerical data, it was observed that, when N is odd, there seem never
to exist “positive” solutions of (1.1), that is, solutions with a,b, ¢ > 0, even though
there may indeed exist solutions with one of a, b, c negative. This fact precludes
a simple congruence argument to show the non-existence of positive solutions. In
contrast, when N is even, there may or may not be positive solutions. The proof
we give of non-existence of positive solutions, for N odd, depends on local consid-
erations at judiciously chosen primes.

In investigating the existence of solutions to (1.1), and more specifically, exis-
tence of positive solutions, we discovered that on occasion solutions exist, but the
smallest positive solution may be rather large. For example, when N = 896, the
smallest positive solution has a,b, ¢ with several trillion digits (we do not list it
explicitly).

2. The cubic curve

We consider the following problem, that of representing integers IV in the form

a b c

N =
b+c+c+a+a+b

for rationals (or, by homogeneity, integers) a, b, c.
For fixed N, the homogenization is a cubic curve

Cny: N(a+b)(b+c)(c+a)=ala+b)(c+a)+bb+c)a+b)+c(c+a)b+c)

in projective 2-dimensional space which has a rational point, for example, (a, b, c) =
(1,—1,0). The curve is therefore elliptic, and a cubic model is readily computed in
the form

Exn: y* =2° + (4N? + 12N — 3)2? + 32(N + 3)z.

Setting s = a + b 4 ¢, maps are given by

a_ 8WN+3)—z+y b_B8IN+3)—z—y 2.1)
s 24-2)(N+3)" s 24-2)(N+3)’ '

and
c_ —4(N+3)— (N +2)x
s (4-xz)(N+3)
with inverse
—4(a+b+2¢c)(N +3) 4(a —b)(N +3)(2N +5)

(2a+2b—c) + (a+b)N’ Y (2a+2b—c)+ (a+b)N’
The curve has discriminant

A(Ey) = 2"(N + 3)?(2N — 3)(2N +5)3
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so A > 0 for all integers N except —3,—2,—1,0,1. Thus, other than for these
five values, the defining cubic has three real roots, and the elliptic curve has two
components. There is an unbounded component with z > 0, and a bounded com-
ponent with 2 < 0 (frequently referred to as the “egg”).

Lemma 2.1. The torsion subgroup of Ex is isomorphic to Z/6Z, except when
N =2, when it is isomorphic to Z /27 & Z/6Z.

Proof. The point (0,0) is clearly of order 2.
For there to be three rational points of order 2, necessarily there must be rational
roots of
22 + (AN? + 12N — 3)z + 32(N +3) = 0,

implying (2N — 3)(2N +5) = (2N +1)2 — 16 = 0, with the only integer possibility
N =2.

Points of order 3 are points of inflexion of the curve Ey, and it is a standard
exercise in calculus that

(4, +4(2N +5))

is such a point.
Points of order 2 and of order 3 imply a point (x,y) of order 6, which by the
duplication formula, must satisfy

(22 — 32(N + 3))2

=4
4(23 + (4N2 + 12N — 3)22 + 32(N + 3)2)

giving the points +T7} of order 6, where
To = (8(N +3),8(N +3)(2N +5)).

Note: the corresponding torsion point in Cn(Q) is the point (—1,1,1).

Further, there can be no point of order 12. For such can arise only when Tj
is divisible by 2, implying 8(N + 3) = 0. Then from the duplication formula, the
following equation

(U? = 32(N +3))? = 32(N + 3)(U? + (4N? + 12N — 3)U? + 32(N + 3)U)
must have a rational root for U. Substituting N = 2K? — 3,
(U? +8K(1 — 4K — 4K?*)U + 64K?)(U? + 8K (—1 — 4K + 4K*)U + 64K?) = 0,
which demands
K(2K —1)(2K + 1)(2K + 3)(2K —3) =0,

leading to singular curves.
Thus the torsion group is cyclic of order 6 when N # 2, and is isomorphic to
7/27 ®7/67Z when N = 2. O
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Remark 2.2. The torsion points themselves lead to singular solutions to the original
problem, so we need points of infinite order for a finite non-trivial solution. Thus
the rank of Ey must be at least 1. The first example, for positive N, is N = 4 with
a generator for F4(Q) given by G = (—4,28). The formulae above give the integer
solution a = 11, b = 4 and ¢ = —1. We have (—4, 28) + (0,0) = (=56, —392) which
gives a = —5, b = 9 and ¢ = 11. Adding the other four torsion points gives cyclic
permutations of these basic solutions. The point 9G is the smallest multiple of G
that corresponds to a positive solution (in which a, b, ¢ ~ 10%°).

Remark 2.3. The torsion points for N > 0 all lie on the unbounded component of
En.

Remark 2.4. In the group Cn(Q), the inverse of the point (a,b,c) is the point
(b, a,c). Further, adding the torsion generator (—1,1,1) to (a, b, ¢) gives rise to the
order six automorphism ¢ of C' given by
¢(a,b,c) = (a* + ab— ac + be — 2¢* — (b* — ¢*)N,
a® 4 3ab + 2b* 4 3ac + be + 2¢* — (b+¢)(2a + b+ c)N,
(a+0b)(a—2b+c)+ (b — *)N).
Then %(a.b,¢) = (b,c,a), ¢*(a,b.0) = (c.a,b).

Remark 2.5. The torsion group of Ex(Q) is cyclic of order 6, and so there exist
isogenies of En of degrees 2, 3, 6, which are readily computed from the formulae
in Vélu [8] and which we record here in the following Lemma.

Lemma 2.6. For i = 2,3,6, there are the following isogenies ¢;: En — E](\Z}) of
degree 1.
1LEY: Y2 = X% —2(4N? + 12N — 3)X2 + (2N — 3)(2N + 5)3X,
Pa(x,y) = (v /2%, (2 = 32(N + 3))y/a?);
2. EQ) . v2 = X34 (AN? 4 60N + 117)X2 + 128(N + 3)*X,
¢3(x,y) = (z(z — 8(N +3))/(x — 4)*,
(z — 8(N +3))(2? + 4(2N + 3)z + 32(N + 3))y/(z — 4)*);
3. EC) . v2 = X3~ 2(4N? 4 60N + 117)X2 + (2N — 3)3(2N + 5)X,
b6(z,y) = (2% + 4(2N + 3)z + 32(N + 3))?y?/(z(x — 4)(x — 8(N + 3)))?,
p1(@)p2(2)ps(x)y/(2® (x — 4)*(z — 8(N + 3))%)),

where

pi(z) = 2% —32(N +3), po(x) = 22 +4(2N +3)x + 32(N + 3),

p3(z) = 2t — 32(N + 3)a® — 32(N + 3)(4N? + 12N — 1)2? — 1024(N + 3)%x
+ 1024(N + 3)%.
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3. Rational solutions for NV > 0

We computed the rank of Ey in the range 1 < N < 1000, and in the case of
positive rank, attempted to compute a set of generators. The existence of 2-, 3-,
and 6-isogenies was particularly helpful when treating the curves with generators
of large height, in that we could focus on the curve where the estimated size of a
generator was minimal.

In the range of N we consider, the curve with generator of largest height is Fg1,
where the rank is one, and a generator has height ~ 672.28. This was discovered
by finding a point of height ~ 224.09 on a 3-isogenous curve. Most of these rank
computations were feasible using programs written in Pari-GP; the very largest
points were found with the help of Magma [5]. The rank results are summarized
in the following table.

# rank 0 | # rank 1 | # rank 2 | # rank 3
436 485 76 3

Table 1: Rank distribution for 1 < N < 1000

Rank one examples occur for N = 4,6,10,12, ..., rank two examples for N =
34,94,98,111, ..., and rank three examples for N = 424, 680, 975.

4. Positivity

Henceforth, we assume that N > 0. A natural question is do positive solutions
a, b, c of the original equation exist? In particular, how do we recognise points
(z,y) € En(Q) that correspond to positive solutions of (1.1)7

Theorem 4.1. Suppose (a,b,c) € Cn corresponds to (x,y) € En(Q). Then
a,b,c > 0 if and only if either

(12N GNIVINTEINTS o (N 3)(N + /NP ), (41)

or
N+3
—2(N+3)(N—/N2—4)<z<—4 <N12) : (4.2)
Proof. Suppose a,b,c > 0. From (2.1),

ab  (4—=z)(a®+4N(N+3)z+16(N+3)?)
0<2 = INT3)2(A-2) ;

so necessarily = < 4; and then ¢/s > 0 implies

r < —4 M
N +2
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(and, in particular, the point (x,y) lies on the egg). By symmetry in a,b, we may
suppose y > 0. From (2.1),
a 8N+3)—zxz+y

ST 2Nt

It remains to ensure that b/s = % > 0. But from (4.3), b/s > 0 precisely

when
22 + 4N(N + 3)x + 16(N +3)? > 0;
and this latter happens when

either =< —-2(N+3)(N++VN2—-4), or z>-2(N+3)(N—-+VN2-4).

Putting these results together, necessary conditions for a, b, ¢ to be positive are the
following:

%(3 — 12N —4N? — (2N +5)V/4N2 + 4N — 15) < 2 < —2(N + 3)(N + /N2 — 4),

where the left inequality is automatic, arising from y? > 0, or

—2(N +3)(N — N2—4)<J:<—4<N+3).

N +2

It is straightforward to see that these conditions on z,y are now also sufficient for
the positivity of a, b, c. O

It follows that positive solutions can only come from rational points on the egg
component of the curve.

5. N odd

Analyzing solutions found from computation, it was observed that when N is odd
(in contrast to the case N even) there seem never to be points on the curve Ey
with z < 0. We show that this is indeed the case.

Theorem 5.1. Suppose N =1 mod 2. Then (z,y) € En(Q) implies z > 0.
Proof. Set N +3 =2M, M > 2, so that the curve E takes the form

By y* = z(2® + (16M?* — 24M — 3)z + 64M).

A point (2,y) € Epn(Q) satisfies = dr?/s?, for d,r,s € Z, (r,s) = 1, with
d | 64M, and without loss of generality, d squarefree. Then

AM

dr* + (16M? — 24M — 3)r?s? + 0.
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The claim is that this quartic can have no points r, s when d < 0.

On completing the square
(2dr® + (16M? — 24M — 3)52)2 — (4M —1)3(4M - 9)s* =4d 0,  d|2M.

Case I: d < 0, d odd.
Let d = —u, u > 0, v odd, with M = um. We now have

—urt 4 (16M? — 24M — 3)r%s? — 64ms* = 0O,
equivalently,
(—2ur? 4+ (16 M? — 24M — 3)s%)? — (4M — 1)3(4M — 9)s* = —4u[0.

Note that the Jacobi symbol

() = () () - (25 e

= — (j) (=1)=D/2 = 1,

However, if every prime p dividing 4M — 1 satisfies (‘7") = +1, then the Jacobi

symbol < 4]\_431) = 41 by multiplicativity of the symbol. In consequence, there

exists a prime p dividing 4M — 1 satisfying (%) = —1. Then for such a prime p,

—2ur? 4+ (16 M? — 24M — 3)s? = 0 mod p,
—2ur? — 852 = 0 mod P,

45? = —ur? mod p,

forcing » = s = 0 mod p, contradiction.

Case II: d < 0, d even.
Let d = —2u, u > 0, v odd, with M = um. We now have

—2ur* + (16 M? — 24M — 3)r?s* — 32ms? = 0,
equivalently
(—dur? + (16 M? — 24M — 3)s*)? — (4M — 1)*(4M — 9)s* = —8u [J.

Subcase (i): M even.
Now

<4A—421L 1) _ <4M—2_ 1) <4Mu— 1) (—1)w/2 = _ (—ul) (—1)e-D/2 =
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and arguing as above, there exists a prime p dividing 4M — 1 with (%) = -1
Then
—4ur? + (16M? — 24M — 3)s*> = 0 mod p,
—4ur? — 8s®> = 0 mod p,

45% = —2ur? mod p,
forcing r = s = 0 mod p, contradiction.

Subcase (ii): M odd (so in particular, m odd).
In this case, the equation is 2-adically unsolvable, as follows. We have

—2ur® 4+ (16 M? — 24M — 3)r?s* — 32ms* = O
implying s is odd. Modulo 4, r cannot be odd, and thus r is even. Then
—3(r/2)* =0 mod 8
so that /2 is even; and now
—3(r/4)* — 2m = O mod 4,

—3(r/4)? — 2 = O mod 4,
impossible. O

Corollary 5.2. If N is odd and Ey is of positive rank, then generators for En(Q)
lie on the unbounded component of Ey .

Consequently, in the situation of Corollary 5.2, there are no rational points on
the egg, so no positive solutions of (1.1) exist. This happens when the rank is one
for N = 19,21,23,29,..., when the rank is two, for N = 111,131,229,263,...,
and when the rank is three, for n = 975. It can also occur that when N is even,
all generators for En(Q) lie on the unbounded component of Ey, so that there
are no rational points on the egg. This situation occurs for rank one examples
N =40,44,50,68, ..., rank two examples N = 260, 324,520,722, ..., and the rank
three example N = 680.

Hence there exist even NV, namely N = 40,44, 50,68, ... where there exist solutions
o (1.1), but there do not exist positive solutions. In contrast, we have the following
result.

Theorem 5.3. There exist infinitely many positive even integers N such that (1.1)
has positive solutions.

Proof. The proof is immediate, using the parameterization N = % +¢ +4 with the
point on the egg of En given by

(z,y) = (-4 +t+ 1) 42t + D)+t + D)3 + 3t + 7)) . O
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Remark 5.4. Tt is straightforward to show that this point corresponds to
a= 2 +1)Bt3 + 82 + 14t +11), b= —(t* +2t +2)(3t> + 1> + 7t — 2),

c =154+ 3t° + 11t + 173 + 206> + 12t — 1;

with no (real) value of ¢ making a,b,c > 0; so some multiple of the point will be
needed to obtain a positive solution.

6. Size of positive solutions

A positive solution of (1.1) demands the existence of a point in En(Q) that lies on
the egg; and in particular not all generators for Ex(Q) can lie on the unbounded
branch of the curve. For a positive solution, therefore, a generator in Fx(Q) must
lie on the egg.

Figure 1: Region for a,b,c¢ > 0 on E4(Q)

Such a point may not satisfy the inequalities (4.1), (4.2), of course, but a result of
Hurwitz [4] implies that rational points on Ey are now dense on both components
of E, so that there will indeed exist points in En(Q) that satisfy (4.1), (4.2). The
width of the interval at (4.1) tends to 1 as N — oo, and the width of the interval
at (4.2) tends to 0. The width of the egg however is O(N?). Thus if the rank of the
curve E is equal to one, with a generator P on the egg regarded as lying essentially
at random on the egg, then the smallest integer m such that mP satisfies (4.1),
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(4.2), may be very large. If we assume equidistribution of random points on the
egg, then a crude estimate of arc length shows that there is probability O(%) that a
random point of the egg lies within the region defined by (4.1), (4.2). In Figure 1 we
sketch the graph for NV = 4, indicating the region corresponding to positive a, b, c,
representing the intervals —106.9046 < x < —104.4974, —7.5026 < x < —4.6667.
We consider curves En of rank one in the range 1 < N < 1000, where there is a
generator P of En(Q) lying on the egg. For these curves, we computed the smallest
integer m such that one of the points mP + T, T € Tor(En(Q)), satisfies (4.1),
(4.2).

We then computed the maximum number of digits in a,b,c. The results for
1 < N <200 are given in Table 2.

N m  # digits N m  # digits N m # digits
4 9 81 48 311 418086 136 65 26942
6 11 134 58 221 244860 146 307 259164
10 13 190 60 61 9188 156 353 12046628
12 35 2707 66 107 215532 158 1211 15097279
14 47 1876 76 65 23662 162 457 1265063
16 11 414 82 157 85465 178 2945 398605460

18 49 10323 92 321 252817 182 853 2828781
24 107 33644 102 423 625533 184 851 20770896
28 121 81853 112 223 935970 186 643 5442988
32 65 14836 116 101 112519 196 701 11323026
38 659 1584369 126 75 196670 198 121 726373
42 419 886344 130 707 8572242 200 2957 71225279
46 201 198771 132 461 3607937

Table 2: The maximum number of digits in a,b,c in the range
1< N <200

For comparison, the twenty volume second edition of the Oxford English Dic-
tionary is estimated to contain 350 million printed characters (see [6]), a little less
than the number of digits in each of a,b,c when n = 178.

It is not practical to compute points on elliptic curves with heights that begin
to exceed those of the previous table. For example, when N = 896, the curve
Esggs has rank one, and the smallest multiple of the generator P (which itself has
height 128.76) such that mP corresponds to a positive solution at (1.1), is given
by m = 161477.

Remark 6.1. Such computations were performed using high-precision real arith-
metic. Computing a multiple mP takes O(logy(m)) operations, so in the com-
puted range where m < 161477, precision is not a problem. For safety however,
and because the computation took only slightly longer, we worked with 10° digits
of precision.
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7. Size bounds on positive solutions

We proceed to determine a crude lower bound for the number of digits in the pos-
itive solution a, b, ¢ from a knowledge of the canonical height of the corresponding
point on Ey.

Suppose that P(z,y), where < 0, is a point on Ey giving rise to a positive
a,b,c. So one of the inequalities (4.1), (4.2) holds, and in particular z is negative
(in fact, z < —4).

Theorem 7.1. Let (a,b,c) € Cn(Q) correspond to P(x,y) € En(Q), and suppose
that a,b,c > 0. Then
3
max(log(a),log(b)) > ih(P) — 6log(N) — 10,

where h denotes the canonical height function on Ey.
Proof. The mapping Ey — Cy is given by
a:bic=—2+y+8N+3):—z—y+8N+3): —2z(N+2)—8(N +3).

Write 2 = —u/w?, y = v/w3, where u > 0, w > 0, and (u,w) = (v,w) = 1. Since
x < —1, we have u > w?, and the naive height H(P) of P is equal to u.
Either inequality (4.1), (4.2), implies

1
u/w? < F(=3+ 12N+ 4N? 4+ (2N +5)(2N +1)) = 4N? + 12N + 1 < (2N + 3)2

Write

ah = uw + v + 8(N + 3)w?,
bh = uw — v + 8(N + 3)w?,
ch = 2uw(N +2) — 8(N + 3)w?,

where h is the greatest common divisor of the three expressions on the right.
Now ah + bh = 2(u + 8(N + 3)w?)w so that

8(N +3)
(2N +3)?
_ 2(4N? + 20N +33)
B (2N +3)2
2(4N? + 20N +33) 45
(2N +3)3

Juw

ah 4 bh = 2(u + 8(N + 3)w?)w > 2(1 +

uw

1
—H(P)?
>N (P)

Thus necessarily either ah or bh (and by choice of sign of y, we may assume
this is ah) is at least equal to 5% H(P)%/2.
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We now estimate h. We have (a — b)h = 2v, (a + b)h = —2uw + 16(N + 3)w?,
(a+b+2c)h = —2uw(2N +5), so that (N +2)(a+b)—c)h = 8(N +3)(2N +5)w?>.
Thus h | 8(N+3)(2N +5)w3. Now if p is a prime dividing (h, w), necessarily p | 2v,
so that p = 2, since (v, w) = 1. But w even implies v odd, so that 2||h. Moreover,
in the case that w is odd, then (h,w) = 1. Tt follows that h | 8(N + 3)(2N + 5),
and in particular, h < 8(N 4 3)(2N + 5). This bound is best possible, in that in
our range of computation, there are several instances where h = 8(N 4 3)(2N +5).
Consequently, a is at least equal to H(P)3/2/(16N(N + 3)(2N + 5)).

There are known bounds on the difference between the canonical height and
the logarithm of the naive height, in the form

c1 <log H(P) — h(P) < ca,

for constants ci, co. The following estimate for ¢; is taken from Silverman [7,
Theorem 1.1], where A(Ey) and j(Ey) denote the discriminant and j-invariant of
FEn, respectively.

1 ) 1 4N? + 12N -3 1
¢1 = — 73 108 | A(EN)j(Ey)| — 5 log |=———5——| — 5 log(2) ~ 1.07

1. (2N+3)(8N3+36N2+6N—93)(4N2+12N—3)2 3

=—C1 — Zlog(2) — 1.
el 5 | = 5 log(2) — 1.07
1 3

> log(226N®) — 3 log(2) — 1.07 (for N > 4)

> —2log(N) — 3.47.

Thus,

3
loga > 3 log H(P) — log(16N (N + 3)(2N +5))

3 3
> Sh(P) + Se1 —log(16N (N + 3)(2N +5))

> gh(P) —3log(N) — 5.20 — log(92N?) (for N > 4)

> gh(P) —6log(N) — 10. O

Remark 7.2. In the case where (4.2) holds, the above bound may be improved to
loga > 3h(P) — 4log(N) — 9.

When N = 896, with multiple m = 161477, then x(161477P) ~ —4.0133512, so
that (4.2) holds. Now h(P) = 3357394890723.0389 and the above estimate gives
log a > 5036092336048.36658. That is, a has in excess of 2.187 trillion digits (which
amounts to about 6250 OED units).

Remark 7.3. This estimate is very crude. For example, when N = 178, with
multiple 2945, then h(P) = 265736973.117 and the above estimate gives log(a) >
398605418.5847, that is, a has in excess of 173112134 digits. From the table in
section 4, we see that the actual number of digits is equal to 398605460.
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8. Rational solutions for NV < 0

The motivation has been to study the case N > 0 because of our interest in positive
solutions. But in the course of the investigation we also computed ranks and
generators for all —1 > N > —1000 (N # —3). The rank results are summarized
in the following table.

# rank 0 | # rank 1 | # rank 2 | # rank 3
393 471 126 9

Table 3: Rank distribution for —1000 < N < —1, N # -3

Rank one examples occur for N = —5,—8, -9, ..., rank two examples for N =
—17,—-29, 38, ..., and rank three examples for N = —181,—-365,—369,.... The
generator of greatest height occurs for N = —994, where the height is ~ 690.84.
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