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Abstract

In 1996, Ota and Tokuda showed that a star-free graph with sufficiently
high minimum degree admits a 2-factor. More recently it was shown
that the minimum degree condition can be significantly reduced if one
also requires that the graph is not only star-free but also of sufficiently
high edge-connectivity. In this paper we reduce the minimum degree
condition further for star-free graphs that also avoid W M,., where W M,
is the graph K; + rKos.

1 Introduction

In this paper, we consider only finite undirected graphs without loops and multiple
edges. For basic terminology and notation not defined in this paper, we refer the
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reader to [2]. Let G, Hy, Hy be three graphs. G is called Hi-free if H; is not an
induced subgraph of G, and G is called {Hy, Hy}-free if neither Hy; nor Hs is an
induced subgraph of G. A graph isomorphic to Kj, for some r is called a star. A
graph isomorphic to K7 + rKs for some r is called a windmill, and is denoted by
WM,.

It is a natural problem to consider when a graph admits a 2-factor. In some sense
this problem has been completely solved by Tutte[5]. For two disjoint subsets S and T’
of V(G), we define He(S,T) = {C' | C is a component of G—(SUT"), eq(V(C),T) =
1 (mod 2)} and hg(S,T) = [He (S, T)|.

Theorem 1 (Tutte [5]). A graph G has a 2-factor if and only if
06(S,T) = 2|S| + > (da_s(x) = 2) = ha(S,T) > 0

zeT
for any disjoint subsets S and T of V(G).

The notion of a forbidden subgraph prespriction was introduced by Ota and
Tokuda [4] where they proved the following result.

Theorem 2 (Ota and Tokuda [4]). Let n > 3 be an integer and G be a K, -free
graph. If the minimum degree of G is at least 2n — 2, then G has a 2-factor.

This result was shown in [4] to be best possible. The sharpness results demonstrated
in [4] all contain bridges. Thus to generalize Theorem 2 we have either to impose
edge-connectivity at least 2 or to alter the forbidden subgraph.

The following result shows that if we are only forbidding a single subgraph, then
this subgraph must be a star.

Theorem 3. Let k and d be positive integers. If every k-connected H-free graph with
minimum degree at least d has a 2-factor, then H is a star.

Proof. Let r = max{k,d}. Let G; = K, + (r + 1)K, and Gy = K, 41, then both
of G1 and G5 are k-connected graphs with minimum degree at least d, and neither
G4 nor G4 has a 2-factor. Since H is an induced subgraph of Gy, H is a star or H
contains a triangle. And since H is an induced subgraph of Gy, H is triangle-free,
which implies H is a star. |

In [1] Aldred et al. proved the following.

Theorem 4 (Aldred et al. [1]). Let k and n be integers with k > 2 and n > 3. Let
G be a k-edge-connected Ky ,-free graph. If (k,n) # (2,3) and the minimum degree

of G is at least n — 2 + Zf’ll, then G has a 2-factor.

Thus the minimum degree condition on K ,-free graphs can be significantly re-
duced from the bound in Theorem 1 if one requires the edge-connectivity of the
graph to be large.

Theorem 4 is also shown to be sharp. Thus, to improve on the lower bound for
the minimum degree we consider a set of two forbidden subgraphs.

In considering a suitable pair of forbidden subgraphs we first introduce the fol-
lowing useful results.
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Theorem 5 (Liu and Zhou [3]). For any given positive integer g and k with g > 3,
there is a graph G with girth g and vertex connectivity k.

Corollary 6. For any given positive integer g and  with g > 3, there is a graph G
with |V(G)| odd, girth at least g and vertex connectivity at least k, which contains
an independent set of cardinality k + 1.

Proof. Let r = max{g,2(kx + 1)} + 1. Then it follows from Theorem 5 that there
exists a graph G with girth r and vertex connectivity . If |V(G)] is odd, let G’ = G,
and if |V(G)| is even, delete one vertex from G and let G’ be the resulting graph.
Let C' = uius ... wy(c)ur be the shortest cycle of G'. Then since C' has no chord,
{uy,us3,...ugey1} is an independent set of cardinality x + 1, and hence G is the
required graph. |

Theorem 7. Let k and d be positive integers. If every k-connected {Hy, Hs}-free
graph with minimum degree at least d has a 2-factor, then Hy or Hs is a star.

Proof. Let r = max{k,d,2}. Assume neither H; nor Hj is a star. Let G; =
K.+ (r+1)K; and Gy = K,.,.41, then both G; and G5 are k-connected graphs with
minimum degree 7, and neither G; nor G5 has a 2-factor. Now H; is an induced
subgraph of G for i = 1 or 2. Without loss of generality, we may assume that i = 1.
Then since H; is not a star, H; contains a triangle. On the other hand, H; is an
induced subgraph of G for j =1 or 2. Since H; is not a star, the girth of H; is 4,
which implies j = 2.

Now we construct a k-connected graph G5 with minimum degree at least d and
girth at least 5 which has no 2-factor. Let S ={y; | 1 <i<7r}, T ={z;; |1 <4,5 <
r}. Moreover, let C = {C;;; | 1 < ,7,1 <r} be a set which consists of r-connected
graphs with odd order, girth at least 5, and each of which contains an independent
set of cardinality r + 1. (The existence of such graphs is guaranteed by Corollary 6.)
For 4,7 and [ with 1 <4,5,1 < r, let {w:’;l | 1 <m < r+1} be an independent set
in C; j;. Now we define G5 as

V(Gs)

SUTU (U V(C)) and

E(G3) = {ywi; |1<4,5<r}
U {zijwi;, |1 <i,4,1<r}

U {w?jﬁlym |1 <id,j,l,m<r}

u( U E(cw,l)>

1<i,jl<r

Then Gj is a k-connected graph with minimum degree at least » > d and girth at
least 5. Moreover, since He,(S,7) = C and r > 2, we have g, (S,T) = 2|5| +
S er(doy-s(@) = 2) = hey(S.T) = 2+ ,epr —2) = €] = 2r(1 — 1) < 0, and
hence G5 has no 2-factor. Now neither H; nor H, is an induced subgraph of Gj, a
contradiction. O
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By Theorem 7 we must use a star for one of the forbidden subgraphs. To find
a second non-redundant forbidden subgraph we consider the sharpness examples for
Theorem 4 demonstrating K ,-free k-edge-connected graphs with minimum degree
n—2+ {%—‘ —1. Each such graph has multiple occurrences of induced subgraphs iso-
morphic to windmills. Thus we consider a windmill as our second induced subgraph
and investigate the existence of a 2-factor in a k-edge-connected { K ,, WM, }-free
graph. Since K7 ,-free graph is also WM ,-free, WM, becomes redundant if » > n.
Therefore, without loss of generality, we may assume r < n — 1. Then we obtain the

following theorem.

Theorem 8. Letn > 3, k > 2,1 < r < n—1 and G be a k-edge-connected
{K1n, WM, }-free graph with minimum degree at least n — 1 + % Then G has a
2-factor.

2 Proof of Theorem 8

We generally follow [1] for the terminology and notation used in the proof of Theo-
rem 8. Let G be a graph and let S and T be disjoint subsets of V(G). We denote
Uper(Na(v) N S) by Ng(T). The number of edges joining S and 7' is denoted by
eq(S,T). We often identify a subgraph H of G with its vertex set V(H). For ex-
ample, eq(V(H),T) is often denoted by eq(H,T). Moreover, for a vertex x, we
sometimes denote {z} by = when there is no fear of confusion.

Let G be a graph which has no 2-factor. If a pair of disjoint subsets (S,7") of
V(G) is chosen so that S| + |T| is minimum among those satisfying 6¢(S,T) < 0,
then we call it a minimal barrier of G (Note that the existence of a minimal barrier is
guaranteed by Theorem 1.) We use the following lemmas in the proof of Theorem 8.

Lemma 1 (Aldred et al. [1]). Let G be a graph which has no 2-factor and let (S,T)
be a minimal barrier of G. Then |S| < |T|.

Lemma 2 (Aldred et al. [1]). Let G be a graph which has no 2-factor and let (S,T)
be a minimal barrier of G. Then T' is independent, and dg_s(x) = |[{C € Ha(S,T) |
eq(z,C) > 0} for every x € T.

Note that if (S,T) is a minimal barrier of a graph without a 2-factor, then we have
T # () by Lemma 1.

Proof of Theorem 8. If n =3 and r = 1, then 6(G) > n—1 = 2. Since r = 1,
G is triangle-free, and since G is also K s-free, there is no vertex of degree three.
This implies that G is a 2-regular graph, and the theorem holds since G itself is a
cycle. So assume (n,r) # (3,1), and by way of contradiction, suppose that there
is no 2-factor in G. Take a minimal barrier (S,T). Let U = V(G)\ (SUT) and
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U =Ha(S,T). Let

u, = {C el | eg(T7 C) = 1}7
Us3 = {CelU|eq(T,C) =3},
Uy = J V(C)and
Celly
U-s = J V().
Celtss
Note that by the definition of hq(S,T), ha(S,T) = U] + [Us3].

For every C' € Uy, No(T) consists of precisely one vertex, say we. Note that
N¢(S) # 0 for each C' € U since G is 2-edge-connected. Now we define

U = {Celh|No(S) = {wc}}
U = U \U.

Then for every C € UZ, it follows that No(S) \ {we} # 0. Let ve be a vertex in
Ne(S) \ {we}, and let yo be a vertex in Ng(ve).
For every x € T, we define the following sets:

Ui(x) = {Cel|eqle,C) =1}
Ui(x) = {Celf|eqle,C) =1}

S = |J Ns(we);

ceul(z)

(r) = {wey|C eUi(z), y € Ns(we)};
(z) = {veye | C €U (z)};
() = {zy|ye S(z)N Ng()};
() = {wylye (SN Na(x))\ S(x)};

D ; O{UEZ-(I)};

i=1 \zeT

F = | EBs@).

zeT

(See Figure 1.) Note that each component of U contains exactly one vertex which is
incident with an edge of D. Moreover, since G is k-edge-connected, each component
of U} must incident to k — 1 or more edges of F;. Since Fy(z) N Ey(x") = 0 for every
x,x' € T with © # o/,

| Ex(2)|
k-1

> |t ()] (1)

holds.
Claim 1. |D\ F| < (n —1)|5].
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Celp C'elf

Figure 1:

Proof. Assume |D \ F| > (n — 1)|S|; then there exists y € S which is incident with
n edges of D\ F, say yz1,y22, ..., Yzn.

Since G is Kj,-free, ziz; € E(G) for some 7 and j. By the construction of
D, z,z; € TUU,. If both of z; and z; are in U, then they belong to distinct
components of U by the definition of £ and Fs, and hence they cannot be adjacent.
Thus {z,z} NT # 0. Without loss of generality, we may assume z; € 7. By
Lemma 2, T is independent, and hence z; € U;. Let C' be the component that
contains z;, then C € Ul (z;) UUE(z). It C € Ui(z), then z; = veo. However, it
follows from the definition of v that z;z; ¢ E(G), a contradiction. Consequently
C € Ui (z), z; = we, and by the definition of Es3, yz; € E3(z;). This implies yz; € F,
contradicting the fact that yz; € D\ F. a

By the definition we have e(T, Us3) > 3|Uss| and e(T, Uy) = |[U;|. Hence hg(S,T) =
U |+ |Uss| < e(T,Up)+ %e(T7 Uss). Since (S, T) is a minimal barrier, it follows from
Lemma 2 that

0 > (SG(S, T)
= 28]+ > (dg-s(x) —2) — ha(S, T)
zeT
= 28] = 2T+ do-s(x) — ha(S,T)

zeT

2|S| = 2|T| + ec(T,U1) + ec(T, Uss) — ha(S,T)
2
2|8 =2|T| + §€G(TaU23)-

%
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Hence

ea(T,Uz3) < 3(|T| = [5])-

Now it follows from Lemma 1 and Claim 1 that

|ID\ F|+ec(T\Us3) < (n—1I]S|+3(T|—|5])
< (n—=1)5] + max{n —1,3}(|T| = |S]).
Hence, if n > 4, we have
D\ F|+ ea(T,Uzs) < (n=1)|S|+ (n = D(IT] = [5]) = (n = 1)|T], 2)

and if n = 3, we have

D\ Fl+ea(T,Uzs) < (n=1)[S|+3(T] - |5])
= 2[S|+3(T| = IS) = 3[T[ -S| 3)

Claim 2. |F| < (r — 1)|S].

Proof. If F' # (), then there exists a triangle which contains an edge of F'. Hence
if r = 1, it follows that F' = ), and the claim holds. So assume r > 2, and assume
to the contrary that |F| > (r — 1)|.S|. Then there exists y € S which is incident
with r edges of F, say yxi,yxs,...,yx,. By the definition of F, for every i with
1 < i < r, there exists C; € Ui (z;) such that we, € Ng(y) N Ne(x;). Now, by
Lemma 2, for every 4,j with ¢ # j, we have z;z; ¢ E(G), and by the definition
of U} we have zwe,,z;we, ¢ E(G). Moreover, since C; and C; are in distinct
components of G — (S UT), we may conclude that we,we, ¢ E(G). Therefore,
{y, 21, T2, ..., Tpy Wey, Wey, - - ., We, } induces WM, in G, a contradiction. a

Claim 3. |[F| < 3, | Ei(2)].

Proof. For every zy € F with z € T and y € 3, there exists C' € U} such that
we € Ng(z) N Ne(y). Let f(zy) = we and let g(zy) = yf(ay). Then, if z,2" € T
and = # 2/, g(xzy) # g(2'y) holds since f(zy) # f(a'y), and if y # ¢ for y,y' € S,
obviously g(zy) # g(xy’). Hence g is an injection from F to |J,ep Fi(z). Since
E1(z) N Ey(x') = 0 for every x,2" € T with z # 2/, the claim holds. O
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By Lemma 2, (1) and Claims 2 and 3,

‘D \ F‘ + GG(T U>3)
= > (IBEi@)] + |Ea(@)| + |Es(@)] + [Ea(w)| = | By(2))) + ea(T, Uss)

zeT

= Y (1B@)] +|Bx(2)] + da() — U (2)] — U (@)] — ealx,Uss) — |Es(2)])
+€(;(T,UZ3)

= > (1Bu@)] +da() — U (2)] — |Es(@)]) — e(T,Uss) + e (T, Uss)

= D> (1B@)| +do(x) — [t (2)]) — |F|
zeT

> §<E1(I)|+dc(x)%> F

> <%|E1(‘T)| +dc(f)> ~|P|
zeT

= ZTQZ‘EI( N+ 6(G) - |T| - |F|

2 *ﬁ\FHé(G).m

= (G)-|T.

If n > 4, it follows from Lemma 1 that

ID\ F| +ea(T,Us3) >

<n1+—>|T

= (n=1) (IT\ 151)

> (n=1)T],

k

which contradicts (2). If n = 3, then we may consider only the case r = 2. Now
§(G) = [n—1+ ] = 3. Hence

ID\ F|+ec(T\Uss) > (G)- T
> 3[T| - 5],
which contradicts (3). This completes the proof of Theorem 8. O

3 Sharpness

In this section, we discuss the sharpness of Theorem 8. First, we look at the bound
on the minimum degree. If n—1+ % >n—2+ %, then Theorem 4 trivially implies
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Theorem 8. Thus, Theorem 8 is meaningful only if (k,n) = (2,3) orn — 1+ = <
n—2+7= } The latter inequality yields » < n — k + 1. Since r, n, k are all natural
numbers, we have (k,n) = (2,3) or r <n — k.

We claim that the minimum degree condition of Theorem 8 is sharp if (k,n) =
(2,3) or 3 < r < n—k. The sharpness for r < 2 remains open. First consider
the case (k,n) = (2,3). Now 6 = r < n —1 = 2. There is no need to consider
the case r = 1, because k > 2 implies § > 2. So assume r = 2. Let H; be a
sufficiently large complete graph for ¢ = 1 and 2, and let u;, v; and w; be distinct
vertices in H;. Let G be a graph such that V(G) = V(H;)UV (Hs) U{us, v3, ws} and
E(G) = E(H;) U E(H3) U {ujus, ugus, v1v3, V203, w1ws, wewz }. Then G is a 2-edge
connected {K7 3, WMo }-free graph with minimum degree 2, and G has no 2-factor.

Next consider the case (k,n) # (2,3). Then r < n — k. Since r > 1, we have
k <n—1. Let 8 be an integer such that n — 1 + W‘l] —1l=n-1+ 7,;_[13 (Note
that 2 < 5 < k.) Since n — 1+ = [13 = 1—|—( J —l<n-2+73 17Wehave
r—pF+k—1<n—1 We define I = {(4, ]) [1<i<n—-1,1<j<r—pF+k}and

_ r—p8

S = {yy | (.)€ I} and T = {a,; | (i.5) € I} U {&).

Moreover, let

— (O |G el leLyu{CE ! j1<i<n—1}amdC={C'|lc L}

be two sets each of which consists of suf'ﬁmently large complete graphs. From each
Cl e C and C' € C, we choose one vertex w! ; and W', respectively. Now we consider
xw = x1; and Yo ; = yYn—1,; for every j, :rw- = Tip1j-(r—ptk) for =21 =B+ k+1
and ¥; j = Yi—1,j+(r—p+k) for j < 0. Let G be a graph defined by

V(G) = surul |J v(©)] and
CcecuC
E(G)
Qyijwig | () €1, § <5 <j+n =23\ {Yir—prb, Tigpir | 1 <P <n—1})
@] {yi,r,gﬂg'f ‘ 1 <i<n-— 1}

. =41 )
U {aigwiy | (6,5) € I, 1€ LY U {agpipw) gy |1 <i<n—1}

u{za'|le L}
r—f

U {wi iy | 1<i<n—1, 1< <k-1}
U{d'yir prx [ lEL, n—1k—1)<i<n—1—(1-1)(k-1)}
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(p=n—-1qg=r-p3+k)

Yp—14 Ypa—5 Ypg—3 Ypg-1
Yp,q—6  Yp,gq—4 Yp,gq—2 Yp,q Y1,1 Y1,2 Y1,3 Y1,4 Y1,5 Y1,6 Y1,7 Y2,1
[ ]

e o o o
Tp,q—6 Tpg—4 Tpgq—2 Lp,qL1,12L1,22L1,3L1,4 L1,5 L1,6 L1,7 L2,1
Tp—1,q Tpg—5 Tpg—3 Tpg-1

Figure 2: G[SUT] in case of n =8, r =6 and k = 3.

n—1 :
vertices .

vertices

Lij
k—1 1
edges w; ;
r=p
e
components

(s =54
Figure 3: Around z;; with j #r — 3 + k.

|
|
—-

components

. (s=1Z t=r—B+k)
Figure 4: Around xi,r,f;ﬁk.
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Yt Yn—1t

(5= t=r-p+k)

Figure 5: Around z.

(See Figures 2-5.) Then, G' = G[SUT \ {Z}] contains the edge set {y; ;®; iy |
yij €5, 1 <~ <n-—2}, and hence G’ is (n — 2)-edge-connected. Note that Z is
adjacent to n — 1 > k vertices of S, and each wﬁj or @' is adjacent to at least k
vertices of V(G) \ V(C?). This implies that G is (n — 1)-edge-connected, that is, k-
edge-connected. Next, we check that G is a {K},, WM, }-free graph with minimum
degree n — 1 + {%] -1

For every y € S, y is adjacent to n — 1 vertices in T and r — (3 or r — 3+ 1 vertices
inU =V(G)\(SUT). Hence dg(y) >n—1+r—p> n,1+% =n—1+[4=] -1
Now w}; € Ng(y) N U if and only if z;; € Ng(y) N Ne(wi ), and @' € Ne(y) NU if
and only if # € Ng(y) N Ng(@'). Hence there exists no K, with center y in G, and
if there exists WM ,» with center y for some 7/, then ' <r —F+1<r —1.

For every x € T, x is adjacent to n — 1 or n — 2 vertices of .S, and 2:[13 or 7,;:[13 +1

vertices of U, respectively. Hence dg(z) = n — 1+ fof =n-—1+ m:ﬂ —1. If
w!; € Ng(x) N U, then there exists some j' such that y; ; € Ng(x) N {w!;}, and if
@' € Ng(Z) NU, then there exists some i’ such that yy, g, € Ng(Z) Nw!. Hence
there exists no K, with center z or Z in G, and if there exists WM, with center x

orﬁcforsomer’,thenr’gsz—l—lgr—ﬁ—l—lgr—l.

Let w € U; then w has sufficiently large degree. If w € Ng(S UT), then w has
exactly one neighbor in T, say z, and w has k — 1 neighbors in S each of which is
adjacent to x. Note that S is independent in G. Hence, if there exists K;, with
center w for some n/, then n’ < k < n — 1, and if there exists WM, with center w
for some 7/, then v’ <2 <r —1.

Therefore, G is a { K1 ,,, WM, }-free graph with minimum degree n—1+ (%] —1.
Now ¢ (S, T) = 2|S| — 2|T| < 0, and hence G has no 2-factor.
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