Acta Academiae Paedagogicae Agriensis, Sectio Mathematicae, 25. (1998) pp. 21-37

Representation of integers as terms of a
linear recurrence with maximal index

JAMES P. JONES! and PETER KISS?

Abstract. For sequences H, (a,b) of positive integers, defined by Ho=a, H;=b and
H,=H,_1+H,_2, we investigate the problem: for a given positive integer N find positive
integers a and b such that N=H, (a,b) and n is as large as possible. Denoting by R(N)=r
the largest integer, for which N=H,.(a,b) for some a and b, we give bounds for R(N) and

a polynomial time algorithm for computing it. Some properties of R(N) are also proved.

Introduction

Let H,(a,b) be a sequence of positive integers defined by Hy = a,
H, = band H, = H, 1 + H,_5 where a and b are arbitrary positive
integers (the parameters). The sequence H,(a,b) occurs in a problem of
CoOHN [1]: Given a positive integer N, find positive integers a and b such
that N = H,(a,b) and n is as large as possible.

CoHnN [1] actually formulated the problem slightly differently, replacing
‘n is as large as possible’ by ‘a+b is as small as possible’. However this makes
little difference. We shall consider the problem as stated above.

Let R = R(N) be the largest integer R such that N = Hg(a,b) for some
a,b > 1. The function R is well defined. For any N > 1, there exist integers
a,b and n such that N = H,,(a,b), 1 <a, 1 <b. Since N = H(1,N), we
canletn=1,a=1land b=N.If2< N,wecanalsoleta=1,b=N —1
and n =2 so N = Hy(1, N — 1). Thus there always exist integers n, a and
b such that N = H,(a,b), 1 <a and 1 <b.

It is also easy to see that there exist a, b and r such that N = H,.(a,b),
1 <a,1<band ris maximal. If N = H,(a,b), 1 < a and 1 < b, then
r < H,(a,b). Hence for all such r,a and b, r < N. Thus all possible values
of r are bounded above by N. In fact this argument shows that R(N) < N
for all N.
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The first few values of R are given by R(1) =1, R(2) =2, R(3) = 3,
R(4) =3, R(5) =4, R(6) =3, R(7) =4, R(8) =5, R(9) =4, R(10) = 4,
R(11) = 5, R(12) = 4 and R(13) = 6. Note that the function R is not
increasing. That is, N < M does not imply R(N) < R(M).

Since R(N) is well defined, Cohn’s problem becomes one of giving an
algorithm to compute R(N). In this paper we shall give a simple algorithm
which solves this problem. We shall also show that this algorithm is polyno-
mial time, that is the time to find R(V) is less than a polynomial in In(V).
We also prove some theorems about the number of N such that R(N) = r
and about the number of pairs (a,b) such that H,(a,b) = N. First we need
some lemmas.

1. Representation of N in the form N = H,(a,b) with » maximal

We use |z] to denote the floor of z, (integer part of x). [x]| denotes
the ceiling of z, [z] = —|—=z]. F,, denotes the n'™ Fibonacci number, where
Fo=0, Fy =1and Fjio = F; + Fjy1. L, denotes the n*™ Lucas number,
defined by Ly =2, Ly =1 and L;yo = L; + L; 1. We define H_,,(a,b) by
H_,(a,b) = (—1)""*H,(—a,b— a).

Below we shall use many elementary identities and inequalities such as
Lyi1=2F, 4+ Fuy1, Ly +1 < F, o for 1 <nand F,11 < L,, for 2 <n.
We shall also need the following well known identity due to HORADAM [3].

Lemma 1.1. For all integers n,a and b, H,(a,b) = aF,,_1 + bF,.

Proof. By induction on n using F;1o = F; + F; 1. The result can also
be seen to hold for negative n since H_,,(a,b) = (—1)"(aF,+1 — bF},).

Lemma 1.2. H,(a,b) = H,(a+ F,,, b—F,_1) and H,(a,b) = H,(a —
Fn7b+Fn—1)'

Lemma 1.3. For all integers n, k,a and b, we have

(4) Hy(a,b) = Hy_1(b,a +b).

() Hy(a,b) = H,_ k(Hk(a b), Hiy1(a, b)),
(i11) Hy(a,b) = Hpy1(b — a, ).

(iv) Hy(a,b) = Hyq,(H- ( b), Hi-x(a,b)).

Proof. They follow from the definitions.
Lemma 1.4. If N = H,(a,b), 1 <a,1<band R(N)=r, thenb < a.

Proof. Suppose R(n) =r and N = H,(a,b). If a < b, then by Lemma
1.3 we would have N = H,(a,b) = H,1(b — a,a) so that r +1 < R(N),
contradicting r = R(N).
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Earlier we saw that n = 1 is realizable as a value of n such that N =
H,(a,b) for a > 1, b > 1. In the next lemma we shall show that all values
of n < R(N) are realizable as values of n such that N = H,,(a,b). We shall
call this the Intermediate Value Lemma (IVL).

Lemma 1.5. (ILV.L.) If n < R(N), then there exist a,b such that
N =H,(a,b), 1 <aand1<b.

Proof. Suppose r = R(N) and n < r. There exist a > 1, b > 1
such that N = H,.(a,b). Let K = r — n. Then 0 < k. By Lemma 1.3
(i), N = H.(a,b) = H._;(Hy(a,b), Hx11(a,b)) = H,(Hg(a,b), Hp11(a,b))
where 1 < Hy(a,b) and 1 < Hy14(a,b), since 0 < k and a,b > 1.

Lemma 1.6. If n > 1 then R(F, 1) =n.

Proof. Let r = R(F,41). Since Fpq = Fp,_1 + F,, = H,(1,1),n <.
Conversely, F,,+1 = H.(a,b) = aF,_1 + bF. > F,._1 + F, = F.,;. Hence
n > r. Therefore n = r.

Lemma 1.7. If n > 2, then R(L,4+1) =n+ 1.

Proof. Here we need the inequality L, +1+1 < Fj,13. Let r = R(Ly41).
Since L,, may be defined by Lo = 2,L; = 1 and Ly4+2 = L, + Lyt1, we
have L,, = H,(2,1) and so L,,11 = Hy,+1(2,1). Hence n+1 < r. Conversely,
Ln+1 = Hr(aa b) =al,_1+ bFr >F_1+F = Fr+1- Hence Fr+1 < Ln+1-
Therefore Fri1 +1 < Lyi1+1 < Fhy3 and so Fr.y1 < F,y3. Therefore
r+1<n+3. Hence r < n+ 2. Therefore r <n+1. Sor =n+1 and
R(Ln+1) =n+ 1.

Lemma 1.8. If N < F,, 11, then R(N) < n.

Proof. Let R(IN) = r. Then there exist a,b > 1 such that N = H,.(a,b).
Hence we have F,,.y > N = H.(a,b) = aF,_1 +bF, > F,._1 + F. = F.,1.
Thus Fi,+1 > F,11. Hence we have n+1 > r+1 so that n > r. In otherwords
n > R(N).

Corollary 1.9. If 1 <n and N < F,, {1 F,, 12, then R(N) < 2n.

Proof. If 1 < n, then F,, 15 < L,y1. Hence F 11 Fhyo < Fri1lni1 =
Fy,,15. Therefore N < Fy,, 5. Hence by Lemma 1.8, R(N) < 2n+ 1. There-
fore R(N) < 2n.

Lemma 1.10. Let A be an arbitrary positive integer and suppose 0 <
n. Then

(i) n=R(AF,,,) if A<F,,
(17) n < R(AF,+,) if F, <A.
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Proof. AF, .1 = A(F,,_1 + F,) = AF,,_1 + AF,, = H,(A, A) implies
n < R(AF,+1). For (i) suppose A < F,, and n + 1 < R(AF,1). By the
Intermediate Value Lemma there exist ¢ > 1 and d > 1 such that AF,, 1 =
cF, +dF,11. Then F, 4, | ¢F,, and (F,, F,41) = 1 imply F, 41 | c. Hence
F,41 < cso that d = 0. Hence R(AF, 1) = n. For (ii) suppose F,, < A.
Then there exist b and ¢ such that A =tF, +b, 1 <band 1 <t. Let a =
tFn+1. Then AFn+1 = (tFn+1)Fn + bFn+1 = Hn+1(tFn+1b) = Hn+1(a, b),
1<aand1<b Hence n+1< R(AF,,11) so that n < R(AF,41).

Corollary 1.10. For alln > 0, R(F, F,11) = n.
Lemma 1.11. If F,F,, 11 < N, then n < R(N).

Proof. Suppose F, F,, 11 < N. We shall show that n +1 < R(N) by
finding a and b such that N = H,;1(a,b) = aF,, + bF,41, 1 < a and
1 < b. Let b be the least positive solution to the congruence N = bF,, 1
(mod F),), (taking b = F,,, if F,, | N, so that b > 1). We claim

(1.12) bF, 1+ F, < N.

This inequality (1.12) will be proved by considering two cases:

Case 1. N =0 (mod F,). Then b = F,,. Since F,, | N and F, F,,11 <
N, we have F,(F,11 +1) < N. So we have Fj,;1b+ F,, = F, (1 F,, + F, =
F,(F,+1+1) <N, and so (1.12) holds.

Case 2. N #0 (mod Fy,). Then 1 <b < F,, so b < F,, — 1. Therefore
bFn+1 +Fn < (Fn_l)Fn+1+Fn :FnFn+1+(Fn_Fn+1) anFn—i-l <N
and so again (1.12) holds.

Now that (1.12) is established, let a = (N — bF,,11)/F,. Then a is an
integer, N = aF,, + bF,,+1 = H,+1(a,b) and (1.12), implies 1 < a.

Corollary 1.13. If 1 < n and Fy, < N, then n < R(N).

Proof. By Lemma 1.11. If 1 < n, then F,11 < L, and F,F,+1 <

Lemma 1.14. If 1 < N, then R(N) < (|1 +2.128 - In(N)) .

Proof. Let r = R(N). The inequality holds for N = 1, since R(1) = 1.
Suppose N > 2. Then 2 <r. Let k =r + 1. Then 3 < k so that we can use
the inequality

(1.15) (8/5)F 2 < Fy (3 < k).

(This inequality, which is well known, is easy to prove by induction on
k > 3, using the fact that if z = 8/5, then 22 < x +1). Using the inequality
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with & = r + 1, by Lemma 1.8 we get (8/5)"~! < F,,; < N. Taking logs
of both sides we have (r — 1)In(8/5) < In(N). Hence we have r — 1 <
In(N)/In(8/5) < In(NN)/(47/100) < In(NV) - 2.128, proving the lemma.

Lemma 1.16. If 1 < N, then [1.5+ .893 - In(N)] < R(N).

Proof. Let r = R(N). Lemma 1.11 implies N < F.F, 1. If N <6, the
inequality can be checked by cases. Suppose 7 < N. Then 4 < r. We will
use the following elementary inequality which is easy to prove using the fact
that 22 > z + 1 for z = 7/4.

(1.17) Fy, < (7/4)F2 (3 < k).
Using the inequality twice, with k =7 and k = r 4+ 1, we get
(1.18) N < F.Foyq < (7/4)"72(7/4)" = (7/4)* 3.

Taking logs of both sides, In(IN) < (2r —3)In(7/4). Hence In(N)/In(7/4) <
2(r — 1.5). Therefore 271 - In(N)/In(7/4) < r — 1.5. Consequently 1.5 +
271 . In(N)/In(7/4) < r. Hence [1.5+ 271 -In(N)/In(7/4)] < r. Therefore
M1.5 +.893 - In(N)] < r.

Corollary 1.19. For N > 1,
[1.5 4+ .893 - In(N)] < R(N) < [1+2.128 - In(N)].

Proof. By Lemma 1.14 and Lemma 1.15.

Corollary 1.20. If R(N) =r, then F, 11 < N < F,.F.,1.

Proof. Suppose R(N) = r. By Lemma 1.8, F,.,; < N. By Lemma 1.11,
N < F.F,..

The equation N = H,(a,b) sometimes has two solutions (a,b) in pos-
itive integers with r = R(N). E.g. if N = 6, then R(6) = 3, 6 = H3(2,2)
and 6 = Hs(4,1).

Definition 1.21. N is called a double number if there exist a, b, c,d > 1
such that N = H,.(a,b) = H,.(c,d),a # ¢ or b # d, (equivalently if a # ¢
and b # d), where r = R(N). If N is not a double number, then N is called

a single number.

Examples 1.22. Some representations of N in the form N = H,(a,b)

with R = R(N):
N =1, R=1, a=1, b=1,
N = 10, R=4, a=2, b=2,
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N = 100, R=1, a =6, b=4,
N = 1,000, R =12, a=S8, b=2,
N = 10,000, R=12, a = 80, b= 20,
N = 100, 000, R =14, a = 269, b =99,
N = 1,000, 000, R =19, a = 154, b= 144,
N = 10, 000, 000, R =19, a = 1540, b = 1440,
N = 100, 000, 000, R =23, a = 5143, b= 311,
N = 1,000,000,000, R =23, a = 51430, b= 3110.

N = 1,000, 000,000 happens to be an example of a double number. For
we have N = H,(c,d) also for ¢ = 22773 and d = 20821, besides a = 51430
and b = 3110. Other examples of double numbers are 15 = Hy(6,1) =
Hy(3,3) and 32 = H5(9,1) = Hs(4,4).

In the next section we shall prove that the equation N = H,.(a,b) never
has three solutions (a,b) in positive integers with r = R(N). (Of course it
may have other solutions when r < R(N). E.g. for N = 6 and r = 3 we have
6 = Ho(1,5) = Hs(2,4) = H2(3,3) where 2 < r.) Thus there is no concept
of a triple number.

2. An algorithm for R(N)

In this section we shall show that there exists an algorithm for comput-
ing R(N). In fact we shall prove that there is a polynomial-time algorithm
for computing R(N). We give a procedure which finds, given N, the value
of R(N) and also a and b. Since the number of steps in the procedure will
be less then a polynomial in In(/N), the number of bit operations needed to
compute R(NN) will be less than a polynomial in In(N).

Suppose N is given. To compute R(N), begin with any sufficiently large
value of r, satisfying » > R(IN). For example by Corollary 1.19 we can take
r= |1+ 2.128 -In(N)|. Then proceed as follows.

Step 1: Find a positive solution b to the congruence

(2.1) N =bF, (mod F,._1), (1<0).

This congruence is solvable in natural numbers since (F., F._1) = 1. Hence
there is a solution b in the range 1 < b < F,._;. Take the least such b in this
range.

Step 2: Check whether

(2.2) bF, < N.

If this is the case, put a = (N — bF,.)/F,_;. Then a is an integer by (2.1).
Also we have N = aF,._; + bF, and condition (2.2) implies 1 < a. In this
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case the algorithm terminates and R(N) = r. If (2.2) does not hold, then we
decrease r by 1 and return to Step 1. We iterate steps 1 and 2, decreasing
r until (2.2) holds. Since initially R(N) < |1 + 2.128 - In(NV)] < r, the
algorithm must terminate after at most |14 2.128 - In(N)] iterations.

We claim that this computation is polynomial time. Certainly the num-
ber of operations needed at each step is less than or equal to a polynomial
in In(N). Calculation of F, requires time exponential in In(r), i.e. propor-
tional to a polynomial in r. However r is less than or equal to a polynomial
in In(N), since F,, < N. So this is polynomial time.

In addition to finding r, the algorithm also finds (a, b) such that H,.(a,b)
= N. The pair (a, b) is not uniquely dependent upon N. There is sometimes a
second pair (¢, d) such that H,(c,d) = N. As sketched above the algorithm
finds the pair (a,b) with least b. It can easily be extended also to find
the second pair (c,d), when that exists. After (a,b) has been found, let
d=b+F.,_y and ¢ = a — F.. Then N = H,(c,d) by Lemma 1.2. d is
positive. If dF,. < N, then ¢ will also be positive and (¢, d) will be a second
pair. If not, then there is no second pair, i.e. N is a single.

The algorithm can be simplified to yield a more explicit formula for
r = R(N) and explicit formulas for a, b, ¢ and d. For this we shall use an old
identity of Lucas [4]:

(2.3) F?,—F. o -F.=(-1)".
Multiplying both sides of (2.3) by (—1)"N and rearranging terms we get
(2.4) (—=1)"F,_yN-F,_, — (~1)"F,_sN - F, = N.

Equation (2.4) provides a solution to the linear diophantine equation
aF,._1 + bF, = N. It shows that AF,._1 + BF, = N will hold if we put
A= A,.(N) and B = B,.(N), where

(25)  AN)=(-1)"F,_yN and B.(N)=—(—1)"F,_,N.

Thus a = A,.(N) and b = B,.(N) is a particular solution of the equation
aF,_1+bF, = N. Since (F,, F,1) = 1, from a particular solution we may
obtain all solutions (a,b) by

(2.6) a=A,(N)—tF,, b=DB.(N)+tF,_y, (t=0+1,42,+3,...).

Then by Lemma 1.1 H,.(a,b) = N for all integers ¢t. Now define g, (V) and
hr(N) by
(—1)"F._oN +1

Fr—l

(2.7) gr(N) =

and
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(—1)"F,_1N — 1

(2.8) he(N) = -

Then g¢,(N) and h,.(N) are reals. For a and b as in (2.6), we have 1 < a
iff t <h,.(N)and 1 <0biff g.(IN) < t. Hence (a,b) is a positive solution of
aF,_1+bF. = N iff

(2.9) gr(N) <t < hy(N).
Since t is integer valued, condition (2.9) is equivalent to
(2.10) gr(N) < [gr(N)] <t < [hr(N)] < hr(N),
Condition (2.9) is in turn equivalent to [g,(N)] < h,.(N) and also to
gr(N) < [hr(N)].
From (2.3), (2.7) and (2.8), it is easy to see that

N_Fr+1
2.11 hy(N) = g,(N) = ——7+—.
(2.11) (N) = (W) = =2

The functions g,.(N) and h,.(N) give us a new algorithm to compute R(N).
We have

Theorem 2.12. Suppose N > 1. Then R(N) is the largest integer
r > 1 such that

(21 [(—1)7” r2N+1w . {(—1)’”1&1]\7— 1J'

Frfl Fr

Furthermore, the set of r > 1 satisfying (2.12) is the set {2,3,..., R(N)}.
Hence (2.12) can be used as an algorithm to calculate R(N).

Proof. By Lemma 1.8, if r < R(N), then F,41; < N and hence by
(2.11), g,(N) < h,.(N). Thus

(2.13) r < R(N) = g,(N) < hy(N).

By (2.9) and the IVL, for all » < R(N), there exist t (g,.(N) <t < h,.(N)),
and this implies [¢,(N)] < [h-(N)]. On the other hand, by (2.9), when
R(N) < r, there is no integer ¢t such that g.(N) < t < h,.(IN) and so we
have not [g,.(N)] < [h-(N)].

This shows that the set of r > 1 satisfying (2.12) is an interval.
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This approach to R(N), thru g,(N) and h,.(N), also gives a new algo-
rithm to decide whether N is a single or a double. From (2.9) and (2.10) we
have

(2.14) N isasingle iff [g.(N)] = |h.(N)].
Also
(2.15) N is adouble iff [g.(N)] < |h-(N)].

From (2.5), (2.6), (2.7) and (2.8) we can obtain explicit formulas for a,b,c
and d:

(2.16) a= A,(N) — [g(N)]E, and b= B,(N) + [ (N)]Fror.
(2'17) c= AT(N) - Lhr(N)JFr and d= BT(N) + Lhr(N)JFr—l-

If Nisasingle,c=aandd="5.1If Nisadouble,c=a—F,andd=b+F,_1.
Thus when r = R(N), formulas (2.16) and (2.17) can be used as definitions
of a,b, c and d. The ratio on the right side of (2.11) is not always less than 2
however, even when r = R(N). In this case, when » = R(N), we have only
the weak inequality

N-F
(2.18) R(N)<r= """l cn41.
Frler

Here a = (1++/5)/2 = 1.61803. .. so that o+ 1 = 2.61803. .. . The idea of
the proof is the following: From Lemma 1.11 we see that R(N) < r implies
N < F.F.;1. Then (F.F,41 — F,_1)F,_1F, < a+ 1 can be shown using
Fr2 < OéFlFr—l + Fr+1-

Next we shall prove that there are no triples. The following lemmas will
be used.

Lemma 2.19. If 1 <r, then F,.F.1 < (14+2F,1)F._1 + F,.
Proof. If 1 < r, then F, <1+ 2F,_;. Hence
FrFrJrl < (1 + 2Fr71)Fr+1 = Fr+1 +2F_4 - F’r+1
=F._1+2F._, 'Fr+1 +F,. = (1+2Fr+1)Fr—1 + F;.
Lemma 2.20. Suppose 1 < N, N = H.(a,b), R(N) =r and 1 < b.
Then a < 2F,.
Proof. Let r = R(N) and N = H,(a,b). Since 1 < N and r = R(N),

we have 1 < r. We claim

(2.21) a<b+2F,.
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If not, then b+ 2F, 1 < a. Since 1 < b and N = H,.(a,b), by Lemma 2.19
and Lemma 1.11 we have

N = aF,_1+bF, > (b+2F,1)F,_1+bF, > (142F, | )F,_1+F, > F,F, 1.

But this contradicts Lemma 1.11 which says that N < F.F,.4q, since r =
R(N). Hence (2.21) holds. Now it is easy to see that

N = aFr_l + bFr = (b + 2Fr+1 - CL)FT + (CL - 2FT)FT+1.

Supposing 2F,. < a and using (2.21), we get the contradiction R(N) > r+1.
So a < 2F;,.

Theorem 2.22. If R(N) = r, then the equation N = H,(a,b) has at
most two solutions in positive integers a,b. There are no triples.

Proof. Suppose the equation N = H,(a,b) has three solutions in pos-
itive integers, say (a,b), (¢,d) and a third solution (z,y). Then ¢ = a — F,,
d=b+F,_1,zr=a—2F, and y = b+ 2F,._;. But by Lemma 2.20, a < 2F,.
Hence x < 0, a contradiction.

From Theorem 2.22, if r = R(N), then |h,(N)] < [g.(N)]+1. And so
in (2.15), when [g,(N)] < |h-(N)], we have [g.(N)] +1 = |h(N)].

Following F}, F,,+1 there is a very long interval consisting entirely of
singlels.

Suppose R(N) = r. Recall from Corollary 1.20 that if R(IN) = r, then
N must lie in the interval F.,1 < N < F.F.1. We can show that most IV
in this interval are singles.

Theorem 2.23. If F,Fj, 11 < N < F,F,11 + F,f + Fl49, then N is a
single.

We won'’t prove this result, (Theorem 2.23.). However it will be clear
how to do so after we have proved Lemma 3.1 in the next section.

Taking a limit as n — oo, one finds that the interval [F, Fy, 1, F, Fpi1+
F? + F,, ;5] occupies some 38% of the interval [F}, F, 11, Fpy1Fi0]. (8% =

(1- \/5)/2)2 = (—.61803)% = .381966 . ..) Thus on average more than 28%
of N are singles. Actually, in the next section, we shall prove that 92.7% of
N are singles.

3. The number of N such that R(N) =r

In this section we consider the problem of the number of N such that
R(N) = r. Here r is a fixed positive integer. The number of such N must
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be finite. By Lemma 1.11, the number of such N must be less than or equal
to F.F,.11. We shall give an exact formula for this number. First we need
some lemmas.

Lemma 3.1. Suppose R(N) = r and a,b,c,d are as defined in (2.16)
and (2.17). Then N = H,(a,b) = H,(c,d). If N is a single, then ¢ = a,d = b,

(1) 1<b<a<VF, and 1<b< F,_y.
If N is a double, then we have c=a — F,., d=b+ F,._1, b < a,
) F. 1 <d<c<F,, Foi1<a<2F, and 1<b<F,_,.

Proof. Suppose a,b,c and d are as above and N > 1. Let r = R(V).
Then N = H,(a,b) = H,(c,d). Suppose first N is a single. By (2.16) and
(2.17), ¢ = a,d = b, 1 < a and 1 < b. By Lemma 1.2, N = H,(a,b) =
H.(a+F.,b—F,_1). Hence b < F,._1, else N would be a double. By Lemma
1.4, b < a. By Lemma 1.2 we know N = H,(a,b) = H.(a — F,.,b+ F,_1).
Hence a < F,, else N would be a double. Therefore (i) holds.

Next suppose N is a double. Then by (2.15), (2.16) and (2.17), ¢ =
a—F,.,d=b+F._1,1<a,b,c,d. By Lemma 2.20, a < 2F.. Since ¢ = a— F},,
this implies ¢ < F,.. By Lemma 1.4, since N = H,.(¢c,d), d < c¢. Hence d < F,.
Sinced < Fr.andd =b+F,_1,b+F,._1 < F,.,sothat b < F,.—F,,_1 = F,_»,
ie. b < F._5. Since 0 < band d=b+ F,_1, F,,_1 < d. Since F,_1 < d
and d < ¢, F._1 < ¢. Since a = ¢+ F,., this implies that F,.;; < a. Hence
statement (ii) holds.

Lemma 3.2. If R(N) = r, then there exist unique positive integers x
and y satisfying

(3.2) N=H,.(x,y) and 1<y<z<F,.

Proof. By Lemma 3.1. If N is a single, then we can let x = a and
y = b. If N is a double, then we can let £ = ¢ and y = d and we will have
<y <z < F,.. z and y are unique by Theorem 2.22, to the effect that
N = H,(z,y) has at most two solutions. Every N is either a single or a
double. Note that if N is a double, then x = ¢ and y = b won’t satisfy
1<y <x<F, since Fryy < a.

Lemma 3.3. Suppose R(N) = r. Then all solutions (z,y) of N =
H,.(x,y) in positive integers satisfy either
(3.3.1) 1<y<zx<F,

or
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(3.3.2) Foii<x<2F., 1<y<F., 5 and y<uzx.
But not both.

Proof. By Theorem 2.22, N is either a double or a single. Hence there
are only two cases to consider. If N is a single, then (z,y) = (a,b) and
condition (3.3.1) holds by Lemma 3.1. (i). If N is a double, then (x,y) =
(a,b) or (x,y) = (¢,d). In the first case, by Lemma 3.1 (ii) (3.3.2) holds. In
the sceond case, by Lemma 3.1 (ii) (3.3.1) holds.

Lemma 3.4. Suppose R(N) = r. Then all solutions of N = H,(z,y)
in positive integers (x,y) satisfy the conditions z < 2F, and y < F,.

Proof. By Lemma 3.3, either (3.3.1) holds or (3.3.2) holds. (3.3.1)
implies x < F,. < 2F, and y < F,.. (3.3.2) implies x < 2F, and y < F,._5 <
F,.. Hence x < 2F,. and y < Fi..

Lemma 3.5. If 0 < k, then for all positive integers a and b,
0< Hk(a, b) < HkJr]_(a, b)

Proof. From the definition it follows that H,(a,b) is a strictly increas-
ing sequence of positive integers.

Theorem 3.6. There exist integers x and y such that
(3.6) N =H,(r,y) and 1<y<z<F,
iff n = R(N). Furthermore x and y are unique.

Proof. To prove the first part of the theorem suppose R(N) = n. Then
by Lemma 3.2 there exist unique integers = and y suct that N = H,(x,y)
and 1 <y <z < F,, ie. (3.6). To prove the second part suppose = and
y are integers satisfying (3.6). Then n > 0. Let R(N) = r. Then n < r.
Let k = r — n. By definition of R(N) there are positive integers a and b
such that N = H,(a,b). By Lemma 1.3 (ii), since n = r — k, we have N =
H.(a,b) = H,(Hg(a,b), Hy4+1(a,b)) so that N = H,(Hy(a,b), Hiy1(a,b)).

Thus ¢ = Hg(a,b) and y = Hyy1(a,b) are particular solutions to the
linear diophantine equation N = zF,,_1 + yF),. Since (F,, F,+1) = 1, all
solutions to the equation are given by

r = Hi(a,b) —tF, and y= Hpii(a,b)+tE,_1,

where t is an integer. Since y < =z, we have for some ¢ the inequality
Hj1(a,b) +tF,—1 < Hi(a,b) — tF,. This implies

t < (Hk(av b) - Hk-‘rl(av b))/Fn-‘rlv
so that
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t < Hi(a,b) — Hiy1(a,b).
Since x < F),, we also have the inequality Hy(a,b)—tF,, < F,, which implies
Hy(a,b)/Fy <t+ 1.

If 0 < k, then by Lemma 3.5 we have t < 0 and 0 < t+1 so that —1 <t < 0.
This is a contradiction since t is an integer. Hence k£ = 0. Thus r = n and
hence R(N) = n.

Remark. Condition (3.6) cannot be replaced by the weaker condition
N = H,(z,y) and 1 <y <z, This condition is not strong enough to imply
n = R(N). For example if N = 96, then R(N) =6 but N = H5(17,9) and
9 <17. Also N = H5(12,12) and 12 < 12.

Theorem 3.7. Let r be fixed nonnegative integer. Then the number
of N such that R(N) = r is exactly

F.(F.+1)
5 )

Proof. Let r be fixed nonnegative integer. We will use Theorem 3.6 to
count the number of N such that R(N) = r. We will count pairs (x,y) such
that 1 <y <z < F,.. For each such pair, we put N = H,.(z,y). For each N
there is only one pair (z,y) satisfying N = H,(z,y) and 1 <y < x < F,,
by Theorem 2.6. How many pairs (x,y) are there such that 1 < z < F.?
For each such z, there are z choices of y such that 1 < y < z. Hence the
number of N such that R(/N) = r is given by the sum

i F+1)

Example 3.7. The number of N such that R(N) =51is F5(F5+1)/2 =
5-6/2 = 15. By Corollary 1.20, these 15 N all lie in the interval 8 = Fg <
N < F5Fg = 40. They are the 15 values N = 8,11, 14,16, 17,19, 20, 22, 24,
25,27, 30, 32,35 and 40.

4. Double numbers

In this section we first prove that there are infinitely many double
numbers. Then we give a combinatorial formula for the number of double
numbers N having a fixed value of R. Last we give an asymptotic estimate
for the number of double numbers up to F,, F, ;1.
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Lemma 4.1. For all n > 2, F,,F, 1 is a double number.

Proof. Suppose 2 < n. Recall that by Corollary 1.10, R(F,F,,+1) = n.
We have F,Fyy1 = F, (Fo_1+ Fy) = FyFy_1 + FoF, = Hy(F,, F,). On
the other hand,

FnFn—‘,-l :(Fn+Fn)Fn—1+(Fn_Fn—1)Fn
= Hn(2FnaFn - Fn—l) = Hn(2Fn7Fn—2)-

0 < F, _9 since n > 2. The two representations of F;, F, ;1 are distinct since
Fn 7é Fn72-

Lemma 4.2. Forn > 4, if N = F,,(F,,+1 — 1), then R(N) =n and N
is a double number.

Proof. By an argument similar to that in the proof of Lemma 4.1 it is
easy to see that

(4.2) N =H,(F,,F, —1) = Hy(2F,, F,_y — 1).

To prove that R(IN) = n we will use the IVL. Obviously n < R(N). Suppose
that n + 1 < R(n). Then by the IVL there exist a > 1 and b > 1 such that
N = Hp,1(a,b). Hence F,,(F,,11 — 1) = aF,, + bF, 1. Then F,, | b, since
(Fh, Fuy1) = 1. Let b = eF),, where 1 < e. Then we have a+(e—1)F,,11 < 0,
a contradiction. Thus R(N) = n.

We give next a formula for the number of double numbers N with a
fixed R value r. For this it is necessary first to characterise double numbers.
From section 2 we have the following result.

Lemma 4.3. Suppose R(N) = r. Then N is a double number iff

) FeN+1 ] | CD RN -
Fr—l - Fr '

Proof. See the remark following Theorem 2.22 that N is a double iff
[9:(N)]+ 1 = [h(N)].

Theorem 4.4. N is a double number and R(N) = r iff there exist
unique positive integers x and y such that

(4.4) N =H,(z,y) and F,_1<y<z<F,.

Proof. For the proof of one part of the theorem, suppose NN is a double
number and R(N) = r. By Lemma 3.1, there exist positive integers ¢ and
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d such that N = H,(c,d) and F,_1 <d <c¢ < F,. Let x = cand y = d.
Then (4.4) holds. Also since the condition F,._; < y < z < F, implies
1 <y <z < F,., xand y are unique by Lemma 3.1. For the proof of the
second part, suppose (4.4) for some positive integers = and y. Then since
1<r,1<y<az<F,. Hence R(N) = r by Theorem 3.6. N cannot be a
single since in that case, by Lemma 3.1, we would have * = a,y = b and
b < F,_;. Hence N is a double.

Note that if (x,y) satisfies F._1 <y <z < F,., then (z + F.,y — F,._1)
satisfies F.11 < ¢ < 2F. and 1 <y < F,._5. Also if (x,y) satisfies F,; <
x <2F.and 1 <y < F,_,, then (z — F,.,y + F,_1) satisfies F,,_; <y <
x < F,.. So one could also prove a version of Theorem 4.4, with condition
(4.4) replaced by

N =H,(z,y), Fry1<x<2F, and 1<y<F, o

Theorem 4.5. Let r > 3. The number of N such that N is a double
number and R(N) = r is exactly

Fr—2 (Fr—2 + 1)
5 .

Proof. Suppose r is a fixed positive integer. To count the number of
double numbers N such that R(N) = r we will use representation (4.4) of
Theorem 4.4. We can determine the number of double numbers N such that
R(N) = r by counting pairs of integers (z,y) such that F._; <y <z < F,.
For each such pair (z,y) we can let N = H,.(x,y) since N depends uniquely
on (x,y). How many pairs of integers (z,y) are there such that F,._; <y <
x < F,?7 Since F,. — F,,_1 = F,_5, there are F,_o, there are F,_5 choices for
x such that F,._; < z < F,. For each choice of z, there are = choices for y
such that F,_; < y < x. Therefore the numbers N such that R(N) = r is

given by the sum
Fr_
ZZ - Fr o(Fr2+1)
= 5 )

=1
Example. The number of N such that NV is a double and R(N) = 6 is
Fy(Fy+1)/2=3-4/2 = 6. By Corollary 1.20 and Theorem 2.23 with n =5
these N lie in the interval 18 = 5-8 + 52+ 13 = FyFg + F2 + F; < N <
FsFy = 8-13 = 104. They are N = 78,83,88,91,96 and 104.

Lemma 4.6. For all double numbers NN < F,F, 1 iff R(N) < n.

Proof. The first part of the lemma is the contrapositive of Lemma
1.11, if R(N) < n then N < F,F, ;. For the proof of the second part
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suppose N is a double and N < F,F, ;1. Let » = R(N). We will show
that » < n. Suppose not. Suppose n < r. Let N = H,.(a,b) where a and b
are as in (2.16). By Lemma 3.1 (ii), since N is a double, F,1; < a. Hence
N = Hr(aab) = al,_1 +bF, > Fr+1Fr—1 + F. > Fn+2Fn > F, - Fn+1
contradicting N < F}, F}, 1. Therefore r < n.

Theorem 4.7. For n > 1, the number of double numbers N < F, F, 11
is equal to

ananfQ"i_Fn_l
9 .

Proof. By Lemma 4.6 and Theorem 4.5, the number of double numbers
N < F,F,,1 s

n n

Fr o(Fg+1) 1 )
= - E E._

1 n—2 n—2 1
=3 (Z FE+) F) = 5 (FucoFur + Fy = 1),
i=1 i=1

What proportion of integers N are double numbers? We shall show that
on average approximately 7.3% of numbers are doubles. We shall show this
by proving that for n sufficiently large, approximately 3*/2 of the numbers
N up to F,F,,; are doubles. Here 8 = (1 — v/5)/2 = —61803... so that
B4/2 = .072949016 . . . .

Theorem 4.8. The probability that N is a double number is asymp-
totic to 3*/2.

Proof. Let a = (14 +/5)/2 and 8 = (1 — v/5)/2. Then a8 = —1.
It is known that F), is asymptotic to a”/v/5, i.e. that lim F}, /o™ ~ 1/v/5.
By Lemma 4.6 and Theorem 4.7, the number of double numbers N up to
F,F, 11, divided by the number of N up to F, F, 11 is equal to

(Fn—an—Q + Fn - 1)/2FnFn+1 ~ n—an—2/2FnFn+1

~ (0" VB)(@" 2 /VE)) / (20" VE) (@ V)

=a" "2 20" = 1/2a* = B%)2.



(1]
2]
3l

(4]

Representation of integers as terms of a. .. 37
References

J. H. E. ConN., Recurrent sequences including N, Fibonacci Quarterly, 29 (1991),
30-36.

A. F. HorapaM, Generalized Fibonacci sequences, Amer. Math. Monthly 68 (1961),
455-459.

A. F. Horapawm, Basic properties of a certain generalized sequence of numbers,
Fibonacci Quaraterly 3 (1965), 161-176.

E. Lucas, Theorie des fonctions numériques simplement périodiques, American
Journal of Mathematics, vol. 1 (1878), 184-240, 289-321. English translation: Fi-

bonacci Association, Santa Clara University, 1969.

JaMmEs P. JoNEs

DEPARTMENT OF MATHEMATICS AND STATISTICS
UNIVERSITY OF CALGARY

CaLcARy, ALBERTA T2N 1N4

CANADA

PETER Kiss

KAroLy EszTERHAZY TEACHERS’ TRAINING COLLEGE
DEPARTMENT OF MATHEMATICS

LEANYKA U. 4.

3301 EGEeRr, Pr. 43.

HuNGARY

E-mail: kissp@ektf.hu



