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Abstract

For n > 11, we determine all the unicyclic graphs on n vertices whose
signless Laplacian spectral radius is at least n — 2. There are exactly six-
teen such graphs and they are ordered according to their signless Lapla-
cian spectral radii.

1 Introduction

Throughout the paper, G = (V, F) is a connected undirected simple graph with
vertex set V' = {vy,vq,...,v,} and edge set E = {ej,eq,...,en}, Le., |V]| =n and
|E| = m. If m = n, then G is called a unicyclic graph. The symbol U, is used to
denote the set of unicyclic graphs of order n. The set of neighbors of a vertex v is
denoted by N(v). Write d(v) for the degree of vertex v. Specially, A denotes the
mazimum degree of G.

The adjacency matrix A(G) = [a;;] of G is an n x n symmetric matrix of 0’s and
1’s with a;; = 1 if and only if v; and v; are joined by an edge. Suppose the degree
of vertex v; equals d(v;) for i = 1,2,...,n, and let D(G) be the diagonal matrix
whose (i,7)-entry is d(v;). The Laplacian matriz of G is L(G) = D(G) — A(G), and
the signless Laplacian matriz of G is Q(G) = D(G) + A(G). The signless Laplacian
characteristic polynomial of G is denoted by ®(G, A), i.e., ®(G, \) = det(A] —Q(G)).
The maximum eigenvalue of Q(G), denoted by u(G), is called the signless Laplacian
spectral radius of G. The notation A(G), called the Laplacian spectral radius of G,
is used to denoted the maximum eigenvalue of L(G).

Our terminology and notation are standard except as indicated. For terminology
and notation not defined here, we refer the reader to [1,2,20].
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It is well-known that graph spectra have important applications in many fields.
Several graph spectra, i.e., spectra of A(G), L(G) and Q(G), have been defined
in [2]. The spectra of A(G), L(G) are well studied (for instance, see [1,2, 5, 20]),
but the spectrum of Q(G) seems to be less well known. It is not until recently that
some researchers found that the spectrum of Q(G) has a strong connection with the
structure of a graph (see [6,11]). For new results on the signless Laplacian spectrum,
one can refer to [3,4,21].

The largest spectral radius of A(G) in the class of unicyclic graphs on n vertices
was firstly determined in [12]. Following this, Guo [8] determined the first six spectral
radii of A(G) in the class of unicyclic graphs on n vertices. After this, the first three
largest spectral radii of A(G) in the class of bicyclic graphs on n vertices were given
in [9]. Very recently, Liu et al. [17] have obtained the largest spectral radius and the
minimal least eigenvalue of A(G) in the class of tricyclic graphs of order n. Similarly,
the researchers have investigated the spectral radius of L(G) in the class of unicyclic,
bicyclic and tricyclic graphs. Up to now, the first to thirteenth largest spectral radii
of L(G) have been obtained in the class of unicyclic graphs on n vertices in [7,15,16].
After this, He et al. [10] obtained the first four largest spectral radii of L(G) in the
class of bicyclic graphs of order n. In recent work [22], using different methods, we
have determined the first eight largest spectral radii of L(G) in the class of bicyclic
graphs of order n. Very recently, the first nineteen largest Laplacian spectral radii in
the class of tricyclic graphs on n vertices were given in [19]. Motivated by the recent
results of spectral radius on A(G) and L(G), we shift our goals to the investigation
of the spectral radius on Q(G). Recently, Liu et al. [18] have determined the first
four largest spectral radii of Q(G) in the class of unicyclic graphs on n vertices.
Moreover, the first two largest spectral radii of Q(G) in the class of bicyclic graphs
on n vertices, and the first four largest spectral radii of Q(G) in the class of tricyclic
graphs of order n have been identified in [13]. Moreover, Wei et al. [23] obtained the
third to eleventh largest spectral radii of signless Laplacian matrix in the class of
bicyclic graphs of order n. Following the work of [18], we determine all the unicyclic
graphs on n (n > 11) vertices whose signless Laplacians spectral radius is at least
n — 2. There are exactly sixteen such graphs and they share the first to sixteenth
largest spectral radii of signless Laplacian matrix in the class of unicyclic graphs on
n > 11 vertices.

2 Main results

In the following, let Hy, Ho, ..., Hig be the unicyclic graphs on n > 11 vertices as
showed in Figure 1. We list some known results which will be used in the sequel.

Lemma 2.1 [5] p(G) < maz{d(v)+m(v) : v € V}, where m(v) = E%:( )d(u)/d(v).

Lemma 2.2 [20] If G is a graph with at least one edge, then A + 1 < MG) < n.
Moreover, if G is connected, the left equality holds if and only if A =n — 1.
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Fig. 1. The unicyclic graphs with A > n — 3.

Lemma 2.3 [20] A\(G) < u(G), and the equality holds if and only if G is bipartite.
Lemma 2.4 [18] If n > 8, then u(Hy) > u(Hs) > p(Hsz) > p(Hy) >n— 1.

Lemma 2.5 Suppose G is a unicyclic graph with A < n — 4. If n > 10, then
w(G) <n—2.

Proof. By Lemma 2.1, we only need to prove that max{d(v)+m(v) :v € V} < n—2.

Suppose max{d(v) + m(v) : v € V'} occurs at the vertex u. Three cases arise:
d(u) =1, d(u) =2, or 3 < d(u) <A.

Case 1. d(u) = 1.

Suppose v € N(u). Since d(v) < A < n — 4, we have d(u) + m(u) = d(u) + d(v) <
n—3<n-—2.

Case 2. d(u) = 2.

Suppose v, w € N(u). Note that G € Uy, so then |[N(v) N N(w)| < 2 and |N(v) U
N(w)| < n. Therefore

d(v) + d(w) < 2+n+2

du) +m(u) < 24

< n-—2.
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Case 3. 3 < d(u) <A.
Note that A <n —4, so that
2m —d(u) — 3 2n—3
—— =du) -1+ ——.
) T i)

Let f(z) =2 —1+ (2n —3)/x, where 3 <z <n —4.

If 3 <2 <+2n—3,since f'(z) <0, then f(z) < f(3) =2+ (2n—3)/3 <n—2.
If V2n — 3 <z < n—4, since f (z) > 0, then f(z) < f(n—4) = n—5+2=3 <n-2.

Recall that 3 < d(u) < A <n —4, so that d(u) + m(u) <n —2.

By combining the above arguments, this completes the proof. |

d(u) + m(u) < d(u)+

In a similar fashion we have:

Remark 1. Suppose G is a unicyclic graph with A < n — 3. If n > 8, then
u(G) <n—1.

Theorem 2.1 If G € U, and n > 11, then n — 2 < u(G) < n — 1 if and only if
G = H;, where 5 <1 < 16.

Proof. f A=n—1orn—2,then G = H;, where 1 <i < 4. By Lemmas 2.2-2.3, we
have p(H;) > n—1 holding for 1 <14 < 4. If A <n—4, by Lemma 2.5 it follows that
w(G) <n—2. Thus, if n—2 < u(G) < n—1, we have A(G) = n—3, i.e., G should be
one of the graphs Hs—Hjg. On the contrary, if G is one of the graphs {Hs, ..., Hig},
then n — 2 < u(G) < n — 1 follows from Remark 1 and Lemmas 2.2-2.3. |

Suppose B is a square matrix. Let a;(B) be the entry appearing in the i-th row
and the i-th column of B. The next result gives a method to calculate the signless
Laplacian characteristic polynomial of an n-vertex graph.

Lemma 2.6 [14] Let G be a graph onn —k (1 <k <n — 2) vertices with V(G) =
{Vn, Un—1,.. - 0k11}. If G' is obtained from G by attaching k new pendant vertices,
say v, ..., Vg, to Vgy1, then

(I)(Q(G/)v )‘) = ()‘ - 1)k : det()‘ka - Q(G) - ank)v

where a11(Q(Q)) is corresponding to the vertex vgy1, and B,_p = diag{k + ﬁ,o,
...,0}.

By Lemma 2.6 and the application of “MATLAB”, it easily follows that
(la) ®(Hs,A) = (A=1)"5(N = (n+5)A* 4+ (Tn—3)A3— (11n—13)A2+ (3n+8)A —4).
(2a) ®(Hg,A\) = (A= 1)" (A2 =3Xx+1)(AT = (n + 3)A3 + (5bn — 7)A2 — 3n) +4).

(3a) ®(Hz,A) = (A= 1) T(A" = (n + 7)A + (9n + 10)A° — (28n — 14)\* + (36n —
22)A% — (18n + 18)A% + (3n + 20)\ — 4).
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(4a) D(Hg,A) = (A=1)"(AN—(n+5)A1+(Tn—1)A3—(13n—17)A\*+ (3n+16)A —4).

(52) ®(Hy, ) = (A—1)"T(A2 = 3A+1)(A° — (n+4)A* + (61— 2)A3 — (10n — 11)A? +
(3n + 12)A — 4).

(6a) ®(Hig,\) = (A — 1" (N — (n +6)A° + (8n + 4)\* — (20n — 18)A% + (17n —
10)A* — (3n + 16)A + 4).

(7a) ®(Hip, A) = (A — 1" (A — (n +6)A° + (8n + 5)A* — (21n — 18)A% + (19n —
10)A? — (3n + 24)\ + 4).

(8a) P(Hiz, \) = (A= 1)" AN = (n+5)N + (Tn — 1)A? — (13n — 19)A\ + 4n).

(9a) ®(Hiz, A) = A —1)""(A=2)AN° = (n+5)M + (Tn+ DA% — (16m — 17)A2 +
(10n — 8)\ — 2n).

(10a) ®(Hy, A) = (A — 1) 4\ — (n+ 4N + (6n — 5)A2 — (Tn — 12)A + 4).

A) =
(11a) ®(Hys,A) = (A— 1) SA(A—2)(A — (n+4)X° + (61— 4)A% — (Sn— 12)A + 2n).
A) =

(12a) ®(Hig,A) = (A—1)"6(A2 =3+ 1)(A* — (n+3)A3 + (50— 5)A2 — (50— 8) A+ 4).

Theorem 2.2 Ifn > 11 and G € U, \ {H1, Ho, ..., Hi}, then u(G) < pu(His) <
p(His) < - < p(H2) < p(Hy).

Proof. By Lemmas 2.4-2.5 and Theorem 2.1, we only need to show that u(H;1) <
w(H;) for 5 <4 < 15. We shall divide the proof into the following eleven steps.

(1) p(Hs) > p(Hs).

Rewrite equality (1a) as ®(Hs, A) = (A — )" ®f1()\) and (2a) as ®(Hs, \) =
(A=1)""C f3(X), where fi(A) = A= (n+6)A°+(8n+2)A1—(18n—16)A3+(14n—5) A2 —
(Bn+12)A+4, and fo(A) = A — (n+6)A5+ (8n+3)A* — (190 — 18) A3 + (14n — 3) A2 —
(3n + 12)A + 4. Thus, u(Hs) and p(Hg) equals the maximum root of the equation
filA) = 0and fo(\) = 0, respectively. Since fo(A)— fi(A) = A2(A2—(n—2)A+2) > 0
for A\ >n —2, u(Hs) > p(Hg).

(2) u(Hg) > p(Hy).

Rewrite equality (2a) as ®(Hg, \) = (A — 1)"" 7 f3()\), where f3(A\) = A" — (n +
TIAS + (9n + 9)A5 — (27n — 15)A* + (33n — 21)A3 — (17Tn 4+ 9)A% + (3n + 16)\ —
Then, p(Hg) equals the maximum root of the equation f3(A) = 0. Let fy(\) =
A —(n+T7)A+(9n+10)A5— (28n—14) A +(36n—22) A3 — (18n+18) A2+ (3n+20) A — 4.
By equality (3a), p(H7) equals the maximum root of the equation fy(A) = 0. Let
JaN) = f5(A) = Adp1(N), where 1 (X)) = M= (n+1)A3+(3n—1)A?— (n+9)A+4. Note
that a; = (3(n + 1) + V9n? — b4dn + 33)/12 is the maximum root of the equation
¢{(A) = 0. Since oy < n — 2 and /\Ergrloogo’l’()\) = 400, p{(A) > 0 for A > n — 2.

Thus, ¢ (A) > @ (n—2) =n®>—9n?+33n—49 > 0 for A > n — 2. This implies that
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©1(\) > p1(n —2) = 4n? —2Tn + 42 > 0 for A > n — 2. So fi(A) > f3(\), where
A > n — 2. Therefore, p1(Hg) > p(Hy) .

(3) u(Hr) > p(Hs).

Rewrite equality (4a) as ®(Hg, \) = (A—1)""7f5()\), where f5(\) = A"—(n+7) A6+
(9n+10)A5 — (28n — 14)\* + (361 — 19)A3 — (197 + 19)A2 + (3n+ 24) A — 4. Thus, 1u(Hs)
equals the maximum root of the equation f5(A) = 0. Let f5(X) — fa(A) = Ap2(N),
where @a(\) = 3A2 — (n + 1)A + 4. Note that as = (n + 1)/6 is the root of the
equation @hH(A) = 0 and )\E*IEOO@é(A) = +oo. Hence, p4(A) > 0 for A > (n+1)/6.

Since n — 2 > (n 4 1)/6, a(A) > @a(n —2) = 2n*> — 1ln+ 18 > 0 for A > n — 2.
Thus, f5(A) > fa(N), where A > n — 2. This implies that p(H;) > p(Hsg).

(4) u(Hs) > p(Hy).

Rewrite equality (5a) as ®(Hg, \) = (A—1)""" fs(\), where fs(\) = A\"—(n+7)\5+
(9n+11)X° — (2917 — 13)A* 4 (39n — 23) A% — (190 +29) A2 + (3n+24) A — 4. Thus, p(Hy)
equals the maximum root of the equation fs(A) = 0. Let fs(\) — f5(A) = A2p3(N),
where ¢3()\) = A*—(n+1)A2+(3n—4)A—10. Note that a3 = (n+1+vn2 — Tn + 13)/3
is the maximum root of the equation ¢4(A) = 0. Since ag < n—2 and )\EEOOQO%()\) =

+o00, ¢4(A) > 0 for A > n—2. Thus, p3(A) > p3(n—2) =2n—14 > 0 for A > n—2.
This implies that fg(A) > f5()\), where A > n — 2. Therefore, p(Hg) > p(Ho).

(5) u(Hy) > p(Hio).

When n = 11,12, it is straightforward to check that p(Hg) > p(Hig). Thus,
we suppose n > 13 in the following. Let fr(A\) = A% — (n 4+ 6)A° + (8n + 4)A* —
(20n — 18)A3 + (17n — 10)A% — (3n + 16)A + 4. By equality (6a), u(Hyo) equals the
maximum root of the equation f7(A) = 0. Let fg(A) = \> — (n +4)A* + (6n — 2)\° —
(10n — 11)A2 + (3n + 12)A — 4. By equality (5a), p(Hy) equals the maximum root of
the equation f3(\) = 0. It is easy to see that f7(\) = fa(A)(A — 2) + p4()\), where
0a(A) = =220+ (2n+3)A3—6nA?+ (3n+12)A—4. Suppose a4 is the maximum root of
the equation ¢4(A) = 0. Since ¢4(0) = —4 < 0, 4(3) = 2 >0, p4(1) =9 —n <0,
wa(n —2) = n®—15m% + 66n — 84 > 0, p4(n — 1) = —n3 + 18n — 21 < 0, thus
n—2<as<n—1. Then, ps(N) <0 for A > ay and pg(A) >0 forn —2 < A < ay.

Moreover, we have fs(A) = p4(A)(—3+32)+@s5(A), where 5(A) = (2—Z)A3—(n—
17)A% = (2 +5)A + 1. Let a5 be the maximum root of the equation ¢5(A) = 0. Since
05(—8) = —314n+4073 < 0, p5(0) = 1 > 0, 5(2) = = < () po(3) = 2=63 >
thus a5 < n — 2. Hence, p5(A) > 0 for A > n — 2. This implies that fg(A) > 0
and f7(A) = fs(A)(A = 2) + @a(A) = %@40\) + (A =2)p5(A) > 0 for A > ay.
Thus, n — 2 < pu(Hy), p(Hip) < ay. If n —2 < XA < ay, w4(A) > 0, then f7(N\) =
fs) (A =2) 4+ pa(A) > 0 for X € [p1(Hy), ovs]. This implies that pu(Hg) > u(Hio).

(6) p(Hio) > p(Huy).

Let fo(A) = A6 —(n+6)A>+(8n+5)A*—(21n—18) A3+ (19n—10) A2 — (3n+24) A\ +4.
By equality (7a), u(Hi1) equals the maximum root of the equation fo(A) = 0. Let
fo(A) — f2(A) = Aps(A), where pg(A) = A3 — nA% 4+ 2nX — 8. Suppose ag is the
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maximum root of the equation i(A\) = 0. Since ag = (n + vVn?—6n)/3 <n —2
and R lim @A) = +oo, it follows that i(A) > 0 for A > n — 2. Then @g(\) >
— o0

pe(n —2) = 4n — 16 > 0, and hence fo(A) > f7(\) for A > n — 2. Therefore,
p(Ho) > p(Hy).

(7) p(Hur) > p(Huz).

Rewrite equality (8a) as ®(Hia, A) = (A — 1)" 6 fio(\), where fio(A) = A\® — (n +
6)A° + (8n + 4)A\* — (20n — 20)A% + (17n — 19)A2 — 4n). Thus, u(Hs) equals the
maximum root of the equation fig(A) = 0. Suppose fio(A) — fo(A) = —p7(A), where
r(A) = M =(n+2)A+(2n+9)A%+ (n—24)A +4. Let a7 denote the maximum root
of the equation ¢7(\) = 0. Since a7 = (3n+ 6+ v/9n? — 12n — 180)/12 < n — 2 and
Agﬁwcp’;()\) = 400, we have @/(A\) > 0 for A > n — 2. Thus, ¢;(\) > ¢h(n —2) =
n3 — 14n% + 7ln — 116 > 0 for A > n — 2. This implies that ¢;(\) < @7(n — 1) =
—n3+15n2 —50n 440 < 0. Thus, fio(A) — fo(A) = —p7(A) > 0 for A € (n—2,n—1).
From the fact that n — 2 < p(Hy), p(Hi2) <n — 1, we have p(Hyy) > p(Hio).

(8) pu(Hiz) > p(Hs).

By equalities (8a) and (9a), we have ®(Hys, A) = (A—=1)""7f11(\) and ®(H 3, \) =
(A=1)"""fia(N), where fi11(A) = AT— (n+7)A5 + (9n+10)\° — (28n — 16)A\* + (37n —
39N — (21n —19)A2 +4n\ and fi2(\) = A" — (n+T)AS+ (In+11)A° — (29n — 15)\* +
(40n—42)A3—(22n—16)\*+4nX. Thus, pu(His) and p(H;3) equals the maximum root
of the equation fi;(A) = 0and fi2(A) = 0, respectively. Let fi2(A)—f11(A) = A2pg(A),
where @g(\) = A% — (n + 1)A2 4+ (3n — 3)A — (n + 3). Suppose ag is the maximum
root of the equation ¢g(A) = 0. Since ag = (n+ 1+ v/n? — T+ 10)/3 < n — 2 and
Ainjoocpg()\) = +o00, we have pg(A) > 0 for A > n — 2. Then, @s(A) > ps(n —2) =
2n—9 > 0 for A > n —2. This implies that fi2(A) > fi11(A) for A > n — 2. Therefore,
p(Hu) > p(Hz).

(9) p(Hys) > p(Hug).

By equalities (9a) and (10a), we have ®(His, A) = (A — 1) "A(X — 2) f13()\) and
D(Hyg, A) = (A — 1)"72 f14(N), where fi3(A) = A — (n + 5)A* + (Tn + 1)A® — (15n —
1722 + (10n — 8)A — 2n and fis(\) = X° — (n+5)A* + (Tn — 1)A3 — (13n — 17)A2 +
(Tn — 8)A — 4. Thus, pu(H;3) and p(Hy4) equals the maximum root of the equation
fis(A) = 0 and fiu(\) = 0, respectively. Then fi14(A) — fis(A) = —@9(N), where
Po(A) = 2X3 = 2nA% +3n\ — 2n+4. Suppose qg is the maximum root of the equation
wo(A) = 0. Since ag = (2n + v4n? —18n)/6 < n — 2 and /\Eriloocp’g()\) = o0,
©g(A) > 0 for A > n — 2. Let oo be the maximum root of the equation @g(A) = 0.
Note that ¢g(n —2) = —n? +8n — 12 < 0 and py(n — 1) = n? —n +2 > 0. Thus,
arg € (n—2,n —1). Then @wg(A) > 0 for A € (aq9,n — 1) and @g(A) < 0 for
AE ( -2 alo)

It is casy to see that fis(A) = 3(A* = 5A + 2 + 1)gg(A) + p10(A) and fiu(A) =
(A2 =BA+ 2 — 1)g(A) + ¢10(N), Where

1 1 1
V10(\) = §(n2 — 11ln + 30)A\% + 1(73712 + 14n + 8)\ + §(n2 —dn —4).
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3n? — 14n —8

W T 9 Th
An? —1in 1 30) " s

Note that the unique root of ¢j,(A) =0 is

1 33 89
v10(A) > p1o(n—2) = §n4 - zn?’ + 7712 —8In+54 > 0

for A > n — 2. Therefore, when A > a9 > n — 2, we have fi3(A) > 0 and fi4(X) > 0.
This implies that p(His), p(Hia) € (n — 2, a19). Moreover, since fi4(A) — fiz(A) =
—pg(A) > 0 for A € (n — 2, a10), it follows that pu(Hiz) > p(Hya).

(10) p(Hua) > p(Hys).

Let fis(A) = M — (n + X3 + (6n — 5)A2 — (Tn — 12)A + 4 and fis(\) = A* —
(n 4+ 4N + (6n — 4)A2 — (8n — 12)A + 2n. By equalities (10a) and (11a), u(Hyy)
and pu(Hps) equals the maximum root of the equation fi5(A) = 0 and fig(\) = 0,
respectively. Then fi6(A\) — fi5(A) = ©11(\), where @11 () = A2 —n) +2n — 4. Since
O =22 —n > 0, we have p1:(\) > ¢11(n —2) = 0 for A > n — 2. Therefore,
p(Hia) > p(His).

(11) p(His) > p(Hie).

Let fi7(A) = M= (n+3)A3+ (5n—5)A? — (5n — 8)A+4. By equality (12a), p1(His)
equals the maximum root of the equation fi7(A) = 0. Then fi7(A) — fig(A) = p12(N),
where p12(A) = A3—(n+1)A2+(3n—4)A—2(n—2). Suppose ay; is the maximum root
of the equation ¢},(A) = 0. Note that a3 = (n+1++vn? —7"n+13)/3 <n—2 and

N lim ¢)5(A) = +00. Then, ¢i,(A) > 0 for A > n—2. Thus, p12(A) > @12(n—2) =0
— o0

for A > n — 2. This implies that fi7(A\) > fig(A), where A > n — 2. Therefore,
p(Hys) > p(Hie).

By combining the above arguments, the result follows. |
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