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Abstract

In two recent papers [Hafner, Elec. J. Combin. 11 (R77) (2004), 1-33;
1li¢, Pace and Magliveras, J. Combin. Math. Combin. Comput. 80 (2012),
267-275] it was shown that the Higman-Sims graph I" can be decomposed
into a disjoint union of five double Petersen graphs. In the second of
these papers, it was further shown that all such decompositions fall into
a single orbit under the action of sporadic simple group HS, which is
of index two in the full automorphism group of I'. In this article we
prove that the Hall-Janko graph © can be decomposed into a disjoint
union of double co-Petersen graphs. We find all such decompositions,
and prove they fall into a single orbit under the action of the sporadic
simple group J, = HJ. The stabilizer in J; of such a decomposition
is D5 x As. There are striking similarities between the decompositions
of I and O just described. Finally, motivated by these decompositions,
we obtain new constructions of the Higman-Sims and Hall-Janko graphs
from Petersen and co-Petersen graphs.

Introduction

A graph G = (X, E), where X is the set of vertices (or points) and E the set of
edges of G, is called a strongly regular graph and denoted by srg(v, k, A, u), if it
has v vertices where every vertex has degree k, every pair of adjacent vertices have
exactly A common neighbours, and every pair of non-adjacent vertices have exactly
4 common neighbours.

The Higman-Sims and Hall-Janko groups, of orders 44,352,000 and 604,800 respec-
tively, are two among the 26 sporadic simple groups. The Higman-Sims group HS
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was discovered by Higman and Sims in 1967 [5], as a group of automorphisms of
the unique srg(100,22,0,6), I, known as the Higman-Sims graph. Interestingly, the
existence of the Higman-Sims graph had been known by Dale Mesner some eleven
years earlier before it was independently re-discovered by Higman and Sims. Mes-
ner had discovered the graph in his 1956 Ph.D. dissertation as graph N L,(10) of
negative Latin square type; see [9, 13]. Unfortunately, Mesner did not consider the
automorphism group of NLy(10), so sporadic HS remained unknown until 1967.

In 1965 Janko constructed a new sporadic simple group J;, and predicted, but did
not establish, the existence of three other sporadic simple groups which were later
to be called Jy, J3 and J;. About the same time that Higman and Sims established
the existence of HS, Marshal Hall Jr. and David Wales constructed a new sporadic
simple group, the “Hall-Janko-Wales” group H.J, see [4], which was in fact the group
Jo earlier predicted by Janko. Thus H.J is also known as .J,. Like HS in its action
on I', the group Js is a subgroup of index 2 of the full group of automorphisms of
the unique srg(100, 36, 14, 12), ©, known as the Hall-Janko graph.

In his 1970 Ph.D. dissertation, Magliveras determined the maximal subgroups of
HS, and in the process, discovered that the Petersen graph was contained in I'; see
[11, 12]. In particular, if P is the adjacency matrix of the Petersen graph 7, and
z € HS is an involution fixing points, then |fix (z)| = 20, and T" restricted to fix (z)
is the “double Petersen” graph v := P ® J, where J is the 2 x 2 all-ones matrix.
Similarly, if z € J is an involution fixing points, then |fix (z)| = 20, and O restricted
to fix (z) is the “double co-Petersen” graph ¢’ := P ® J, where P is the adjacency
matrix of the complement of the Petersen graph 7 and J is the 2 x 2 all-ones matrix.

In two recent papers [3, 8], it was shown that the Higman-Sims graph can be de-
composed into a disjoint union of graphs isomorphic to the double Petersen graph.
In this paper, in a fashion similar to the work of the authors of [8], we prove that
the Hall-Janko graph can be decomposed into a disjoint union of double co-Petersen
graphs. We find all such decompositions, and prove that they fall into a single orbit
under the action of J,. The automorphism group of a decomposition is D5 x As.
Finally, we start from these decompositions and reconstruct the Higman-Sims and
Hall-Janko graphs.

1 Preliminaries

We employ standard terminology and properties of group actions as the reader may
find in [1, 7, 15]. An action of group G on set X will be denoted by G|X. For
x € X, g € G, 29 denotes the image of 2 under g. A group G|X is called transitive
if it has exactly one orbit, i.e. for all z,y € X, 29 = y for some g € G. The orbits
of the induced action G|(X x X) of a transitive group action G|X are called the
orbitals of G|X. The rank of a transitive group action G|X is defined as its number
of orbitals or equivalently the number of orbits of G,|X, where GG, is the stabilizer
in Gof x € X.
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If A C X, Gy denotes the pointwise stabilizer of A in G, and G4y the setwise
stabilizer of A. Moreover, if P = {A;, As,..., A} is a partition of X, we write
G(ay)....[4,) for the subgroup of G' which fixes each of the blocks of the partition
pointwise. Further, we write G(a,),...(a,) for the subgroup of G fixing each of the
blocks A; setwise, i.e. possibly permuting the elements within each A;. Finally,
we write Ga,),.. (4,)) for the subgroup of G fixing the partition as a whole, i.e.
which (possibly) permutes the blocks A; among themselves. Clearly, Gyay),...[a,]] <
Glan,nan] < G((An),o(a0)-

If G is a group and = € G, we denote by C'(z) = Cg(x) the centralizer of = in G,
that is, C'(z) := {y € G | xy = yx}. Further, o, denotes the order of C'(z). If
Ky = {1}, Ky, ..., K. are the conjugacy classes of G, we write o; for the order of
C(z;), where z; € K;. We write:

(Kz X Kj — Kk) = {(a7b) S Kz X K]‘ |ab S Kk}7 i7j,k? S {17...,C}7 (1)

and denote the cardinality of (K; x K; — K},) by |K; x K; — Kj|. Moreover, we
write:

(Ki x Kj — Ki) = {(a,b) | (a,b) € (Ki x K; — Ky) } (2)
where (a, b) denotes the subgroup of G generated by a and b.

The structure constants of the center of the group algebra ZG are denoted by a; ;x;
thus

KiK; = Y aijuKe, ij€{l,... ¢} (3)
k=1

We also have

(& . . k
_ |G| 3 Xt(Z)Xt(Jl)Xt( ) (@)
UZUJ t=1 Xt( )
where (i) is the value of the irreducible ordinary character x,; of G on the elements
of the class K;. The character table of J; is presented below in Table 1.

Qi,j.k

Let G = (X, E) be an undirected graph without loops. If z,y € X, we denote by
d(x,y) the distance in G between x and y. Further, if r is a non-negative integer,
by the sphere of radius r about  we mean the set:

Sp(x) :={y € X | d(z,y) =r}.

A t-(v, k, \) design is a set of k-subsets, called blocks, of a set X of v elements, called
points, where each subset of ¢ points belong to exactly A blocks.

Both the Higman-Sims graph I' and the Hall-Janko graph © have 100 vertices, and
the groups HS and J, have rank-3, primitive permutation representations on the
100 vertices of their respective graphs. We will represent the graphs I' and © on the
vertex set X = {0,1,2,...,99}. Both I" and © are connected and have diameter 2.

For T", we have:
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Table 1: Character Table of the Hall-Janko group

IELl T 2, 2, 4 8 3] B85 6] 63 12 51 5 53 54 10; 105 103 104 157 155 7
ox |G| 1920 240 96 8 1080 36 24 12 12 300 300 50 50 2i 20 10 10 15 15 7
X1 T 1 T 1 1 1 T T T 1 T l T T 1 T T l T 1 T
x2 14 -2 2 2 0 5 —1 1 -1 -1 30 39 e € -6 -0 13 9 0 0 0
x3 14 -2 2 2 0 5 —1 1 -1 —1 36 36 € e —0 -0 2 0 o 0o o0
x4 21 5 -3 1 -1 3 0 -1 0 1 ~ ¥ 20 20 -0 -—¢ 0 0 o 0 0
x5 21 5 —3 1 -1 3 0 —1 0 1 ¥ v 20 20 —6 -0 0 0 7 o 0
X6 36 4 0 4 0 9 0 1 0 1 —4 —4 1 1 0 0 -1 —1 -1 -1 1
X7 63 15 —1 3 1 0 3 0 -1 0 3 3 -2 -2 -1 -1 0 0 0 0 0
xg 70 —10 -2 2 0 71 -1 1 -1 50 50 o 0 0 7 0 0o -0 -0 0
X9 70 —10 -2 2 0 7 1 -1 1 -1 56 56 0 0 0 0 0 0o -8 -0 0
X10 920 10 6 —2 0 9 0 1 0 1 5 5 0 0 1 1 (] 0 -1 -1 -1
x11 126 14 6 2 0 —9 0 —1 0o -1 1 1 1 1 1 1 -1 —1 1 1 0
X12 160 0 4 0 0 16 1 0 1 0 -5 -5 0 0 -1 -1 0 0 1 1 -1
X1z 175 15 -5 -1 -1 -5 1 3 1 -1 0o 0 0 o 0o 0 0 0 0 0 o0
X14 189 -3 -3 -3 1 0 0 0 0 0 SQ 360 € € —e —0 —e —0 0 0 0
xX15 189 -3 -3 -3 1 (4] 0 0 0 0 36 Sg € € —0 —6 —0 —6 0 g 0
xX16 224 0 —4 0 0 8 —1 0 —1 0 i & —ZE —20 1 1 0 0 g a 0
X17 224 0 -4 0 0 8 —1 0 -1 0 8 & —20 —260 1 1 (4] 0 [ 6 0
xX18 225 —15 5 —3 —1 0 3 0 —1 ) 0 0 0 0 0 0 0 0 0 0 1
X19 288 0 0 0 0 -3 0 1 0 3 3 —2 —2 -1 —1 (1] 0 0 (4] 1
X209 300 -—20 1] 4 0 —15 0 1 1] 1 0 0 0 0 (1] 0 (4] 0 0 0o -1
X21 336 16 0 0 0 —6 0 —2 0 0 —4 —4 1 1 0 0 1 1 —1 —1 0
|G| = 604800, 0= (1++5)/2, 0=(1-+5)/2,
y=3+860, 0=1-40, e=1+860,
¥y=3+0, S=1-146, e=1+0.

1. Forz € X, |Si(z)| =22 and |Sa(z)| = T77.

2. If y € 5i(x), then [Si(x) N Si(y)| = 0, [Si(x) N Sa(y)] = [S1(y) N Sa(x)] = 21
and |Sa(x) N Sa(y)| = 56.

3. If y € Sy(x), then [Sy(z) N Si(y)| = 6. |Si(z) N Sa(y)| = |S1(y) N ()] = 16,
and |Sa(x) N Sa(y)| = 60.

4. For 2 € X, the design whose points are the elements of Si(z) and blocks the
77 subsets {S1(xz) N Si(y) | y € S2(z)} of X, is a 3-(22,6, 1) design.

For ©, we have:

1. For z € X, |Si(z)| = 36 and |Sy(x)| = 63.

2. Ify € Si(x), then |Sy(z) N Si(y)| = 14, [Si(x) N S2(y)| = [S1(y) N Sa(z)| = 21
and |Sa(x) N Sa(y)| = 42.

3. Ify € Sy(x), then |Sy(x) N Si(y)] =12, [Si(x) N Sa(y)] = [S1(y) N Sa(z)| = 24,
and |Sa(x) N Sa(y)| = 38.

4. For 2 € X, the design whose points are the elements of Si(z) and blocks the
63 subsets {S1(z) N S1(y) | y € Sa(x)} of X, is a 1-(36,12,21) design, which
will be denoted by D,.

If @ and b are positive integers and a < b we set [a,b] = {a,a + 1,...,b — 1,b}.
Further, 0 and 100 denote the same vertex.
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2 Co-Petersen subgraphs in ©

We begin by selecting two generators a; and 3 for G = J, in its representation on
100 points. In particular, o is chosen so that it is an involution fixing points. Then,
strong generators for G are computed from «; and (3 using the Schreier-Sims algo-
rithm; see [14]. The reader can repeat the process using a computer algebra system
like MAGMA or GAP. Next, the original generators are appropriately conjugated so
that the resulting involution o will fix precisely {1,2,...,20} pointwise. The result-
ing generators «, (3 are now in canonical form, and will demonstrate directly the
nature of the objects under consideration. To conserve space we have written o and

0 as:

01 2 3 45 6 7 89 01 2 3 45 6 7 8 9
32 1 2 3 4 5 6 7 8 9 70 54 53 37 7 17 47 26 20 75
10 11 12 13 14 15 16 17 18 19 72 13 32 60 50 57 6 22 65 18

20 97 84 94 83 88 91 81 99 89
86 98 0 90 93 95 87 82 96 85
92 69 77 64 74 67 62 66 79 76 |, 5=
63 70 78 73 71 80 68 65 75 61
72 59 46 50 43 57 47 45 56 41
51 54 60 53 44 58 49 42 52 48
55 27 37 24 22 39 30 36 25 29
33 26 40 34 23 35 38 21 31 28

71 52 76 12 78 19 90 64 43 92
15 42 51 3 4 80 85 61 95 77
2 66 55 35 56 99 91 63 79 36
45 83 49 38 69 74 93 46 59 73
29 84 58 96 10 87 82 8 14 0

1 98 81 97 89 48 94 41 44 88
86 27 39 23 33 21 28 25 9 31
34 30 11 24 5 40 16 62 67 68

O 00 DU W= O
© 00 DU W= O

Reading o and (3 is straightforward. For example, a(83) = 24 and ((8) = 20. We
easily recover the graph © by first computing the stabilizer G, for any particular
x € X, then computing the point orbits of G, on X. These orbits will have lengths
1, 36 and 63. We select the orbit of length 36 as the set of neighbors of z. In
particular for 0 € X and the generators a and (3 given,

S,(0) = {1,10,13, 15,18, 20,23, 24, 25, 27, 39, 40, 42, 48, 52, 54, 55, 58, 63,
65,72, 73, 74,76, 82, 84, 87,88, 89,91, 92,94, 95, 97,98, 99}

Since S1(29) = (S1(x))?, for any x € X, g € G, by the transitivity of G on X we
easily obtain the spheres of radius 1 with centers at each vertex of the graph.

The Hall-Janko group has 21 conjugacy classes of elements. In particular there are
two conjugacy classes of involutions, denoted here by K, and K,,. Further, there
are two classes of elements of order 3, denoted by K3, and K3,, and four conjugacy
classes of elements of order 5, which we denote by Kj,, K;,, K5, and K5,. If z € Ky,
then z fixes exactly 20 points of X; on the other hand, elements of K, fix no points.
Let f be an element of order 5 in G. If f € Kj,, K;,, then |C(f)] = 300. If
f S [(537 [(547 then |C(f)‘ = 50.

The following proposition deals with the existence of co-Petersen and double co-
Petersen graphs in © and characterizes such subgraphs.
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Proposition 2.1 (i) Let z € G be an involution that fizes points of X. Then the
subgraph of © with vertex set fix (z) is isomorphic to the double co-Petersen

graph 1.

(i1) If v is a co-Petersen subgraph of © with vertex set'Y', then the pointwise sta-
bilizer of Y is of order 2; in particular, Gy) = (z), where z € Ky, and v is a
subgraph of a double co-Petersen graph.

Proof. It can be observed by performing a direct computation that if z € G is an
involution which fixes points of X, i.e. z € Kj,, then the subgraph on fix (z) con-
stitutes a double co-Petersen graph. Here, we give a proof of this fact by examining
the generator « of G. We see directly that the 20 points {1,2,...,20} fixed by «
constitute a subgraph of © isomorphic to the double co-Petersen graph ).

Now, suppose that v is any co-Petersen subgraph of © with vertex set Y = {yo, ...,
Yo}, and label the ;’s so that yq is adjacent to {y1,ys, y3}. We proceed to determine
Gy). Since G is transitive on X we have that |G,,| = |G|/100 = 6048. We also know
that G, is isomorphic to the special unitary group Us(3) and is transitive on .Sy (yy).
Thus, Gy, is isomorphic to GL3(2) = PSLy(7), and has order 168 = 6048/36.
Consider the action of Gy, on S1(yo) \ {1n}. There is one orbit of size 21 and
two orbits of size 7. If 3 is contained in an orbit of order 21, then H = G|y, 4] is
isomorphic to the dihedral group D4 and has order 168/21 = 8. If y5 is contained in
an orbit of order 7, then H = Gy, 4, 4] is isomorphic to S4 and has order 168/7 = 24.

If H = Dy, we can note that |fix(H)| = 6. In particular, we have that fix (H) =
{90, Y1, Y2, Y3, ys, Yo}, where yz,ys € Si(yo) and yo € Say(yo). Thus, H =
Glyown yayswael- L€t s € S1(¥0) \ {1, y2, Y3, ya}. Then, y5 is contained in an H-orbit
of order 4 or 2. In the first case, we have that Gy] = H,, is isomorphic to Zj. In the
latter case, H,, is isomorphic to the Klein group Vj. Finally, let ys € Y\ fix (H,,);
we have Giy) = Hiys o) = Zo.

If H = S, then we consider the action of H on the set Si(yo) \ {y1,42}. Now
S1(yo) \ {1, y2} is the union of H-orbits of size 3,4,6,12. Let y3 € S1(yo) \ {y1, 92}
If y3 belongs to an orbit of size 3,6,12, then H,, = D4, Vy, Zs, respectively. From
this point, these cases can be handled as for H = D,. Finally, if y3 belongs to an
orbit of size 4, then H,, =2 Ss. If y, € S1(y0) \ {v1, y2. Y3}, we have Hy, . = Zo.

Thus, we have G|y] = Zy; hence there exists an involution z such that Gy = (2).
Since all involutions fixing points are conjugate in G, we have z € Ky, and Y C fix (z).
From part (i), fix(z) is the vertex set of a double co-Petersen subgraph of ©. O

Corollary 2.1 The Hall-Janko graph © contains subgraphs isomorphic to the double
co-Petersen graph 1, and consequently © also contains co-Petersen subgraphs.

Proposition 2.2 If z € Ky, and A = fix(z), then Gy = Cq(z), is of order 1920,
is transitive on A and on X \ A, and is a mazimal subgroup of G.
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Proof. The result follows directly from the list of maximal subgroups of GG and their
structure as stated in [2] and [4]. O

3 Decompositions

Let B={AC X | A=fix(z),z € Ky }. Then |B| =[G : C(z)] = 315, for z € Ks,.
We now wish to examine whether it is possible to find a partition {B;}?_; of X
consisting of blocks B; € B. If such a partition exists, the induced subgraphs on the
blocks of the partition would constitute a decomposition of © into double co-Petersen
graphs. In this section we show that such partitions exist and they all fall into a
single orbit under the action of G. Moreover, we are able to count the total number
of distinct such partitions.

Let A be a 315 x 100 (0, 1)-matrix whose rows are the characteristic vectors of the
distinct sets B; in B. In particular, arrange A so that its i row is the fix of the
™™ involution in Ky,. We view A as the incidence matrix of a combinatorial design
D = (X, B) with points X and blocks B. Now D is a 1-(100, 20, 63) design and fails
to be a 2-design. If y € Si(z) then there are A\; = 21 blocks containing x,y € X,
while if y € Sy(x) there are Ay = 7 blocks passing through z and y.

We define a graph with vertices the blocks in B, where two blocks are adjacent
if and only if they are disjoint. We then search for 5-cliques in this graph. Our
program SYNTH, which was designed to construct ¢-(v, k, A) designs from Kramer-
Mesner matrices [10], determines all possible solutions from A in less than 16 seconds
on a desktop computer. There are in all 1008 cliques of size 5. We consider the
first solution, and collect the corresponding five involutions 2zf,z5,...,2f for this
solution. We subsequently relabel © by conjugating simultaneously the 5 involutions
and initial generators of G' by a sequence of transpositions of the symmetric group
S100 so that, after relabeling, the five involutions become z; = «, 2y, ..., z5, with
fix (z;) = [20¢ — 19, 20i].

Theorem 3.1 (i) There exists a decomposition p = {B;}>_, of © into a disjoint
union of five double co-Petersen graphs.

(ii) There are 1008 distinct partitions of X into five disjoint blocks {B;}3_, with
B; € B, i.e. 1008 decompositions of © into double co-Petersen graphs.

(iii) If p = {B;}5_, is any one of the decompositions, and z1, 2 are the involutions
fizing the blocks By and Ba, then Ds = (z1, z2) is a dihedral subgroup of order
10, with the remaining involutions zs, z4, 25 € Ds fizing the remaining blocks
Bg, B47 B5 Of pP.

(iv) The cyclic subgroup of order 5 in D5 permutes the blocks of p among themselves,
and the centralizer C(Ds) is a subgroup of G isomorphic to the alternating
group As.
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Proof. (i) and (ii) We seek solutions X € {0, 1}3% to the matrix system of equations
XA = J where J is the all 1’s 1 x 100 row vector. There are in all 1008 solutions.

(iii) and (iv) We analyze the first solution we obtained which is described above The-
orem 3.1. For that particular solution, we have z; = a and z, = (Bafafaf?aBaF?)S.
One can check that property (iii) holds for this solution. So, let D5 = (z1, z5). We
further verify that an element of order 5 in D5 permutes the blocks B; among them-
selves; thus, D5 < G((p,),...(Bs))- Computing C 1= Cg(Ds5) = Cq(z1) N Ca(z) yields
that C' is isomorphic to the alternating group As. Thus, property (iv) also holds for
this particular solution. Further, by direct computation, we verify that C' is transi-
tive on each of the five blocks B;, that is C' < Gy,),...(Bs). It follows that there is
a subgroup of G which is the direct product D5 x C' of order 600 which is transitive
on X.

Now, since an element f of order 5 in D5 commutes with an element of order 3 in
C, all the elements of order 5 in D5 come from K5, U K5,. More precisely, we see
by direct computation, (also by considering the power map of H.J as described in
[2]) that f and f? are not conugate in G; thus without loss we may assume that
[, ' € K5, and f% f3 € Kj;,. Hence, the total number of cyclic subgroups F of
order 5, with 3 dividing the order of C¢(F), is |K5, U Kj,|/4 = 1008. It also follows
that D = <K21 X KQ] — K5]> = <K2] X KQI — K52>.

We finally note that D5 x C' is contained in the normalizer of Ds, as well as the
normalizer of C. Computing the normalizer N = Ng(Dj5) we find that N is of order
600, hence N = D5 x C. Moreover, checking with the list of maximal subgroups of G
we see that indeed IV is a maximal subgroup of G, and thus N = G((g,),...(Bs))- But
|D| = [G : N] = 604800/600 = 1008. Since G, = (G,)?, the 1008 decompositions
form a single orbit under the action of G, and properties (iii) and (iv) hold for each
of the 1008 decompositions. O

Remark 3.1 Since there is a one-to-one correspondence between the decompositions
of © into double co-Petersen graphs and dihedral groups of type (21,21,51 U 52), a
second way of counting resolutions is to count all dihedral subgroups in (K3, x Ky, —

K;,).

From the character table of G, we compute:

6] S @By _
02,02, —1 Xt(l)

A2,,21,5; =

Thus,

G
‘KQI X KQ] —>K5]‘ = ‘KQI X KQ] —>K52‘ = 5- % = 10080.

However, in any dihedral Dj

|K2 XK2_>K5+UK57| = 20.
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Therefore,

|<K21 X K21 - K51>‘ = (‘K21 X K21 - K51| + |K21 X K21 - K52D/20
2-10080/20
= 1008.

Remark 3.2 A third, independent way of checking the correctness of the number
of decompositions is to count all subgroups isomorphic to A; commuting with a
dihedral of order 10 of type (21,21,51 U53), as above. Computation shows that such
an As is in (Ky, x K3, — Ks,) = (Ky, X K3, — K3,).

A similar count as above yields:

1G] = xe(22)x (30 5))
02,03, “— xi(1)

a22,31,5]‘ - - 57 J - 37 4.

Thus,
G
‘K22 X K31 — K53‘ = |I<22 X K31 — K54‘ =5 % = 60480.
However, in any A;
|K2 X K3 — K51 U K52‘ = 120.

Therefore the total number of Aj’s of type (22,31,52 U 53) is 120960/120 = 1008.
The centralizer of each such an Aj is a dihedral subgroup of order 10 and type
(21,21, 51 Ubsg) and each of these dihedrals gives rise to a resolution.

4 New construction of the Higman-Sims and Hall-Janko
Graphs

In this section of the paper, we show how to reconstruct the Higman-Sims graph I"
and Hall-Janko graph © from 5 double Petersen and 5 double co-Petersen graphs
respectively. We start with a well-known labeling of the Petersen graph on the set
of 2-subsets of a 5-set. Let Vp = {S C Z; : |S| = 2}. Then, the set of edges in the
Petersen graph can be defined on Vp as follows.

S is adjacent to S < SNS = 0.

An obvious way of defining the double Petersen graph is to take its vertex set as
Vp X Zs, but there is a better way. If we take the ordered pairs of a 5-set instead of
its unordered pairs, the definition of the Petersen graph immediately extends to the
double Petersen graph, i.e. if we let Vpp = {(y,2) € Zs X Zs : y # z}, then the set
of edges in the double Petersen graph can be defined on Vpp as follows.

(y, 2) is adjacent to (v/,2") <= {y,z}n{y, 2"} =0.
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Note that, on this labeling of the double Petersen graph, the subgraphs on VD+P =
{(y,2) € Vop : 2=y € {1,2}} and Vpp = {(y,2) € Vpp : 2 —y € {~1,-2}} are
both isomorphic to the Petersen graph.

We can define the double co-Petersen graph on Vpp in a similar way.
(y, z) is adjacent to (v, 2') <= [y, z}nN{y, 7'} =1.

Similarly, the subgraphs of the double co-Petersen graph on Vi, and V), are both
isomorphic to the co-Petersen graph.

Our goal is now to relabel the vertex set and construct I' and © on the set V' =
{(x,y,2) € Zs X s x Zs : y # z} such that the subgraph of I' (respectively, ©)
on V, = {(x,y,2) : (y,z) € Vpp} is the double Petersen (respectively, double co-
Petersen) graph.

After making some observations on the decomposition of I' into 5 double Petersen
graphs, we got the following definition of the Higman-Sims graph on V.

Type 1: (2,9, 2) is adjacent to (x,v,2") <= {y,z} N{y, 2"} = 0.
Type 2: (z,y, z) is adjacent to (2/, z,y) < ' # .

Type 3: (z,y, 2) is adjacent to (z £ 1,y,2") < 2’ # z.

Type 4: (z,y, z) is adjacent to (x £ 2,9, 2) < 3 #y.

It is left to the reader to verify that the graph defined as above is indeed isomorphic
to the Higman-Sims graph.

Remark 4.1

(i) Note that the subgraph of I" on V; is the double-Petersen graph for each x € Zs,
and these edges are the Type 1 edges.

(i) Let VIt ={(z,y,2) e V:z—ye{l,2}}and V™ = {(z,y,2) e V:z—y €
{=1,—2}}. Onme can see that the subgraphs of I' on V* and V=~ are both
isomorphic to the unique srg(50, 7,0, 1), namely the Hoffman-Singleton graph,
see [6].

(iii) Let 0,7 : Zs — Zs be defined as o(x) = z + 1 and 7(x) = —z. The group
generated by ¢ and 7 is the dihedral group Ds. It was shown in [8] that
the automorphism group (inside H.S) of the decomposition of I' into 5 double
Petersen graphs is of order 1200, and contains Dj; x A5 as a subgroup of index
2. Actually, the automorphism group of the decomposition (inside the full
automorphism group of I') is of order 2400 and contains D5 X S5 as a subgroup
of index 2. The action of D5 x S5 can now be easily seen from the four
adjacency relations given above. We basically see that I' is invariant under the
action of Dy on the z-coordinates and S5 simultaneously on the y-coordinates
and z-coordinates of the vertices.
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(iv) In [3], Paul Hafner has given a definition of the Higman-Sims graph on Z, x

Zs X Zs using 10 types of linear and quadratic equations. We will now give a
similar definition of the graph on V' = Zs" X Z5 X Z5 using 3 types of equations
only. Define the mapping ® : V. — V' as ®((z,y,2)) = (z —y,z,1 —y — 2).
Note that ® is a bijection. It is left to the reader to verify that under ® we get
the following definition of the Higman-Sims graph on V.

(x,y, z) is adjacent to (x,y,2') < 2/ —z = +z.
(z,y, 2) is adjacent to (—z,y',2") = 2/ —z=2a(y —y)* L.
(7,9, 2) is adjacent to (2,y/,7') <= o' # £x and 2/ — 2 = — (2’ — 2)(y' — y)°.

Using a similar process, the Hall-Janko graph © can be constructed from 5 double
co-Petersen graphs and the set of edges can be defined on the vertex set V' as follows.

Type 1: (z,y, z) is adjacent to (z,v',2") <= [{y, 2z} N{y, 7'} =1

Type 2: (z,y, 2
Type 3: (2,9, 2

is adjacent to (z £ 1,1/, 2") < (y,2,9,2) € (0,1,2,3)4
is adjacent to (z £2,v/,2') < (y,2,9,2") € (0,1,3,2)4

)
)

Type 4: (z,y, z) is adjacent to (z £ 1,¢/,2) < ¢ #y.
)

Type 5: (2,y, 2

is adjacent to (z £2,y,2') < 2/ # z.

Here, (0, 1,2,3)%* denotes the orbit of (0,1,2,3) under the action of A5 on the set of
ordered 4-tuples of Zs.

Remark 4.2

(1)

(i)

(iii)

Note that the subgraph of © on V, is the double co-Petersen graph for each
x € Zs, and these edges are the Type 1 edges.

It was shown in the previous section that the automorphism group of the
decomposition of © into 5 double co-Petersen graphs is D5 x As. The action
of D5 x A5 can now be easily seen from the 5 adjacency relations given above.
Similar to the Higman-Sims graph, we see that © is invariant under the action
of D5 on the x-coordinates and Aj simultaneously on the y-coordinates and
z-coordinates of the vertices.

If we consider the Higman-Sims and Hall-Janko graphs as subgraphs of the
complete graph Koy on V', we can see from the adjacency relations that these
two graphs are disjoint and so Kjgo is a disjoint union of I'; © and R, where R
is a 41-regular graph which can be defined on V' as follows.

(x,y, z) is adjacent to (x, z,y).

(x,y, z) is adjacent to (2, y,2) < ' # x.

(x,y, z) is adjacent to (r £ 1 y ) <= (y,2,y,2) € (0,1,3,2)%.
(x,y, 2) is adjacent to (r + 2 L2 = (y, 2,9, 7)) €(0,1,2,3)4
( ) (
( ) (',

x,y, z) is adjacent to x’ ,Y) <= 2 #xand 2/ # 2.
x7 y7 Z

/

is adjacent to (2/,2,y') <= o' #xand ¥y #v.

Moreover if we identify the pairs in the Higman-Sims and Hall-Janko graphs,
and derive two graphs, say I' and ©’ on 50 vertices, we see that these two
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graphs are complements of each other, i.e. let V" = Z5 x Vp, and define I and
©' on V" as follows.

(x,{y, z}) is adjacent to (z/, {y/,2'}) in IT" (respectively, @) <=
(z,y, 2) is adjacent to (z,y,2’) in I' (respectively, ©) or
(z,y, 2) is adjacent to (z,2’,y') in I' (respectively, ©) or
(z, z,y) is adjacent to (x,y,2’) in I' (respectively, ©) or
(x,z,y) is adjacent to (x,2',y’) in T' (respectively, ©).
Then, IV and ©" are 19-regular and 30-regular graphs, respectively, and the
complete graph K5y on V" is the disjoint union of I'V and ©’.

5 Decomposition of the Higman-Sims and Hall-Janko
Graphs into 10-cycles

In this section of the paper, we show that Higman-Sims and Hall-Janko graphs can
both be edge-decomposed into 10-cycles.

Let T'* be the Higman-Sims graph with Type 1 edges removed and let ©* be the
Hall-Janko graph with Type 1 edges removed, i.e. I'* is the set of edges connecting
the 5 double Petersen graphs in I', and ©* is the set of edges connecting the 5
double co-Petersen graphs in ©. We will first prove that I'* and ©* can both be
edge-decomposed into disjoint 10-cycles.

For all (y,z) € Vpp, define V,.) = {(x,9,2) : v € Zs}. First note that, for all
(y, 2) € Vpp, the sets V,..y form independent sets of size 5 in both I and ©. Hence,
for all (y,2), (v, 2") € Vpp where (y,z) # (v/,z'), the subgraphs of I' and © (and
therefore I'* and ©*) on Vi, »,)UV|y .y are bipartite graphs on 10 vertices. Let F?y,z,y',z')
and @fy,z,y’,z/) denote the subgraphs of I'" and ©* on V{,.) U V{, .,y respectively.
Therefore, I and © (and hence I'* and ©*) are both disjoint unions of (220) bipartite

graphs on 10 vertices each.

Now, for all (y, 2), (v, 2") € Vpp where (y, z) # (v, 2'), define:
Sty.zrzy = Am € Zs = (x,y, 2) is adjacent to (z +m,y’,2) in T'}, and
Tyzrey = Am € Zs = (x,y, 2) is adjacent to (x +m, 4, 2’) in O}.
Then, we get the following.

Lemma 5.1 1.y =zand2 #yory #zand 2 =y = Sy.y.) =0 and
Ty .2y = {0}

(y,2,y,2') € (0,1,2,3)% = S ..y = {0} and Ty ..\ . = {£1}.
(y,2,9,2) €(0,1,3,2)" = S, .y .y = {0} and Ty, .y = {£2}.
v =y and 2 # 2= Sy = {£1} and Ty, .0y = {0, £2}.
Yy #yand 2 =2 = Sy .y ) = {22} and Ty - -y = {0, £1}.

S v o e

Y =zand 2 =y = Sy = {£1, 12} and Ty .y = 0.
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The proof of the lemma is left to the reader. Note that, in all cases we get
Ty, | =[Sy, | + 1 (mod 5).

The lemma also provides us a way of constructing the Hall-Janko graph from the
Higman-Sims graph. Here we will make use of this lemma to decompose I'* and ©*
into disjoint 10-cycles. Note that the edge between (x,y,2) and (x + m,y’, 2') is of
Type 1 in both I and © if and only if m = 0. Therefore, if we define

Slyew sy = 1M € Zs : (x,y,2) is adjacent to (z 4+ m,y’,z’) in I}, and

TG ooy = Am € Zs : (x,y,2) is adjacent to (z +m,y’,2') in ©7}, then we have
that 56,0 = 00 Sfyyn = Lk S0y = (52} 0r S,y = (4142},
and T(, oy = 0, T(, . oy = {£1} or Ty, ) = {22} I‘.u can easily be seen
that if S, = {£1} or S, ., = {£2} then I'\ ) is a 10-cycle, and if

Sty ) = = {£1,£2} then I, -y Is a disjoint union of two 10-cycles. Therefore,
decomposition of I'* (and similarly ©%) into disjoint bipartite graphs gives rise to a
decomposition into 10-cycles. Therefore, we get the following lemma.

Lemma 5.2 I'* and ©* can both be decomposed into disjoint 10-cycles.
Now we will give a decomposition of the double Petersen graph into disjoint 10-cycles.
Lemma 5.3 The double Petersen graph can be decomposed into disjoint 10-cycles.

Proof: First note that the double Petersen graph consists of 60 edges. The following
six 10-cycles are disjoint and therefore decompose the double Petersen graph.

(y+1),(y+2,y=2),(y=Ly+1).(y,y=2), (y+2,y+1),(yy - 1), (y+ Ly -
2), (y,y+2), (y—2,y+1),(y—1,y+2), (y,y+1)) for each y € Zs, together with the
10-cycle ((0,1),(3,2), (4,0),(2,1),(3,4),(1,0),(2,3), (0,4), (1,2), (4,3), (0, 1)). O

Theorem 5.1 The Higman-Sims graph can be decomposed into disjoint 10-cycles.

Proof: Edges of Type 1 can be decomposed into disjoint 10-cycles by Lemma 5.3 and
the remaining edges can be decomposed by Lemma 5.2. OWe get a decomposition
of the Hall-Janko graph into disjoint 10-cycles in a similar way.

Lemma 5.4 The double co-Petersen graph can be decomposed into disjoint 10-cycles.

Proof: First note that the double co-Petersen graph consists of 120 edges. The fol-

lowing twelve 10-cycles are disjoint and therefore decompose the double co-Petersen

graph.

(y+1),(y=19), (¥, y+2),(y+Ly+2),(y+Ly—2),(y+1y),(y,y - 2), (y -

2,y—1),(y—2,y+1),(y+1,y—1),(y,y +1)) and the co-ordinatewise swap of this

10-cycle, namely ((y+ 1,v), (y,y —1),...,(y + 1,y)) for each y € Zs, together with
)

1),.
the 10-cycles ((0,1),(0,4),(3,4),(3,2),(1,2),(1,0), (4,0),(4,3),(2,3),(2,1), (0, 1))
and ((2,4), (1,4), (1,3), (0,3), (0.2), (4.2), (4. 1), (3.1, (3.0), (2,0, (2.4)). o

[\)/—\
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Theorem 5.2 The Hall-Janko graph can be decomposed into disjoint 10-cycles.

Proof: This follows from Lemma 5.4 and Lemma 5.2.
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