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Abstract

Here, we prove that there is no perfect number of the form Fppn/Fim,
where F}, is the kth Fibonacci number.
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1. Introduction

For a positive integer n let o(n) be the sum of its divisors. A number n is called
perfect if o(n) = 2n and multiperfect if n | o(n). Let (Fx)ir>0 be the Fibonacci
sequence given by Fy =0, F; =1 and Fjyy9 = Fi41 + Fj for all k > 0.

In [6], it was shown that there is no perfect Fibonacci number. More generally,
in [1], it was shown that in fact F, is not multiperfect for any n > 3.

In [8], it is was shown that the set {F,,,,,/Fy, : m, n € N} contains no perfect
number. The proof of this result from [8] uses in a fundamental way the claim that
if V is odd and perfect, then

N =pqi* g (1.1)
for some distinct primes p and ¢i,...,¢s, with p = @ = 1 (mod 4), a; even for

t=1,....,s and ¢; = 3 (mod 4) for i = 1,...,s. We could not find neither a
reference nor a proof for the fact that the primes g; must necessarily be congruent
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to 3 (mod 4). The remaining assertions about p, a and the exponents a; for i =
1,...,s were proved by Euler.

In this paper, we revisit the question of perfect numbers of the shape F,.,/Fi
and give a proof of the fact that there are indeed no such perfect numbers. We
record our result as follows.

Theorem 1.1. There are no perfect numbers of the form Fp,.,/F,, for natural
numbers m and n.

Our proof avoids the information about the congruence classes of the primes g;
fori=1,...,s from (1.1). Ingredients of the proof are Ribenboim’s description of
square-classes for Fibonacci and Lucas numbers [9], as well as an effective version
of Runge’s theorem from Diophantine equations due to Gary Walsh [11].

In what follows, for a positive integer n we use Q(n), w(n) and 7(n) for the
number of prime divisors of n (counted with and without multiplicities) and the
total numbers of divisors of n, respectively.

From now on, we put N := F,,,/F,, for some positive integers m and n, and
assume that N is perfect. Clearly, n > 1, and by the result from [6] we may assume
that m > 1 also. A quick computation with Mathematica confirmed that there is
no such example with mn < 100. So, from now on, we also suppose that mn > 100.

2. The even perfect number case

While there is no problem with the treatment of the even perfect number case from
[8], we include it here for the convenience of the reader.

For every positive integer m, let z(m) be the minimal positive integer k such
that m | Fy. This always exists and it is called the index of appearance of m
in the Fibonacci sequence. Indices of appearance have important properties. For
example, m divides F} if and only if z(m) divides k. Furthermore, if p is prime,
then

p= (g) (mod 2(p)), (2.1)

where for an odd prime ¢ and an integer a we write > for the Legendre symbol

7N
—R e

of a with respect to ¢. In particular, from congruence (2.1), we deduce that p =1
(mod z(p)) if p = +1 (mod 5), and p = —1 (mod z(p)) provided that p = +2
(mod 5). Clearly, z(5) = 5.

So, if p is a prime factor of F,, then z(p) divides n. If z(p) = n, then p is called
primitive for F,,. Equivalently, p is a primitive prime factor of F}, if p does not divide
F,, for any positive integer m < n. An important result of Carmichael [2] asserts
that F,, has a primitive prime factor for all n ¢ {1,2,6,12}. From congruence
(2.1), we have that if p is primitive for F,,, then p = £1 (mod n) unless p =n = 5.

So, let us now suppose that N = F,,,,,/F,, is even and perfect. By the structure
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theorem of even perfect numbers, we have that

an

7o 2P—1(2P — 1), (2.2)

where p and 2P — 1 are both primes. If p € {2,3}, then F,,,, = 2 x 3 X F,, or
22 x 7 x F,,. However, since mn > 100, it follows that F},, has a primitive prime
factor g. The prime ¢ does not divide F;,, and since ¢ = +1 (mod mn), it follows
that ¢ > mn—1 > 99. Thus, ¢ cannot be one of the primes 2, 3, or 7, and we have
obtained a contradiction.

Suppose now that p > 5. Then 16 | F,,/F,,. Assume first that 3 { m.
Since z(2) = 3 and 3 ¥ m, it follows that F,, is odd, therefore 16 | F,,,. Hence,
12 = 2(16) | mn. However, since 9 divides F}o, we get that 9 | Fi5 | Fp,pn. Relation
(2.2) together with the fact that p > 5 implies that N is coprime to 3, therefore
9 | F. Hence, 12 = z(9) | m, contradicting our assumption that 3 4 m. Thus,
3 | m. In particular, 2 | F,,, therefore 25 | F,,,,,. Write mn = 2% x 3 x X for some
odd positive integer \. Since 2° | Fp,,, we get that 23 x 3 = 2(2°) | mn, therefore
s > 3. Next we show that m | 2573 x 3 x A. Indeed, for is not, since m is a multiple
of 3, it would follow that 2572 x 3 | m. It is known that if a is positive then the
exponent of 2 in the factorization of Fhax3xp is exactly a + 2 for all odd integers
b. Hence, the exponent of 2 in F,,, is precisely s + 2, while since 2°72 x 3 divides
m, we get that the exponent of 2 in F},, is at least s. Thus, the exponent of 2 in
Foon/Fy, cannot exceed (s 4 2) — s = 2, a contradiction. We conclude that indeed
m| 2573 x 3 x A\

Hence, mn has at least

T(2° X 3 x A) — 7(27% x 3 x A) = (5 + 1)7(3X) — (s — 2)7(3)) = 37(3)) > 6

divisors d which do not divide m. These divisors are of the form 2%d;, where
a € {s—2,5s—1,s}, and d; is odd. Since these numbers are all even, it follows
that for a most three of them (namely, for d € {2,6,12}), the number Fj; might
not have a primitive prime factor. Thus, for the remaining even divisors d of mn
which do not divide m (at least three of them in number), we have that F; has a
primitive prime factor py. The primes py for such values of d are distinct and do
not divide F,,, therefore they appear in the factorization of N = F,,,,,/F,,,. Hence,
w(N) > 3, which contradicts relation (2.2) according to which w(N) = 2.
Hence, N cannot be even and perfect.

3. The odd perfect number case

Here, we use a result of Ribenboim [9] concerning square-classes of Fibonacci and
Lucas numbers. We say that positive integers a and b are in the same Fibonacci
square-class if F, Fy is a square. The Fibonacci square-class of a is called trivial if
F,F, is a square only for b = a. Then Ribenboim’s result is the following.

Theorem 3.1. Ifa # 1,2,3,6,12, then the Fibonacci square-class of a is trivial.
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In the same paper [9], Ribenboim also found the square-classes of the Lucas
numbers. Recall that the Lucas sequence (Lg)r>o is given by Lo =2, L1 =1 and
Liyo = Liy1 + Ly, for all £ > 0. We say that positive integers a and b are in the
same Lucas square-class if L,Ly is a square. As previously, the Lucas square-class
of a is called trivial if L, Ly is a square only for b = a. Then Ribenboim’s result is
the following.

Theorem 3.2. If a #0,1,3,6, then the Lucas square-class of a is trivial.

We deal with the case of the odd perfect number N = F,,,,,/F,, through a se-

quence of lemmas. We write N as in (1.1) with odd distinct primes p and ¢1, ..., ¢s
and integer exponents a and aq,...,as such that p = a = 1 (mod 4) and a; are
even for i =1,...,s. We use [J to denote a perfect square.

Lemma 3.3. Both m and n are odd.

Proof. Assume that n is even. Then Fy,, = FrppjoLimny2 and Fy, | Frp /0. Thus,
Frn an/?
N = = L = pll. 3.1

Now it is well-known that ged(Fy, L¢) € {1,2} and since N is odd, we get that
ged(Finy2; Limny2) = 1. Hence, the two factors on the left hand side of equation
(3.1) above are coprime, and we conclude that either

Fnl"l Fﬂln
Fm/2 :pD’ or Fm/2 = U .
Lmn/2 =0 Lmn/2 =pUJ

In the first case, since L1 = 1, we get that mn/2 is in the same Lucas square-class as
1, which is impossible by Theorem 3.2 because mn/2 > 50. In the second case, we
get that mn/2 and m are in the same Fibonacci square-class, which is impossible
by Theorem 3.1 for mn/2 > 50 unless mn/2 = m, which happens when n = 2. But
if n =2, we then get that

F2m
N=——=1L,,
Fr
and the fact that L, is not perfect was proved in [6]. The proof of the lemma is
complete. O

Lemma 3.4. We have a; =0 (mod 4) for alli=1,...,s.

Proof. It is well-known that if ¢ is odd then every odd prime factor of Fj is
congruent to 1 modulo 4. One of the simplest way of seing this is via the formula
Fopyq = Fg2 + Fﬁ_1 valid for all ¢ > 0, together with the fact that Fy and Fyy are
coprime. Since mn is odd (by Lemma 3.3), it follows that ¢; = 1 (mod 4) for all
i=1,...,5. Now

ogf")=14+q+-+¢" =a+1 (mod4).

X2
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If a; is a not a multiple of 4 for some i € {1,..., s}, then a; =2 (mod 4), therefore
o(¢i") = 3 (mod 4). Hence, o(g;") has a prime factor ¢ = 3 (mod 4). However,
since g | o(g") | o(IN) = 2N, it follows that ¢ is a divisor of N, which is false
because from what we have said above all prime factors of N are congruent to 1
modulo 4. (]

Lemma 3.5. The number n is prime.

Proof. Say n = rlljl - ~r§f, where 3 < r; < --- < ry are primes and bq,...,by are
positive integers. Then
an an/n an
= = pll. 3.2
It is well-known that the relation
For rif r| F,
ged <Fa’ F_a> - {1 otherwise (3.3)

holds for all positive integers a and primes r. Furthermore, if the above greatest
common divisor is not 1, then r||Fy,./F,. We apply this with a := mn/r; and
r := rp distinguishing two different cases.

The first case is when F,,,, ), and Fpn/Fpy/p, are coprime. In this case, (3.2)
implies that
Fmnry =0, or o _ O.

either
m an/r1

The second instance is impossible by Theorem 3.1 since mn > 100. By the same
theorem, the first instance is also impossible unless mn/r; = m, which happens
when n = rq, which is what we want to prove.

So, let us analyze the second case. Then ry | Fyyp/p, . Since 71 | F.(,), we get
that ry | gecd(Frnn/ry> Fa(r1)) = Faed(mn/r,2(r1))- We know that 1 > 3 by Lemma
3.3. If ry = 3, then z(r1) = 4 and 71 | Fyea(mnys,a) = F1 = 1, where the fact that
ged(mn/r1,4) = 1 follows from Lemma 3.3 which tells us that the number mn is
odd. We have reached a contradiction, so it must be the case that r; > 5. Let us
observe that if 7 > 7, then z(r1) | r1 £ 1. Hence, in this case

1 | Fgcd(mn/rhrlil)'

Since r; is the smallest prime in n, it follows that n/r; is coprime to r; + 1,
therefore ged(mn/ri,r1 £ 1) = ged(m,ry = 1) | m. Consequently, ry | F, if
r1 = 7. We now return to equation (3.2) and use the fact that 7 || Frnpn/Frp e, and
= ng(an/rl ) an/an/n)

We distinguish two instances.

The first instance is when r; = p. We then get that

an T an
Zmn/n g, and

= pll.
F, an/r1 P
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By Theorem 3.1, the first equation is not possible unless n = r1, which is what we
want.

The second instance is when 71 # p. Then, by Lemma 3.4, we have that r{ | N,
and since 71 || Frun/ Frn /e, , We get that 3 | Fron/ri /Fm. If 11 = 5, this implies that
r3 | n/r1, because it is well-known that the exponent of 5 in the factorization of F;
is the same as the exponent of 5 in the factorization of £. If ry > 7, then 71 | Fi,,
so z(ry) | m. It is then well-known that if ¢ denotes the exponent of r; in the
factorization of I (,,), then for every nonzero multiple £ of z(r1), the exponent of
ryin Fy is f (> e), where f — e is the precise exponent of r1 in £/z(r1). It then
follows again that the divisibility relation 7§ | Fy,, ., /Fn together with the fact
that r; | F,, imply that r$ | n/r;. Hence, in all cases (r; = 5, or 71 > 7), we have
that r{ | n. Now we write

Fon an/r2 Fon

Using (3.3), one proves easily that the greatest common divisor of the two factors
on the right above is 72 and that r%Han/an/T%. The above equation (3.4) then
leads to

mn T‘2 an
Zmn/ri O, or — =0

either
m an/r%

Theorem 3.1 implies that the second instance is impossible and that the first in-
stance is possible only when n = r?. However, we have already seen that 7§ must
divide n. Thus, the first instance cannot appear either. The proof of this lemma
is complete. (I

From now on, we shall assume that n is prime and we shall denote n by q.

Lemma 3.6. We have ¢t m.

Proof. Say ¢ | m. Then

F F Fing/Fm
1 = ( ) ( a/ ) = pll. (3.5)
F, Foq Fo/Fyq
Both factors above are integers.
Suppose first that the two factors above are coprime. Then

qu/Fm
—malom
Fr/Fpyq

The first instance is impossible by Theorem 3.1. The second instance leads to
Frng/Fr/q = O, which is again impossible by the same Theorem 3.1.

Suppose now that the two factors appearing in the right hand side in relation
(3.5) are not coprime. But then if 7 is a prime such that

Fr Fing/Fm F,
| ged ( ,q7> , then r | ged (Fm, —q> )
Fryq Fm/Fm/q Fr,

Fr,
either =04
Fm/q

, or
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therefore r = ¢ by (3.3). Since q | Fy,/Fp,/q, we get that q | /g and q||Fin/ Fry, g,
and also ¢||Fy.q/Fm = N. Thus, ¢ = p, and now equation (3.5) implies

F Fing/Fm
= pl], and a/

=[.

Finyq Fon/Fojq

The second relation leads again to Fi,.q/F, /q = 0, which is impossible by Theorem
3.1. Hence, indeed ¢ { m. O

Lemma 3.7. We have ¢ > 7.

Proof. We have ¢ > 3 by Lemma 3.3. If ¢ = 3, then since 3 { m (by Lemma 3.6),
it follows that F),, is odd. But then N = Fj,,/F,, is even, which is a contradiction.
If ¢ = 5, then N = Fj,,/F),, has the property that 5||N. Thus, p = 5, and we get
the equation

F5m

— =50

F, ’
which has no solution (see equation (8) in [1]). The lemma is proved. O
Lemma 3.8. (i) All primes p and q1,...,qs have their orders of appearance

divisible by q. In particular, they are all congruent to £1 (mod q);

(1)) p=1 (mod 5) and p =1 (mod q). Furthermore, N =1 (mod 5) and N =1
(mod q);

(ii) If ¢; =1 (mod q) for somei=1,...,s, then a; > 2q — 2;
(iv) We have ¢ = £1 (mod 20). In particular, F; =1 (mod 5);
(v) Fy #p.

Proof. (i) Observe first that all primes p and ¢y, ..., gs are > 7. Indeed, it is clear
that they are all odd. If one of them is 3, then 3 | F,,, so that 4 = 2z(3) | mgq,
which is impossible by Lemma 3.3, while if one of them is 5, then 5 | Fi,q/Fm,
which implies that ¢ = 5, contradicting Lemma 3.7. Thus, p and ¢; are congruent
to £1 (mod z(p)) and +1 (mod z(g;)) for i = 1,...,s, respectively. If ¢ | z(p)
and g | z(¢;) for ¢« = 1,...,s, we are through. So, assume that for some prime
number 7 in {p,q1,...,qs} we have that q { z(r). Then r | F,q and 7 | F.(,), so
that r | ged(Fing, F.(r)) = Feed(ma,=(r)) | Fin- Thus, 7 | Fp and r | N = Fyg/Fpp,
therefore r | gcd(Fr,, Fing/Fm), sor = g by (3.3). In this case, || Fyng/ Fom, therefore
q = p. The above argument shows, up to now, that all prime factors of N are either
congruent to +1 (mod ¢), or the prime g itself, but if this occurs, then p = ¢. But
with p = ¢, we have that (¢+1) = (p+ 1) | 6o(N) = 2N, therefore (¢ + 1)/2 is a
divisor of N. Thus, all prime factors of (¢+1)/2 are either ¢, which is not possible,
or primes which are congruent to £1 (mod ¢), which is not possible either. This
contradiction shows that in fact ¢ t N, therefore indeed all prime factors of N have
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their orders of appearance divisible by ¢ and, in particular, they are all congruent
to +£1 (mod q) by (2.1).

(ii) Clearly, (p+1) | o(N) = 2N. By (i), p = 1 (mod ¢), and by relation
(2.1), we have that p = (g) (mod g). If p=—1 (mod q), then ¢ | (p+1) | 2N, so

that ¢ | N, which is impossible by (i). So, p =1 (mod ¢), showing that (g) =1

(mod 5), therefore p = +1 (mod 5). Finally, if p = —1 (mod 5), then 5| (p+ 1) |

o(N)=2N,so 5| N, which is impossible by (i). Thus, indeed p =1 (mod 5) and

p=1 (mod ¢). The fact that N =1 (mod ¢) is now a consequence of the fact that

p=1 (mod 5), ¢; > 5 and a; is a multiple of 4 for alli =1,..., s (see Lemma 3.4),

therefore ¢f* =1 (mod 5) for alli = 1,...,s. The fact that N =1 (mod q) follows

because by (i) p=1 (mod q), ¢; = +1 (mod gq), and a; is even for all i = 1,...,s.
(iii) Assume that ¢; =1 (mod ¢) for some ¢ = 1,...,s. Then

o(¢f)=1+q+-+¢" =a+1 (modq).

Since o(g;"*) is an odd divisor of o(N) = 2N, we get that o(¢;") is a divisor of N,
so, by (i), all its prime factors are congruent to £1 (mod ¢). Hence, o(¢;*) = £1
(mod ¢), showing that a; = —2,0 (mod ¢). Since a; is also even, we get that
a; = —2,0 (mod 2¢). In particular, a; > 2¢ — 2, which is what we wanted.

(iv) We use the formula

1 (g—1)/2 q
_ i 2417 q—1-2i
Fo, = 5a=1 E_O (2i+ 1)5 E L . (3.6)

Assume that 5°||m with some integer b > 0. We then see that all the terms in the
sum appearing on the right hand side of formula (3.6) above are multiples of 5°*1,
whereas the first term (with i = 0) is ¢F,, L%, which is divisible by 5°, but not
by 51, It then follows that

Fom _ ¢

7= gy Lt (mod 5). (3.7)

Since m is odd, the sequence (Lg)r>o is periodic modulo 5 with period 4, and
Ly =1, Ly =4= —1 (mod 5), it follows that L,, = £1 (mod 5), so that L{ ! =1
(mod 5). Hence, from congruence (3.7), we get N = ¢/297% (mod 5). Since also
N =1 (mod 5) (see (ii)), we get that ¢ = 297! (mod 5). In particular, ¢ is a
quadratic residue modulo 5, therefore ¢ = +1 (mod 5). If g =1 (mod 5), we then
get that the congruence 297! = 1 (mod 5) holds, so that ¢ = 1 (mod 4) as well.
If g= —1 (mod 5), we then get that the congruence 29~ = —1 (mod 5) holds, so
that ¢ = —1 (mod 4) as well. Summarizing, we get that ¢ = +1 (mod 20), and, in
particular, F;, =1 (mod 5).

(v) Assume that F;, = p. Then F, +1 = p+ 1 divides o(N) = 2N. Now let us
recall that if @ > b are odd numbers, then

Fo + Fy = Flaysv)/2L(a—sb) /2
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where ¢ € {£1} is such that a = §b (mod 4). Applying this with a := g and b := 1,
we get that 5 | Fiyys)/2L(q—s)/2 divides 2F,,. Observe that since ¢ = 0 (mod 4),
it follows that (¢ — d)/2 is even. Now it is well-known and easy to prove that if u is
even and v is odd, then gcd(Ly, Fy,) = 1, or 2. Thus, L,_s)/2 cannot divide 2F,g,
unless L(4_s)/2 < 4, which is not possible for ¢ > 7. [l

From now on, we write r for the minimal prime factor dividing m.

Lemma 3.9. There exists a divisor d € {r,r*} of m such that

qu/qu/d _

O 3.8
Fm/Fm/d ( )

Furthermore, the case d =12 can occur only when r | F,.

Proof. Write again, as often we did before,

F Fm r Fm /Fm/r
N:ﬂ:< ‘”)( arma >=pD. (3.9)
F, Fm/r Fm/Fm/r

Suppose first that the two factors appearing in the left hand side of equation (3.9)
above are coprime. Then

F Fm Fm T
“ma/r _ , or 7(1/ a/r _ .

Fm/r Fm/Fm/r

The first instance is impossible by Theorem 3.1, while the second instance is the
conclusion of our lemma with d := r.

So, from now on let’s assume that the two factors appearing in the left hand
side of equation (3.9) are not coprime. Let A be any prime dividing both num-
bers Fpq/r/Foyr and (Fpng/Fg/r)/(Fin/Frmyr). Then X | ged(Fpg/rs Fing/Fmg/r)-
By (3.3), we get that A\ = 7. In this last case, 7 = ged(Fig/rs Fimg/Fmq/r);
"1 Fong/ Fingyr, and also 7 | Fq/e/Fpyr. I 7 | Fpyyp, it then follows that r |
ged(Fo vy Frng/r/Fmyr)s 50, by (3.3), we get that r = ¢, which contradicts Lemma
3.6. Hence, r { F,, /. Thus, r | Fyq/ and 7 { F,,,.. Now if r | F,, then
r | ged(Fm, Frng/r) = Fecd(m,mq/r) = Fm/r, which is impossible. Thus, r { F,,, so
that r{ Fy,/Fy, . Since 7| Frng/ Frng/r, we get that r||(Fong/Frg/r)/(Fn/Fpr)-

We now distinguish two instances.

The first instance is when r = p, case in which equation (3.9) leads to

qu/r qu/qu/r
—— =0 d —— =pll. 3.10
Fm/r ’ a Fm/Fm/r P ( )

either

The first relation in (3.10) above is impossible by Theorem 3.1.

The second instance is when 7 # p.

Let r = ¢; for some ¢ = 1,...,s, and suppose first that r|jm. Then r
Furthermore, since r { mgq/r, we also get that r‘“_1||Fz(T). Hence, r

a;—1 |
qu/r' -1 |
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ged(Fog/rs Fo(r)) = Fged(ma/r,2(r))- Since 7 | N, we have that r > 7 (by (i) of
Lemma 6, for example), therefore z(r) | r £ 1. Since r is the smallest prime
in m and r||m, we get that ged(mgq/r,z(r)) | ged(mgq/r,r £1) | q. Thus, ei-
ther ged(mg/r, z(r)) = 1, leading to r%~! | F}, which is of course impossible, or
ged(mg/r, z(r)) = ¢, leading to r%~1 | F,.

Next, we get from equation (3.9) that

qu/qu/r

Fof By r0, or o/ By prO. (3.11)
By (v) of Lemma 3.8, we have that ¢ = +1 (mod 20). Hence, mg = +m (mod 20),
therefore Fq = Fiy, = F,, (mod 5). The last relation, namely F,, = F_,,
(mod 5), holds because m is odd. Similarly, mg/r = £m/r (mod 20), so that
Frg/r = Frypr (mod 5). Since Fyy, /s Fg/ry Fr and Fy,q are all invertible modulo
5 (because the smallest prime factor of m which is r divides Fj, therefore r >
2¢ —1 > 5), it follows that (Fiq/Fmng/r)/(Fm/Fp ) =1 (mod 5). Relation (3.11)
together with the fact that p =1 (mod 5), which is (ii) of Lemma 3.8, now shows

that 1 = r[J (mod 5), therefore (g) =1, so, by (2.1), we have r = 1 (mod q).

Hence, by (iii) of Lemma 3.8, we have that a; > 2¢q — 2, therefore a; — 1 > 2¢ — 3.
Since r%~1 | F, and 7 > 2¢ — 1, we get the inequality

F.q/F,,
either o/ 9/

(2 - 1)2q_3 < Fy,

which is false for all primes ¢ > 7.
This contradiction shows that in this case it is not possible that r||m. Thus,
r? | m, and then we can write

Jo Fraivz\ { Fing/Fong/r2
N=1ma_ (Imar ar_ma/rt )y, 3.12
F, <Fm 2 ) < Fon/Fp v p (3.12)
Furthermore, one shows easily that r2|(Fg/Finq/r2)/(Fm/Fm ) by applying
(3.3) twice. Since r = ¢; for some i € {1,...,s} and a; is even, it follows that

the exponent of r in the factorization of F,q/r2/F,, /> is also even. We now get
from equation (3.12) that
—qu/r2 _ |:|, qu/qu/’r‘2

or —=— =L

ith
e F‘Wz/r2 F‘m/F‘m/r2

The first instance is impossible by Theorem 3.1, while the second instance is the
conclusion of our lemma for d := 2. Notice that along the way we also saw that
this case is possible only when r | ;. The lemma is therefore proved. ([

Lemma 3.10. Let q and d € {r,r?}, where ¢ and r are two distinct odd primes.
Then the coefficients of the polynomial

(9 — 1)(X 1)

faalX) = (Xe—1)(X4—1)

are in the set {0,£1}.
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Proof. When d := r, the given polynomial is ®,(X), where ®,(X) stands for the
(th cyclotomic polynomial, and the fact that all its coefficients are in {0,+1} has
appeared in many papers (see, for example, [4] and [5]). When d := r2, we have
fa,d(X) = @4 (X)Py,2(X), and the fact that the coefficients of this polynomial are
also in {0, £1} was proved in Proposition 4 in [3]. O

Lemma 3.11. The inequality m < 2d3q> holds.

Proof. We start with the Diophantine equation (3.8). Recall that if we put a :=
(1 ++/5)/2 and 3 := (1 — 1/5)/2 for the two roots of the characteristic polynomial
22 — 2 — 1 of the Fibonacci and Lucas sequences, then the Binet formulas

F, = % and L,=a"+ 5" hold for all n > 0.
o —
Putting d € {r,r?}, Lemma 3.9 tells us that
(amq _ 6mq)(am/d _ 6m/d)
(am _ ﬁm)(amq/d _ ﬁmq/d)

=0. (3.13)

We recognize the expression on the left of (3.13) above as fq*’d(o/”/d, B™/4), where
for a polynomial P(X) we write P*(X,Y") for its homogenization, and f 4(X) is the
polynomial appearing in Lemma 3.10. It is clear that f;y 4(X,Y) is monic and sym-
metric since it is the homogenization of either the cyclotomic polynomial ®4,(X), or
of the product ®,,2(X)®,-(X), and both these polynomials have the property that
they are monic, their last coeflicient is 1, and they are reciprocal, meaning that if ( is
aroot of one of these polynomials, so is 1/¢. These conditions lead easily to the con-
clusion that their homogenizations are symmetric. By the fundamental theorem of
symmetric polynomials, we have that f7 ;(X,Y) = Fy 4(X+Y, XY') is a monic poly-
nomial with integer coefficients in the basic symmetric polynomials X +Y and XY
Specializing X := o™/ Y := 37™/9 we have that X +Y = a™/4 4 gm/d = L4,
and XY = (af)™/? = —1, where the last equality holds because m is odd. Hence,
f;yd(am/d, gy = Gq,d(Ly,/q) is a monic polynomial in L,, /4. Its degree is obvi-
ously D := (¢ — 1)(d — 1), which is even. Hence, equation (3.13) can be written
as

Goa(z) = y?, (3.14)

where x := L,, 4, y is an integer, and G 4(X) is a monic polynomial of even degree
D. The finitely many integer solutions (x, y) of this equation can be easily bounded
using Runge’s method. This has been done in great generality by Gary Walsh [11].
Here is a particular case of Gary Walsh’s theorem.

Lemma 3.12. Let F(X) € Z[X] be a monic polynomial of even degree without
double roots. Then all integer solutions (x,y) of the Diophantine equation

F(z) =y
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satisfy
D 2
|lz| < 22P~2 <3 + 2) (h(F) 4 2)P*2,

where h(F') denotes the mazimum absolute value of the coefficients of the polynomial

F(X).

From Lemma 3.12, we read that all integer solutions (z,y) of the Diophantine
equation (3.14) satisfy

2
|z| < 22P~2 (% +2) (M(Gg.a) +2)P72, (3.15)

where h(Gy,q) is the maximum absolute value of all the coefficients of Gy q(X).
Theorem 3.12 requires that the polynomial G4 4(X) has only simple roots. Let’s
prove that this is indeed the case.

Let us take a closer look at how we got G 4(X) from f; ;,(X,Y). Note that the
roots of f, 4(X) are the roots of unity ¢ of order dg, which are neither of order d,
nor of order ¢g. Let ¢ and n stand for such roots of unity. Then G4 q4(X) is obtained
from f, 4(X) first by homogenizing, next by replacing Y by —X !, and finally by
rewriting the resulting expression as a polynomial in X +Y = X — X1, Thus,
G4.4(X) is a polynomial whose roots are ¢ —(~!. To see that they are all distinct,
note that if (—¢~! = n—n~1, then either ( = n, or { = —1/n. However, the second
option is not possible when both ¢ and 7 are roots of unity of odd orders ¢d (to see
why, raise the equality ( = —1/7 to the odd exponent dg to get the contradiction
1 = —1). Thus, the numbers ( — (! remain distinct when ¢ runs through roots of
unity of order dg which are neither of order d nor of order ¢, showing that Gg 4(X)
has only simple roots, and therefore inequality (3.15) applies in our instance.

It remains to bound h(Gy,q). For this, let us start with

fra(X,Y) = thXYD '

where ¢; € {0,£1} by Lemma 3.10. Since f; ;(X,Y) is symmetric, we have ¢; =
cp_¢ for allt =0,..., D, therefore

f*7d(04mt/d,ﬁmt/d) _ Z ct(amt/d + ﬁmt/d)(aﬁ)(D_t)/Q.
0<t<D
t=0 (mod 2)

Now for even ¢t we have
2oy ri—i
a4 gt = L=y < . )( V'L, 7 (3.16)

—~t —1 7
1=0

The knowledgeable reader would recognize the expression on the right as the Dick-
son polynomial D¢(Z,—1) specialized in Z := L,,,4. Thus,

God(Linya) = fyala™/4,gm/4)
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t/2

t [t—1 - ,
D—t)/2 irt—21
= X atyery (e,
0<t<D i=0
t=0 (mod 2)
= D bl
0<u<D
u=0 (mod 2)
where "
by = Z ct(_l)(D—t)/H(t—U)/?_Qt <t_7u) (3.17)
w<teD t+u =
t=0 (mod 2)
Hence,
Goa(X)= > bX"
0<u<D
u=0 (mod 2)

where b, is given by (3.17). Since |¢| < 1, 2t/(t +u) < 2 and (¢t +u)/2 < D, we
get that

2. (D
|bu|<2z = ob+1 for all u=0,1,...,D,
N

therefore h(Gy.q) < 2P+L. Inserting this into (3.15) and using the fact that D >
q > 4, therefore D > D/2 + 2, we get

D 2
Lypja < 2°P72 <5 - 2) (2P 4 1)P+2 < 92D p2o(D+2)*, (3.18)

Since both sides of the inequality (3.18) are integers, we get that
Lomja < 2(D+2)222DD2 1,
and since L,,/q = am/d 4 gm/d > gm/d _ 1 we get that
am™d < 2(D+2)222DD27

which is equivalent to

m log2 9 2D 2log D
— —— | (D+2)° (1 .
q - (loga>( +2) ( T o127 T Dr2)log2

Since ¢ > 7 and r > 3, we get that D > 12. The functions D — D/(D + 2)? and
log D/(D + 2)? are decreasing for D > 12, so the expression in parenthesis is

2x12 2log12

1.2,
(2+22 " 124272102 *

<1+
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Since log 2/ log a < 1.5, it follows that
% <1.5x1.2(D +2)% < 2(D + 2)2.
Since D = (¢ — 1)(d — 1), it follows that D +2 = qd — ¢ — d + 3 < ¢d, so that
m < 2d(qd)?* = 2d°q?,
which is what we wanted to prove. O
Lemma 3.13. The number N has at most three distinct prime factors < 104,

Proof. Assume that this is not so and that N has at least four distinct primes
< 10'. One of them might be p, but the other three, let’s call them r; for i =
1,2,3, have the property that 7} | N (see Lemma 3.4). A calculation of McIntosh
and Roettger 7] showed that the divisibility relation r||F ) holds for all primes
r < 10™. In particular, r;||F,,,) for i =1,2,3. Since r} | N for i = 1,2,3, we get
that r3 | m for i = 1,2, 3. Hence,

r%r%r% m < 2d3¢® < 2r9¢%.
Clearly, 1 > r and ro > r, since r is the smallest prime factor of m, therefore
r3 < 2¢°%. Since r3 = +1 (mod q) (see Lemma 6 (i), we get that r3 > 2¢ — 1.
Thus, we have arrived at the inequality

(2q - 1)3 < 2(]27

which is false for any prime ¢ > 7. Thus, the conclusion of the lemma must hold.
O

We are now ready to finally show that there is no such N. By Lemma 3.13, it
can have at most three prime factors < 10'4. Since ¢ > 7 and all prime factors of
N are congruent to £1 (mod q), it follows that the smallest three such primes are
at least 13, 17, and 19, respectively. Thus,

() () () T ()

p|N
p>10'*

which, after taking logarithms and using the fact that the inequality log(1+z) < x
holds for all positive real numbers x, leads to

0.494 < log(1.64) < Y log (1 + —) > L (3.19)

p—1
p|N p|N
p>10 p>10

Let’s call a prime good if p < z(p)® and bad otherwise. We record the following
result.
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Lemma 3.14. We have 1
Y —— <0.002. (3.20)
WP =1

p>10

p bad
Proof. Observe first that since p > 104, it follows that z(p) > 69. For a positive
number u let Py, :={p : z(p) = u}. Let u > 69 be any integer and put £, := #P,,.
Then, since p = £1 (mod u) for all p € P, we have that

(u— 1 H p< F, <a'
PEPu
therefore
0 < (u—1)loga
“ 7 log(u—1)
Thus, for a fixed u, we have
Z 1 < Ly < log < log
o=t 1 " wd—1  (w2+u+1)loglu—1) " wu2log(u—1)’

p bad

which leads to

1 log o log o 1 log o
— < < — < ———— < 0.002.
Z 1 Z u?log(u—1)  log68 u>269 u? ~ 68log68

po10t P Tz
p bad
O
Returning to inequality (3.19), we get
0.49 < Z (3.21)
p>1o14
pIN
p good
The following result is Lemma 8 in [1].
Lemma 3.15. The estimate
1 12+ 2loglogu
< holds for all u = 3. 3.22
2 p—1 b(u) (3:22)

PEPy

Let U be the set of divisors u of mq of the form u := z(p) for some good prime
factor p of N with p > 10", Observe that all elements of I exceed 10'4/3 > 46415.
Inserting the estimate (3.22) of Lemma 3.15 into estimate (3.21), we get

12 4+ 2loglogu
049 <y o (3.23)

ueU
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Let u; be the smallest element in &/. We distinguish two cases.

Case 1. ¢ < r/\/i

By Lemma 3.11, we have that m < 2r®q? < r8, therefore Q(m) < 7, so w(m) <
7, and 7(m) < 27. Observe that U is contained in the set of divisors of gm which
are not divisors of m, and this last set has cardinality 7(gm) — 7(m) = 7(m) < 2.
Here, we used the fact that 7(¢gm) = 27(m), which holds because g { m (see Lemma
3.6). Hence, #U < 27. Furthermore, since w(m) < 7, we get that w(gm) < 8 and

(1) <o
=1

where we used the notation p; for the ¢th prime number. Hence, the inequality

1 6

o) S u

holds for all divisors u of mq. Using also the fact that the functions u +— 1/u and
u +— loglogu/u are decreasing for u > ¢ > 7, we arrive at the conclusion that
inequality (3.23) implies

12 4+ 2log1 12 + 2log1
0'49<Zw<62w

uel (b(u) uel u
< 64U <12+2loglogu1) <6x 2 (12+210g10gu1> .
Up u1
Since 6 x 27 x 0.497! < 1600, we get that
w1 < 1600(12 4 2logloguy). (3.24)

Inequality (3.24) yields u; < 27000 < 46415, which is a contradiction.
Case 2. ¢ > r/\/i

Note that in this case we necessarily have d = r, for otherwise we would have
d =12, but by Lemma 3.9 this situation occurs only when r is a prime factor of F,.
If this were so, we would get that r > 2¢— 1, therefore ¢ > 7/v/2 > (2¢—1)/+/2, but
this last inequality is not possible for any ¢ > 7. Hence, d = r and m < 2r#q® < 8¢5.
Since members u of U are the product between ¢ and some divisor v of m (see
Lemma 3.8 (i)), we deduce from inequality (3.23) that

12+ 21og log 8q")
0.49 < 3.25
Z e (3.25)
It is easy to prove that the inequality
L 2B ¢ L
< holds for all positive integers ¢. 3.26
250 <o 70 1320
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Inserting inequality (3.26) for ¢ := m into inequality (3.25), we get that

¢(2)¢(3)
¢—1< <g(6) T0.49

o(m)’

The constant in parenthesis in the right hand side of inequality (3.27) above is < 4.
Furthermore, Theorem 15 in [10] says that the inequality

) (12 + 2loglog(8¢")) (3.27)

¢(€é) < 18loglog/ +2.51/loglog¢  holds for all (> 3. (3.28)

The function ¢ — 1.8loglog ¢ + 2.51/loglog ¢ is increasing for £ > 26, and since
m < 8¢%, we get, by inserting inequality (3.28) with ¢ := m into inequality (3.27),
that the inequality

g—1<4(12+2log log(8q7)) (1.810g10g(8q6) +2.51/ loglog(SqG)) , (3.29)

holds whenever m > 26. Inequality (3.29) yields ¢ < 577. This was if m > 26. On
the other hand, if m < 26, then m/¢(m) < 15/8 < 2, so we get

g—1<8 (12 + 2loglog(8q7)) ,

which yields g < 151. So, we always have ¢ < 577.

Let us now get the final contradiction. The factorizations of all Fibonacci
numbers Fy with ¢ < 1000 are known. A quick look at this table convinces us that
F, is square-free for all primes ¢ < 577.

If F, is prime, then F, # p by Lemma 3.8 (v). Furthermore, by Lemma 6
(iv), putting ¢; = F, for some i = 1,...,s, we get that ¢; = 1 (mod ¢), therefore
a; > 2q —2. So ¢2%7? divides m, leading to

(20 —1)*7% < g% <m <8¢5, (3.30)
and this last inequality is false for any ¢ > 7.

If F;, is divisible by at least three primes, it follows that at least two of them,
let’s call them ¢; and g;, are not p. By Lemma 3.4, we get that ¢} and q? divide
m. Thus,

6 3 3 6
(2¢—1)° <qjq; <m <8¢, (3.31)

and again this last inequality is again false for any ¢ > 7.

Finally, if F,, has precisely two prime factors, then either both of them are
distinct from p, and then we get a contradiction as in (3.31), or F, = pg; for some
i € {1,...,s}. But in this case, by Lemma 3.8 (ii) and (iv), we get that ¢; = 1
(mod 5), therefore ¢; = 1 (mod ), so ¢;%~° divides m by Lemma 3.8 (iii), and we
get a contradiction as in (3.30).

This completes the proof of our main result.
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