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This paper develops an approach to the evaluation of Euler
sums that involve harmonic numbers, either linearly or non-
linearly. We give explicit formulæ for several classes of Euler
sums in terms of Riemann zeta values. The approach is based
on simple contour integral representations and residue com-
putations.

1. INTRODUCTION
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2. GENERAL SUMMATIONS

Lemma 2.1 (Cauchy, Lindelöf).

(2–1)

Proof.
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Theorem 2.2 (Euler).

Proof.

Alternative Approaches
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3. LINEAR EULER SUMS
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Theorem 3.1

Proof.

(3–1)

(3–2)
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Note on the choice of kernels.

4. QUADRATIC EULER SUMS

Theorem 4.1

Proof.



24 Experimental Mathematics, Vol. 7 (1998), No. 1

(4–1)
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General quadratic sums

(4–2)

Theorem 4.2.

Proof.
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TABLE 1.

(4–3)

Corollary 4.3

Proof.

5. CUBIC AND HIGHER ORDER EULER SUMS
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Theorem 5.1. i

ii

Proof.

Corollary 5.2.

Proof.



28 Experimental Mathematics, Vol. 7 (1998), No. 1

Higher Degree Euler Sums

Theorem 5.3. i

ii

Proof.

6. MODELS OF EULER SUM IDENTITIES

Shuffle Relations

(6–1)
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Duality

(6–2)

Partial Fraction Expansions

Residue Relations
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Theorem 6.1.

Proof.

Corollary 6.2.
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TABLE 2.

7. ALTERNATING EULER SUMS
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Theorem 7.1

i

ii

Proof.
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Theorem 7.2.

(i)

(ii)

(iii)

Proof.

8. EXOTIC SUMS
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