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Abstract

The necessary conditions for the existence of a (2 x 4, \)-splitting GDD
of type g¥ are gv > 8, A\g(v—1) =0 (mod 4), Ag?>v(v—1) =0 (mod 32).
It is proved in this paper that these conditions are also sufficient except
for A =0 (mod 16) and (g,v) = (3, 3).

1 Introduction

In the study of authentication codes, Ogata et al. [5] found that splitting balanced
incomplete block designs (splitting BIBDs) can be used to construct c-splitting A-
codes, whose impersonation attack probabilities and substitution attack probabilities
all achieve their information-theoretic lower bounds.

Let v, u, ¢, A be positive integers such that v > ue. A (v,u X ¢, A)-splitting BIBD
is a pair (V, B) where

1) V is a v-set of elements (called points);

2) B is a collection of u x ¢ arrays (called blocks) with entries from V', such that
every point occurs at most once in each block;

3) for every pair of distinct points z,y € V, there are exactly A blocks in which z
and y occur in different rows.

Several authors have studied the existence problem for splitting BIBDs; see
[1-6]. In the recursive constructions of splitting BIBDs, splitting group divisible
designs (splitting GDDs) play an important role.

A (ux ¢, N)-splitting GDD is a triple (V, G, B) where V is a set of elements (called
points), G is a partition of V into subsets (called groups), and B is a collection of
u X ¢ arrays with entries from V' (called blocks), such that
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1) every point of V' occurs at most once in each block;
2) for every pair of points z, y, where z and y belong to distinct groups, there
exist exactly A blocks of B in which x and y occur in different rows.

The group type (or type) of a (uxc, A)-splitting GDD is the multiset {|G| : G € G}.
We use an exponential notation to describe group type. Thus a splitting GDD of
type gi*...go is one in which there are exactly v; groups of size g;, 1 < i < n.
Clearly, a (u X ¢, A)-splitting GDD of type 17 is equivalent to a (v,u X ¢, A)-splitting
BIBD.

By simple counting arguments, we have the following lemma.

Lemma 1.1 The necessary conditions for the existence of a (u X ¢, \)-splitting GDD
of type g¥ are gv > wuc, Aglv — 1) = 0 (mod c(u — 1)), and Ag*v(v — 1) = 0
(mod cu(u — 1)).

The necessary conditions for the existence of a (2 x 3, A)-splitting GDD of type
g° have been proved to be sufficient (see [6]), except for (A, ¢%) € {(1,119)} U
{(A\,1%) : A =3 (mod 6)} U{(A,2%) : A = 0 (mod 3)}, and possibly for (A, g") €
{(3,24),(6,29} U {(1,¢") : g = 1,5 (mod 6) and g > 1}.

In this paper we will study the existence problem for (2 x 4, A)-splitting GDDs
of type g'. We will show that the necessary conditions for such designs are also
sufficient except for A =0 (mod 16) and (g,v) = (3, 3).

2 Recursive Constructions

In this section we will provide some recursive constructions and related designs.
A transversal design, denoted by TD,(k, m), is a triple (V, G, B), where

) V is a set of km elements (called points);

) G is a partition of V into k subsets (called groups), each of size m;

) B is a collection of k-subsets of V' (called blocks);

) every pair of points from V is contained either in exactly one group or in ex-
actly A blocks, but not both.

The following lemma is well known.

Lemma 2.1 There exists a TDx(2,m) for any A > 1 and m > 1.

The following construction is a powerful tool in constructing splitting GDDs.

Construction 2.2 Suppose there exist a (u X ¢, \)-splitting GDD of type g7 - - - g2
and a TDy,(u,m). Then there exists a (u X ¢, A1 A2)-splitting GDD of type (mgy)™ - - -
(mgn)™
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Proof. Let (Vi,G1,B1) be a (u X ¢, \)-splitting GDD of type g¢i*---go». Let
(Va2,Ga, By) be a TDy,(u,m) where Vo = {1,2,...,u} x M, Gy = {{z} XxXM:i=
1,2,... ,u}, and M ={1,2,...,m}. For each block B € By, suppose

bir b1z -0 bie
R
bul bu2 buc
Now let
(b11,51)  (b12,J1) - (bie, 1)
ba1, j baa, j bac, J . . .
Ap = | ond) (o) B d2) g ) (@), ()} € By
(buhju) (bu27ju) (bum.ju)

Then it is easy to check that (V, G, B) is the desired design, where V =V} x M,
G={GxM:GecG}, and B=gp As- O

Combining Construction 2.2 and Lemma 2.1 gives the following construction.
Construction 2.3 Let Ay > 1 and m > 1. Suppose there exists a (2 X ¢, \1)-

splitting GDD of type gi* --- go». Then there exists a (2 X ¢, \A\2)-splitting GDD of

type (mgy)™ - -+ (mgy)™

The following results can be found in [4].

Lemma 2.4 [4] There exists a (v,2 x4, \)-splitting BIBD if and only if \(v—1) =0
(mod 4), Av(v —1) =0 (mod 32).

Lemma 2.5 [4] There ezists a (2 x 4, 1)-splitting GDD of type 4° for any v > 2.
Applying Construction 2.3 to Lemma 2.5 gives the following lemma.

Lemma 2.6 There exists a (2 x 4, X)-splitting GDD of type g for any A > 1, g =0
(mod 4), and v > 2.

The following lemma is obvious.

Lemma 2.7 If there exist a (u X ¢, \)-splitting GDD of type g° and a (u X ¢, \3)-
splitting GDD of type g¥, then there exists a (ux ¢, Ay + Ag)-splitting GDD of type g°.

3 Direct Constructions

Lemma 3.1 For each t > 1, there exists a (2 x 4,1)-splitting GDD of type 281,
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Proof. Let V = Zg1 x {1,2}, G = {{i1,12} : i € Zgt41}, and develop the following
base blocks mod 8t + 1.

01 11 02 12 s
((2+4¢)1 (A+4i); (24 di)s (4+4¢)2>’ 1=0,1,2...,t -1 .

Lemma 3.2 For each t > 1, there exists a (2 x 4,2)-splitting GDD of type 2.

Proof. Let V = (Z4t_1 @] {OO}) X {172}7 g = {{ihig} NS Z4t_1} @] {{0017002}}7
and develop the following base blocks mod 4t — 1.
01 11 02 12
21 22 e e}] (e o)} ’
01 11 02 12

2+42); (4+2i)1 (2+2i)s (4+2¢)z>’ 1=01,2,..,¢ -2

Lemma 3.3 For each t > 1, there exists a (2 x 4,2)-splitting GDD of type 24+1.

Proof. Let V = Zyuq x {1,2}, G = {{i1,42} : i € Zsz41}, and develop the following
base blocks mod 4t + 1.

01 11 02 12 s
((2+4¢)1 (+ i) (2+40) <4+4z’>2>’ 1=0,1,2....t =1 0

Lemma 3.4 For each t > 1, there exists a (2 x 4, 4)-splitting GDD of type (4t +2)?.
Proof. Let V = Zy1 x {1,2,3,4}, G = {G1, G5}, where
G1={01,11,...,(2t)1,09,19,...,(2t)a},
Gy ={03,13,...,(2t)3,04, 14, ..., (2t)4}.
The blocks can be obtained by developing the following base blocks mod 2t + 1.

( 01 1y 0z 1y

. . . . ,=0,1,2,...,2t.
13 (Z+1)3 14 (Z-i—1)4>7 L T ’

O

Lemma 3.5 For eacht > 1, there exists a (2 x 4, 4)-splitting GDD of type (4t +2)3.
Proof. Let V = Zg .3 x {1,2}, G = {G;, G5, G3}, where
Gip1 ={i1,(0+3)1, ..., (i +6t)1,72, (i + 3)2,..., (1 + 6t)2}, i=0,1,2.
The blocks can be obtained by developing the following base blocks mod 6t + 3.

( 01 11 02 12
(

243, (5430 (2+30) (5+3i)2>’ 1=0,1,2,...,2¢

O
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Lemma 3.6 For eacht > 1, there exists a (2 x 4,4)-splitting GDD of type 24+2.

Proof. Let V = (Z4t+1 @] {OO}) X {172}7 g = {{ihig} NS Z4t+1} @] {{0017002}}7
and develop the following base blocks mod 4t + 1.

0 1; 02 1 0 1; 02 1g
21 22 [e o)) (e o)} ? 21 22 01 (e o)} ’

04 1 02 1o - —
24201 (44201 (2+2i) (4+2i), )0 (TOL2t=2
01 1y 02 15
4 . . L), i=o0,1,2,.. 61
(2+2i)1 (44+2i)1 (2+2i)2 (4+ 26)2 0

Lemma 3.7 For eacht > 1, there exists a (2 x 4,4)-splitting GDD of type 24+3.

Proof. Let V = Zy13 x {1,2}, G = {{i1,42} : i € Zy13}, and develop the following
base blocks mod 4t + 3.

0y 1 02 1z
2420 (44201 (2+20)s (4+2i)s
04 1, 09 1o
2 (4t+2)1 2 (4t+2), > :

>, i=0,1,2,...,2t— 1,
O

Lemma 3.8 For eacht > 1, there exists a (2 x 4, 8)-splitting GDD of type (2t +1)*.

Proof. Let V = Z6t+3 @] {OOI NS th+1}, g = {G17G27G37G4}, where
Gipr={i,i+3,...,i+6t}, i=0,1,2,
G4 = {OOZ RS Z2t+1}-

The blocks can be obtained by developing the following base blocks mod 6t + 3.

0 1 3 4 ‘
(2+3i 543i oo ooHi)’l_O’l’Q"“’Qt'

O

Lemma 3.9 For eacht > 1, there exists a (2 x 4, 8)-splitting GDD of type (2t +1)5.

Proof. Let V = Zigu5, G = {{0,5,10,...,10t} +¢ : i = 0,1,2,3,4}, and develop
the following base blocks mod 10t + 5.

Lemma 3.10 For eacht > 2, there exists a (2x4,16)-splitting GDD of type (2t+1)2.
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Proof. Let V = Zy 1 U{o0; 10 € Zoi1}, G = {G1,Ga}, where
G1 = Zyy1, Go={00;:i€ Zy1}.

The blocks can be obtained by developing the following base blocks mod 2t + 1.

( otz 3 >,i_0,1,2,...,2t.
00; 0014 O024; OOz4i Il
Lemma 3.11 For eacht > 2, there exists a (2x4, 16)-splitting GDD of type (2t+1)3.

Proof. Let V = Zg.3, G = {{0,3,6,...,6t} +¢: i = 0,1,2}, and develop the
following base blocks mod 6t + 3.

0 1 3 4 .
<2+3i 54+3i 8+3i 11+3i)’Z:0’1’2""’2t' 0
Lemma 3.12 For eacht > 1, there exists a (2x4, 16)-splitting GDD of type (2t+1)°.

Proof. Let V = Zigio5 U{o0; : i € Zary1}, G = {G1, Ga, G3, Gy, G5, G}, where
G = {ii+ 5. i+10t}, i=0,1,2,3,4; Gg={00i:i€ Zors1}.

The blocks can be obtained by developing the following base blocks mod 10t + 5.

0 1 2 3 .
t=1: 445 9454 Q5 00144 717071727
0 ! 2 3 ,1=0,1,2,

01 2 5 01 2 5 0 2 5 10
348 9 ) 3 4 8 13 )’ 1 6 8 11 /)°

0 1 2 3 4
P21 (4 0tsi s oony ) PT 0L 2
0 1 2 3 ,
445i 94+5i o00; 0011 » 6=0,1,2,...,2¢,
0 1 2 3

445i 9+5i 14+5i 19+5z’>’Z:0’1’2""’2t' 0

Lemma 3.13 For eacht > 1, there exists a (2x4, 16)-splitting GDD of type (2t+1)7.

Proof. Let V = Zyy.7, G = {{0,7,..., 14t} +i :i=0,1,...,6}, and develop the
following base blocks mod 14¢ + 7.

t:1_<0123><0123> 0123)

“\4 56 11)°\45 6 1) \456 11)°
012 3 01 2 3 01 2 4
45611)’ 45611)’ 3 6 10 12)’
01 3 4 0 1 4 11 0 2 7 14
29121)7(10 13 16 0>’<1813 15)'

0 1 4 5
6+7 1347 20+7i 274 Ti
0 1 7 8

1
2

0 1 4 5 .

>\ 6rm 1347 2047 2r4mi )0 PO LB
A+7i V47 1847 2547
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4 Main Result

Now we are in a position to prove the main theorem.

Theorem 4.1 There exists a (2 x 4, \)-splitting GDD if and only if gv > 8, Ag(v —
1) = 0 (mod 4), Ag*v(v — 1) = 0 (mod 32), and (A, g,v) € {(A\,3,3) : A =0
(mod 16)}.

Proof. From Lemma 1.1 we have the following necessary conditions for the existence
of a (2 x 4, \)-splitting GDD of type g¥ (see Table 1):

A g v
Case la =1 (mod 2) =1 (mod 2) =1 (mod 32)
Case 1b =2 (mod 4) =1 (mod 8)
Case 1c =0 (mod 4) guv > 8
Case 2a =2 (mod 4) =1 (mod 2) =1 (mod 16)
Case 2b =2 (mod 4) =0,1 (mod 4)
Case 2c =0 (mod 4) gv > 8
Case 3a =4 (mod 8) =1 (mod 2) =0,1 (mod 8)
Case 3b =0 (mod 2) gv > 8
Case 4a =8 (mod 16) =1 (mod 2) =0,1 (mod 4)
Case 4b =0 (mod 2) gv > 8
Case 5 =0 (mod 16) >1 gu > 8

Table 1. Necessary conditions for the existence of a (2 x 4, \)-splitting
GDD of type ¢"

Now we consider the sufficiency.

Case la. Apply Construction 2.3 to a (2 x 4,1)-splitting GDD of type 1V (see
Lemma 2.4).

Case 1b. Apply Construction 2.3 to a (2 x 4, 1)-splitting GDD of type 2V (see
Lemma 3.1).

Case 1lc. See Lemma 2.6.

Case 2a. Apply Construction 2.3 to a (2 x 4,2)-splitting GDD of type 1V (see
Lemma 2.4).

Case 2b. Apply Construction 2.3 to a (2 X 4,2)-splitting GDD of type 2V (see
Lemmas 3.2 and 3.3).

Case 2c. See Lemma 2.6.

Case 3a. Apply Construction 2.3 to a (2 x 4,4)-splitting GDD of type 1V (see
Lemma 2.4).

Case 3b. For g = 0 (mod 4), see Lemma 2.6. For g = 2 (mod 4) and v = 0,1
(mod 4), apply Lemma 2.7 to a (2 x4, 2)-splitting GDD of type g* (see Case 2b). For
g =2 (mod 4),v=2,3 (mod 4), and v > 6, apply Construction 2.3 to a (2 x 4,4)-
splitting GDD of type 2 (see Lemmas 3.6 and 3.7). For g =2 (mod 4) and v = 2, 3,
apply Lemma 2.7 to a (2 x 4, 4)-splitting GDD of type g* (see Lemmas 3.4 and 3.5).
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Case 4a. For v > 8, apply Construction 2.3 to a (2 x 4, 8)-splitting GDD of type
17 (see Lemma 2.4). For v = 4,5, apply Lemma 2.7 to a (2 x 4, 8)-splitting GDD of
type ¢* (see Lemmas 3.8 and 3.9).

Case 4b. Apply Lemma 2.7 to a (2 x 4,4)-splitting GDD of type ¢g* (see Case
3b).

Case 5. For ¢ =1 (mod 2) and v > 8, apply Construction 2.3 to a (2 x 4, 16)-
splitting GDD of type 1V (see Lemma 2.4). For ¢ =1 (mod 2) and v = 4,5, apply
Lemma 2.7 to a (2 x 4,8)-splitting GDD of type ¢¥ (see Lemmas 3.8 and 3.9). For
g =1 (mod 2) and v = 2,3,6,7, apply Lemma 2.7 to a (2 x 4, 16)-splitting GDD of
type ¢ (see Lemmas 3.10, 3.11, 3.12, and 3.13). For ¢ = 0 (mod 2), apply Lemma
2.7 to a (2 x 4, 8)-splitting GDD of type g* (see Case 4b).

It is obvious that there does not exist a (2 x 4, \)-splitting GDD of type 3%. This
completes the proof. O
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