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ABSTRACT: A concrete model of extracting the physics from the bulk of a gravitational
universe is important to the study of quantum gravity and its possible relationship with
experiments. Such a model can be constructed in the AdS/CFT correspondence by gluing
a bath on the asymptotic boundary of the bulk anti-de Sitter (AdS) spacetime. This bath
models a laboratory and is described by a quantum field theory. In the dual conformal field
theory (CFT) description this coupling is achieved by a double-trace deformation that couples
the CFT with the bath. This suggests that the physics observed by the laboratory is fully
unitary. In this paper, we analyze the quantum aspects of this model in detail which conveys
new lessons about the AdS/CFT correspondence, and we discuss the potential usefulness
of this model in understanding subregion physics in a gravitational universe.
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1 Introduction

Ever since the discovery of the AdS/CFT correspondence [1-3], it is hoped that we could
learn deep lessons about quantum gravity from it. However, it turns out that the main
difficulty is describing a bulk observer and its experience in a reasonable way in the AdS/CFT
framework. This question is important as the observer is modeling an experimentalist whose
experience is of direct experimental relevance to quantum gravity. However, the description of
the observer cannot be so complicated as otherwise it will significantly backreact on the bulk
geometry due to the gravitational effect, and meanwhile it cannot be so simple as otherwise,
the observer cannot do much to be of practical relevance (see [4-11] for some attempts to
address this question). Besides this subtlety of properly defining the observer with a decent



level of complexity, a more basic issue in a gravitational theory is how to define a bulk
observer diffeomorphism invariantly. These complications are not anything new, and they
also appear in gauge theories, for example quantum electrodynamics.! The usual lore is that
the experimentally relevant data are the scattering amplitudes that can be extracted in the
asymptotic regime, where the gauge interaction is weak, by putting a detector there. Hence,
in quantum gravity, we expect the same, i.e., we should think of the observer as being located
at the asymptotic boundary and extracting the relevant data from the bulk to reconstruct
the bulk physics using these data. In this paper we will study an explicit model of such an
observer constructed using the AdS/CFT correspondence.

More specifically, we consider a gravitational theory in an asymptotically AdS411 space-
time, which has a dual CFT; description that resides on the asymptotic boundary of the
AdSg4y1. We model the observer by a (d + 1)-dimensional bath that is glued to the asymp-
totic boundary of the AdS;;1 (see [12-18] for early and recent studies on some aspects of
relevant models). This bath can be either gravitational or non-gravitational. When it is
non-gravitational, we model it by a (d + 1)-dimensional CFT living on a half Minkowski
space whose boundary is glued with the asymptotic boundary of the AdS;11 (see figure 1).
This gluing can be more easily described using the dual CFT; where we put the CFT; on
the boundary of the bath CFT ;1 and couple them by a double-trace deformation

Stot = Scrr, + ScrT,,, +h / A2, (1, )Os(t, 7, (1.1)

where Oq(t,%) is a CFTy single-trace scalar primary operator and Os(t,Z) is a CFTy4q
single-trace scalar primary operator extrapolated to the boundary with a coupling constant
h. We will take the double-trace deformation to be marginal (i.e., the sum of the conformal
weights of O (¢, Z) and Oa(t, &) satisfies A; + Ay = d). When the bath is gravitational (see
figure 2), we will take its geometry to be another AdS;,; which also has a dual description as
another CFT,; which we will call CFTZ2. Then the gluing of this AdS;;1 bath to the original
AdS4y1 can also be described in the CFT language by a double-trace deformation

Stot = Scrr, + Scprz + / 30y (t, 7)Oy(t, T, (1.2)

where again O (¢, Z) is a single-trace scalar primary operator of the CFT; and now Os(t, Z) is a
single-trace scalar primary operator of the CFT§ and we take this deformation to be marginal.

We will see that in the dual AdS;;1 description, the double-trace deformation is modifying
the boundary condition of the free massive scalar field that duals to O;(¢, %) [19]. We will
show that this modified boundary condition induces several interesting quantum effects in
the AdS441 bulk. The first effect is that the bulk Hilbert space constructed from the AdSg41
scalar field (the Fock space) is twice as large as the case in the standard AdS/CFT. This
is easily understood if we notice that the bulk AdS;,1 is coupled to a bath, and hence the
particles from the bath are free to enter the AdS;y1 which, together with the original particles
in the AdS4y; double (or square) the Hilbert space. This can be seen if we perform canonical
quantization with the modified boundary condition for the AdS;.; scalar field. The second

!Though some properties of gauge theories are encoded in extended gauge invariant operators like Wil-
son lines.
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Figure 1. We couple the gravitational AdS,41 universe (the blue shaded region) with a nongravita-
tional bath (the green shaded region) by gluing them along the asymptotic boundary the AdSg1 (the
red vertical line). The nongravitational bath is modeled by a (d 4 1)-dimensional CFT living on a half
Minkowski space which shares the same boundary as the asymptotic boundary of the AdS;y;. We
use the Poincaré coordinates in the AdSy11. The coupling is achieved in the dual CFT description by

eq. (1.1).
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Figure 2. We couple the gravitational AdS;,; universe (the blue shaded region) with a gravitational
bath (the yellow shaded region) by gluing them along the asymptotic boundary the AdSg41 (the red
vertical line). The gravitational bath is modeled by another AdS,41 which shares the same asymptotic
boundary with the original AdSg4+1. We take the Poincaré coordinates in both of the AdS;41. The
coupling is achieved in the dual CFT description by eq. (1.2).

effect is that the modified boundary condition of the bulk scalar field disables us to define a
diffeomorphism invariant path integral measure for the scalar field. Hence, there could be
a diffeomorphism anomaly that should be compensated if we want to consistently couple
the scalar field to gravity. We will show that there is a natural mechanism to compensate
this diffeomorphism anomaly. This mechanism turns out to be a Stiickelberg mechanism
to generate a mass for the graviton, and this suggests that the diffeomorphism invariance
is spontaneously broken due to the bath coupling. This is a rather remarkable result as
it shows that the gravitational theory is modified due to the existence of the observer or
because the gravitational universe is being observed. To uncover all these effects, we start
with clarifications of several subtleties in the AdS/CFT correspondence.

Moreover, in the gravitational bath case the original AdS;,1 can be thought of a subregion
of a gravitational universe (which is the union of the original AdS4,; and the bath AdSg,1).?

2This perspective was adopted at a classical level in [20-22] by considering leaky boundary conditions
instead of the standard reflective ones.



Therefore, the analysis presented here is potentially helpful in understanding subregion
physics in a gravitational universe.?

This paper is organized as follows. In section 2 we review some basics of the AdS/CFT
correspondence such as the calculation of the boundary CFT correlator using the AdS bulk
and we clarify some subtleties that are relevant to the quantum aspects of the bulk scalar
field — the canonical quantization and the path integral quantization. In section 3 we review
and refine the double-trace deformation in AdS/CFT [19, 33, 34] by providing a path integral
derivation of the proposal in [19] and check the consistency with the results in section 2. In
section 4 we use the techniques we developed in section 2 and section 3 to analyze the two
aforementioned models of coupling AdS;,1 to a bath and we show the first quantum effect —
the Hilbert space doubling. In section 5 we discuss the second quantum effect — the issue of
diffeomorphism invariance broken and restoration. In section 6 we discuss how the model we
are considering in this paper could be potentially useful to the study of subregion physics in
a gravitational universe. In section 7 we conclude the paper with a summary. In appendix A
we discuss a potential loophole in our consideration in section 5 and its resolution.

2 Quantization schemes and propagating modes in AdS/CFT

In this section, we review the computation of the generating functional for correlators of
the dual single-trace scalar primary operator in the CFT, from the massive scalar field
in the AdSg11. Then we analyze the bulk propagating modes of the scalar field carefully
distinguishing the on-shell and off-shell modes. For simplicity we consider a free minimally
coupled massive scalar field ¢(z) and our treatment will be in the framework of [34].

We take the geometry of AdS411 to be in the Poincaré patch of the Lorentzian signature:

22 + Z;le Napdx®dx®

2 _ v _
ds® = g datdx” = 2 , (2.1)
and the action for the scalar field ¢(x) is
1
So =15 / Vogdzdtd 5(x) (O - m?) o(x) (2.2)

where [0 = ﬁ@u(gu”ﬁay).4 The asymptotic boundary of AdSgyy1, where the dual CFTy
lives, is at z — 0 and we will take it to be at z = € and send ¢ — 0 at the end of our
calculation. We emphasize on the calculational details and when we are able to perform
the alternative quantization.

According to the AdS/CFT correspondence [1-3], the scalar field ¢(z) = ¢(z,t,Z) duals
to a single-trace scalar primary operator O(t, %) in the CFT,; and imposing a boundary
condition J(t,Z) for the scalar field ¢(x) is equivalent to turning on a source for O(t, Z) (see

later discussions for details). Moreover, this duality states that

Z[J]CFT = <eifdtdd_lfj(t,f)(')(t,f)>CFT _ Z[J]Adsd+1 , (23)

3See [23-32] for early and recent attempts in setting up and understanding this difficult question.
4For simplicity of the analysis, we don’t consider self-interactions of the scalar field in this paper. Self-
interactions can be treated perturbatively once we have had a good understanding of the free limit.



where Z[J]cpr is the generating functional for correlators of the operator O(t, Z) on the CFTy
side and Z[J]ads,,, is the partition function of the full gravitational theory (string theory)
in AdSg41 with the specified boundary condition J(t,Z) for the scalar field ¢(x). For our
purpose (in the low energy regime and with a weak gravitational coupling), Z[.J]aqs,,, can be
approximated by the partition function of the scalar field ¢(z) in the fixed AdS,4y; background

2l ads,,, = / Dig; J]e~ 5191 (2.4)

where we restrict ourselves to consider scalar field configurations satisfying the boundary
condition J(¢,Z) and S;[¢] is given by Sy (in eq. (2.2)) plus appropriate boundary terms.
The boundary terms will be J(¢,Z) dependent. Since we are considering a free field ¢(z)
the calculation reduces to the computation of the on-shell action S°**hell[¢] with boundary
condition J(t, )

Z[Tepr = { o/ dtdd—lfJ(t,gz)O(t,f)>CFT = Z[J)ads, o ~ e (¥ 7 (2.5)

where ¢ (z) satisfies the boundary condition J(t,Z) (to be specified later) and the equation
of motion

(O —m*)ps(x) =0, (2.6)

2.1 The meaning of quantization

Before we discuss different quantization schemes in AdS/CFT in this section, let’s articulate
the meaning of quantization. In the standard treatment of a quantum system, quantization
means constructing the Hilbert space of the system or specifying the rule to calculate all
the transition amplitudes.

The former is usually done for a free theory using the canonical quantization for which in
our case we have to solve the equation (2.2) with vanishing J(t, Z), find all the solutions that
satisfy the boundary condition J(t,Z) = 0, and we will call these solutions as on-shell modes,
then assign creation and annihilation operators for each of the modes and their complex

conjugates. Schematically, let’s denote these modes in the Fourier space by dé,(z,w, 1, E)
and the field operator qg(z,t,f) is given by
&z, 1, ) (2.7)
dk S iw ot—ikE « St —iw othikE
N / BT (802 o R e “nF 07 007 (20, )] e AT
n n,k
Then imposing the canonical quantization condition
[QZE(Z, ta f)a gttatd;(zlv tv ';/)] = Z 5(Z - Z,)(Sd_l(f - 1_'7) ’ (28)
V=
we will get the standard commutation relations for the creation and annihilation operators
FOA A oA d—1(7 _ 1
8,28y 7] = 00 [0, 0], ] = G0 (B — ), (2.9)



given that the on-shell modes are orthonormal in the so-called Klein-Gordon measure

(86, 6)kG = i /E dzd" e/ =gg" (36" 056 — 580,56 (2,1, ) (2.10)

In the end, the Hilbert space is constructed as the Fock space of these annihilation and
creation operators.

The later is asking for a calculational scheme for correlators of the theory which is
usually done using the path integral formalism. The correlators are easily generated once
we know the generating functional eq. (2.5). In our case, we have to compute the path
integral of a free scalar field in the AdSy41 with a specified boundary condition J(¢,Z). Since
we are considering a free scalar field, the J(t, ¥)-dependent part of this calculation reduces
to the computation of the on-shell action S$*sl[¢ ;] with the boundary condition J(t, F).
Nevertheless, the full partition function contains a one-loop correction which though doesn’t
contribute to the generating functional as it is J(t,Z)-independent. Since we will study

quantum effects later, we keep track of everything. We have

Z[J]Adsd+1 = /D[¢a J]eiiSJ[(;S]

= /D[é(ﬂe*i%f\/jgdd'H:E5¢(Dfm2)5¢>e*i53n'5hen[¢>J] (2.11)
= det_% (D — mQ)@_isgnishen (¢.] ,

where the §¢ describes the fluctuations above the background on-shell solution and §¢
satisfies a boundary condition with vanishing J(¢,Z) (the precise boundary condition will
be discussed later). The determinant is a symbolic representation of the path integral over
the fluctuations. This path integral can be performed as follows. Firstly, we solve for the

7w, et—ik-E . . . .
k)e “xn kT associated with all the nonzero eigenvalues A (in
2

eigenmodes (6o (z,w, , 7,

fact we need A > 0, see the next subsections) of the operator O — m

(O —m*)dgx(z,w B)e “ani TR = N5, (2, w k)e “an TR (2.12)

)\,n,E’ )\,n,E’

These modes are orthonormal for both n and A\

[ VG863 (2,0 o0 200y et 2
= Sy Onn 0 (K — K). (2.13)
As we will discuss in detail in the next section, the normalizability of these modes is important
for determining the proper boundary conditions or the fall-off behaviors for them when z — 0.

Then we use these modes to expand a generic function d¢(z,t, &) with the appropriate
boundary condition as

. dk s
o9t 2) :/(27T)Cl1a0,n,E5¢A(z7wn,Evk)e W R

dk N —iwy | ct+ikE
* / ()T 22 00N (Z @y o B)e AT, (2.14)
An



where a, - are complex numbers that ensure the reality of 0¢(z,t,%). Now we can compute

. — -1
/D‘M)e_l% S/ttt B0 /H/\ wpday  pe 2k 1o 722

1
A (2.15)
Aok <\/i)\>
= det_%(D —m?),

where for the simplicity of notation we have discretized the k by putting the Z in a box.
The important step is the second step for which we transform the functional integration
measure Dd¢ to the integral of the coefficients H)\’nygda Ak This step in general requires
a Jacobian which is an overall constant (or an ambiguity in the definition of a functional
integration measure) and is fixed by

/ Dége ] V7o T Iasd? _ (2.16)

Here we notice a subtlety that the on-shell modes part a, , ;- don’t contribute to the integrand
in eq. (2.15) but they do contribute to the functional integral eq. (2.16) in the definition of
the path integral measure when the boundary source is zero. This subtlety is important for

our later study in section 5 and we will ponder it till section 5.

2.2 Standard quantization in AdS/CFT

In this subsection, we review the standard quantization scheme for a massive free scalar field
in AdSgy1. Such a scalar field is dual to a single-trace scalar primary operator O(t, Z) in the
boundary CFT,;. We review the computation of generating functional for this single-trace
operator using the AdS;y1 description eq. (2.5) and the behavior of the on-shell and off-shell
modes near z — 0 which are relevant respectively to the construction of the Hilbert space
and the quantum correction to the bulk partition function.

2.2.1 Partition function

The equation of motion eq. (2.6) comes from setting the variation of the action eq. (2.2)
to zero. However, there are additional boundary terms in the variation (suppose that the
equation of motion has been satisfied)

58y = —% / . Ayt (5¢az¢ - qb@zéqb) . (2.17)

Adding a specific boundary term Sy,q, to the action Sp and setting 659 + 0Spay = 0 specify
the boundary condition for the scalar field ¢(z). For the standard quantization we will choose

I A 1-d
| ;[Zg d /dtdd*lfﬂ@tafﬂ(uf), (2.18)

d
-Ay 4

dey = —¢€

which gives the boundary condition J(¢,Z):

Ay +1-4
7T (20 — AL)G(x)] =0 = —2m2 | ;[m] !

J(t, 7)), (2.19)



for a fixed J(t,#) and a generic fluctuation mode should satisfy

27220, — A)dp(z) =0, asz—0, (2.20)

where we have defined Ay = g + 4/ % +m2.
A solution of the equation of motion ¢ ;(x) which is regular in interior of the AdSg41 [2]

and satisfies the boundary condition eq. (2.19) is
J(t', )22
(= 0P+ 2 4 [F— TP

by(x) = /dt’dd—la? (2.21)

which is uniquely specified.” To check that eq. (2.21) satisfies the boundary condition
eq. (2.19) it is important to know that

2A—d TIA — d . d
lim © = = wgwé(t — YW D(F -2y, for A>=.
=0 (22 — (t — )2 + |7 — 2|2)A I[A] 2
(2.22)
Now we can evaluate the on-shell action
S5 [g] = Solgs] + Sbay[@4]
A +1-4¢ . ’ . (2.23)
— nt [ ] / N e P A | GRL O L CL R
I[AL] (—(t = t")2 + | — 2/[2)2+
and then we get the expected generating functional from eq. (2.5)
. ¢r[apr1-4] d—1 gz gd—1,5___ J(t'2)J(t.2)
T2 ———H— | dtd dt'd ! . =
ZMopr = TBH Jad e S ; (2.24)

which is indeed the CFT generating functional for a conformal primary operator of conformal
weight Aj.

2.2.2 On-shell and off-shell modes

We learned in the previous discussion that the on-shell modes are relevant to the canonical
quantization and the off-shell modes are relevant to the calculation of the quantum corrections
to the partition function. Moreover, they are normalizable under two different measures
eq. (2.10) and eq. (2.13). Here we will give a detailed study of their properties near the
asymptotic boundary z — 0. We study the on-shell modes first and then the off-shell modes.

To understand the on-shell modes we consider a solution of the scalar field equation
of motion

(O —m?)dp(z) =0. (2.25)

In the Lorentzian signature, a general solution of eq. (2.25) is given by®

5¢(x)jl€ = emiwttikE, 5 g -~ <z\/w2 — E?) , (2.26)

+4/ G +m?

5This explains the statement in section 2.1 that the boundary condition .J (¢, Z) fixed the on-shell profile
and hence the on-shell modes don’t contribute to the path integral.
5Here we remember that there is a subtlety as emphasized in [35] that the solutions displayed in eq. (2.26)

are those for \/%2 + m?2 nonintegral. We will ignore this subtlety as we only care about the asymptotic
behavior as z — 0.



where w? — k2 > 0 and we used the Bessel’s functions of the first kind Jio for a =4/ % + m2.
We therefore have the asymptotic behavior

Sp(z) .~ 2% as 2 —0. (2.27)

w,k

As we discussed in section 2.1, the on-shell modes should be normalizable (finite) in
the Klein-Gordon measure. The finiteness of the Klein-Gordon measure requires a finite
asymptotic behavior

(66%, 66F )ka = i /E d2d® o /—gg™ (S 06 0F — 56E 0,687 (2, 7)
N/dzz_d+1z2Ai, near z =0, (2.28)

where we have used eq. (2.27). We can see that this finiteness condition requires that
Ay > % and is trivially satisfied for A,. The standard quantization is the scheme that
projects out d¢~. Hence in this quantization scheme the on-shell modes satisfy the following
fall-off behavior

dbon-shen () ~ A4 as 2 — 0. (2.29)
Now let’s study the off-shell modes. An off-shell mode satisfies the equation
(O —m?)dp(x) = A6g(x) , (2.30)

and the normalizability condition

169112 = [ v=gd™aldo(@) = 1. (2.31)
Another condition is that we should have
Silos 4 68] = So[ps + 66] + Spay[ds + 5¢)]

2.32
_ % / V=gd  26p(0 — m?)dg + STl ] -

which ensures that eq. (2.11) is consistent. This requires that eq. (2.20) is satisfied and

A +1-4
_ Ay 4 { + 2
dey[5¢] € T2 F[A+]

} / dtd Fp(e,t, )T (1,F) — 0,  (2.33)

as € — 0. Similar to the on-shell case, a general solution of eq. (2.30) satisfies
5p(x)F ~ 22N | as 2 -0, (2.34)

where Ay (X) = 2 £ 1/d2 + 4m? + 4\. Then the normalizability condition eq. (2.31) requires
that A~ ()) is projected out for which eq. (2.20) is automatically satisfied and eq. (2.33) sets
A > 0. Hence, in the standard quantization the off-shell modes are constrained to satisfy

Softshent(2) ~ 25+ | as 2 — 0, (2.35)

and A > 0.



With the knowledge of the on-shell modes, we can construct the Hilbert space by doing
the canonical quantization eq. (2.8). The field operator ¢(x) is given by

60 = [ s [ (ot g o) a9

f P and a  are the creation and annihilation operators. They satisfy the standard

where @
w’ . .
commutation relations

wpﬁg4zaw—¢w*%ﬁ—7y (2.37)

With the knowledge of the off-shell modes, we can understand the quantum correction
to the partition function eq. (2.24). A general field configuration can be expanded as

6(x) = dy(x +Z/w

—iwt— zkx
2 k2>0 271' (2r)d—1 /dwa)\wk5¢/\(z w k) (238)

where we note that we don’t have on-shell fluctuation modes as the on-shell profile has been
fixed by ¢s(x). The action evaluated on this configuration is

S[¢] = So[¢] + Sbay[¢]

A++1—7
— { /dtdd Ladt' d?—1q
LA 4]

J(t', ) J(t, %)
(—(t — )2 + |& — 2/|2)A+ (2.39)

1 di-1k
+ - / — dwMa, =*.
2 )\Z>O w2_E2>0 (27‘() | )\w,k‘

The first term gives us the result eq. (2.24) and the second term describes the quantum
fluctuations. The quantum correction to the partition function is obtained by the Gaussian
integral over the coefficients a, : asin eq. (2.11) and eq. (2.15).

2.3 Alternative quantization in AdS/CFT
2.3.1 Review of the Klebanov-Witten proposal

Before we carry out a general analysis for the alternative quantization, let’s review the
Klebanov-Witten proposal for the partition function [36]. Klebanov and Witten suggested
that when the mass square of the AdS;11 scalar satisfies the condition that A_ > 42 (Whlch
is the unitarity bound of primary operators in CFT, [37, 38]) we can perform the so-called
alternative quantization such that the dual single-trace scalar primary operator in CFT, has
conformal weight A_. They also suggested that the generating functional in this case is a
Legendre transform of that in the standard quantization. Namely, we have

Z[J ) cFr (2.40)

d Ay +1 - = A, +1-
mjgfdtdd Lzdt'd? o LGIAR (2 M rlay 2] [ dtd? =& (t,3)J (t,%)
:/DJG HA i) s

)

,10,



which can be easily shown, by going to Fourier space, to be

_Be-mdTIA-] [ dtat=zdr ar-1 J’(t,i)J’(t’Lz7)A
/ B n2r[a_-4] (= (t—t")24]7—a'|2)7—
Z[J]CFT =e 2 , (2.41)
as a legitimate CFT, generating functional for correlators of a scalar primary operator of
conformal weight A_.
This calculation can be nicely interpreted in the following way. We first perform the
standard quantization with a fixed source (i.e. boundary condtion) J(¢, %) while turning on

an on-shell fluctuation mode d¢(z,Z) which satisfies
Sp(x) ~ 22+ J'(t, &), asz—0, (2.42)

with the boundary condition eq. (2.20) automatically satisfied. Then we evaluate the
resulting on-shell action (or perform the path integral with the prescribed boundary condition
eq. (2.19)) we get

21, T opr = ¢S b+

d [A++1

] d—1ggy qd—14 I 2)I(t.7) 4 T[a ++1 8] d-1 z
_ez7r Hifdtd Zdt'd ( I 11‘2>A++7r2 A fdtd ZJ(t,%)J (t,%)

- Y

(2.43)

ol

where we ignored the quantum correction which is not relevant to the CFT generating
functional. Finally, we integrate over the boundary source J(Z) and get eq. (2.41).

In summary, at the level of the partition function, the alternative quantization can be
obtained from the standard quantization by turning on a profile of an on-shell mode eq. (2.42)
as a new piece of the background on top of ¢; and additionally doing the path integral
also over the boundary source J(Z) (see [39] for a similar decomposition of the bulk field).
This directly raises the question that what the fall-off behaviors of the on-shell and off-shell
modes are in the alternative quantization scheme.

In the rest of this section, we will see that the formalism we used for the discussion
of the standard quantization can be easily modified and applied for the analysis in the
alternative quantization.

2.3.2 Partition function

In this subsection we will show that the formalism we used in section 2.2.1 also works in the
computation of the partition function (i.e. the generating functional for CFT correlators)
for the alternative quantization precisely when A_ > 452,

Similar as before, we have to solve the equation of motion with a boundary condition J'(F)

(0 —m*oyp(T) =0, (2.44)

and the boundary condition is specified by setting the variation of the whole action 4.5y +0.Syay
to zero. However, now in the alternative quantization scheme we will use the following

boundary term

A +1-9]
A

dey =P

/ dtd? F(e, t, )T (¢, T) | (2.45)

— 11 —



which gives the boundary condition J'(t,Z) from 65y + 0Spg4y = 0:

A 41—

28 (20, — A)P(@)] =0 = —272 Ay D (2.46)
for a fixed J'(t,%) and a generic fluctuation should satisfy
2B (20, — AL)dp(x) =0, asz—0, (2.47)

where again we have defined AL = % + 4/ % +m2.
A solution of the equation of motion ¢/ (z) which is regular in interior of the AdSy41 [2]
and satisfies the boundary condition eq. (2.46) is

J'(t, 2R
22— (L= 1) 4 |7 — 22~

b (x) = / dt’ddflgff( (2.48)

To check that eq. (2.48) satisfies the boundary condition eq. (2.19) it is important to know that

2A—d r|A-4 .
lim : - = WSHM @G, for As D
220 (22 — (t— )2 + |Z — 2/ 2)A [[A] 2
(2.49)
which imposes the constraint”
d—2
A_ > —5 (2.50)

Now we can evaluate the on-shell action

—

(A +1-4 S J'() (&
Son—shell[d)ﬂ — SO[¢J] + dey[¢]] = —72 [ F[Ai] 2} /ddfddxlw, (251)

and then we get the expected CFT, generating functional

s [ - 1_%] d—1= 740 7d—1,7 7't 2 I (t.3)
L= 2] [ gtd dt’ d / > =
Z|Jlcrr = € ey Jdt s (=t 2+la—a )5 (2.52)

which is that for correlators of a conformal primary operator of conformal weight A _.

"The expansion of eq. (2.48) for small z behaves as
by (2,8, 7) = (AJ, (t,8)2 + O(ZA*?)) n (BJ, (t,8)2°+ + ZA++2) :

where A and By are solely determined by J'(t,#). To make sure that the boundary condition eq. (2.46) is
satisfied we have to make sure that the O(2%-"2) terms in the first bracket give zero contribution to the left
hand side of eq. (2.46). Hence we need

ZA-TEITAL — TdRRRA- 0 as 2 0.

This requires that A_ > % which is exactly the same as the constraint eq. (2.50).
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2.3.3 On-shell and off-shell modes

In analogy to section 2.2.2, we will study the properties of the on-shell and off-shell modes
near the asymptotic boundary z — 0.
The on-shell modes satisfy the equation of motion

(0 —m*ép(z) =0, (2.53)

for which a general solution is given by

-,

) z,w,k;i:e_eriE'fng 2Vw? —k2) 2.54
02,0, %) o (Ve ) (2.54)

+

where w? — k2 > 0 and the fluctuation d¢T has the asymptotic behavior
5T (z,w, k) ~ 22%, as 2 —0. (2.55)

Moreover the Klein-Gordon norm
(30%,06% ) = 1 [ ded'toy/=gg" 00+ 006* — 66 0166*") (2,7)

(2.56)
~ /dzz_deQAi, near z =20,

is finite for both Ay if A_ > %. As opposed to the standard quantization, the alternative
quantization projects out the A, modes. Hence the on-shell modes satisfy

dPon-shen () ~ 22, asz—0. (2.57)

Let’s now study the off-shell modes. Similar to the standard quantization case, eq. (2.47)
should be satisfied for the stability of the on-shell configuration. This projects out the d¢~
modes and requires that A > 0. Moreover the normalizability of the measure eq. (2.31)
and the vanishing of

LAy +1-4]
Stayld] =~ L / d500(e,7)7'(@). (2:58)

as € — 0 are trivially satisfied for §¢™ modes. Hence in the alternative quantization the
off-shell modes are constrained to satisfy

Softshen(z) = 22+ | as 2 =0, (2.59)

and A > 0.
With the knowledge of the on-shell modes, we can construct the Hilbert space by doing
the canonical quantization eq. (2.8). The field operator ¢(x) is given by

R dk dw
= = = (6¢(2)~-b' -+ 2.
60) = [ Gyt o gy s (O B g 063 ) . (260)
where BL 7 and Ew i are the creation and annihilation operators. They satisfy the standard

commutation relations

b ] =0(w—w)s (k- k). (2.61)

,13,



With the knowledge of the off-shell modes, we can understand the quantum correction
to the partition function eq. (2.52). A general field configuration can be expanded as

o(x) = oy (x —|— /2 E2s0 ( 27r TRy /dwb/\wkéqﬁ)\(z w, k)e _“‘Jt“kl’, (2.62)
>0 w

and the action evaluated on this configuration is

S[¢] = Sold] + Svay[¢]

A + 1 — 5 !/ t/ ! t
— _7[.2 |: /dtdd 1(13dt dd 177 7 ‘]( )J( SU)
I[A_] (—(t— )2 + |7 — 2'|2)A- (2.63)
1 di—1k
+ = ‘/ dwA|b, =%,
32 Jn oso @) A

The first term gives us the result eq. (2.52) and the second term describes the quantum
fluctuations. The quantum correction to the partition function is obtained by the Gaussian
integral over the coefficients b, - as in eq. (2.11) and eq. (2.15).

3 Consistency with the double-trace deformation

We have performed a careful analysis of the bulk modes in the standard AdS/CFT correspon-
dence in the previous section. In this section, we will review the description of double-trace
deformation in the standard AdS/CFT correspondence and check the consistency with our
previous analysis. For the sake of convenience, we will use the Euclidean signature from now
on. Since we will always think of analytic continuation to the Lorentzian signature, we will
ignore the subtleties of the Euclidean AdS/CFT such as the bulk irregularity of the A_ modes.

3.1 Double-trace deformation in AdS/CFT

As it is proposed by Witten [19] that the double-trace deformation : [ d?ZO?(Z): (where for
the sake of simplicity we will ignore the normal ordering hereafter) on the CFT side duals to
the modification of the boundary condition for the scalar field ¢(z, ¥) (which is dual to the CFT
single-trace operator O(Z)) in the AdS bulk. More precisely, if the deformation is given by

0] = Z/ddw%f% (3.1)

where the single-trace operator O(Z) has conformal weight A = Ay depending on our
quantization scheme and h is the coupling constant. Then the dual scalar field in AdSg14
has the near boundary behavior

8(e,7) ~ (1272 1 0(37) ) 4 ()2 + O(4+7)

= (hyaa(@)z1=2 + 0(x1242)) + (a(@)22 + O(z212)),

(3.2)

for a generic configuration with the boundary condition J(¢,Z) = 0 where vy is an order
one constant. We want to get the precise value of Yo so we need a precise description of
the double-trace deformation eq. (3.1) in the dual AdS bulk.
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The precise description can be obtained using the path integral formulation. The double-
trace deformation can be formulated using the path integral language [34]. Let’s consider
the CFT generating functional under the double-trace deformation eq. (3.1):

Z[Nepr = (] EEOP@HI@0@D)y

= / @ (_%HMH@)O@)>CFT
—/D o [ d17O=P’ OpP@ iR @OE
B /D e J (Z)Z[)\}Adsdﬂ
Z/D[)\(f e_fdde/D[@ )\]6—5,\[¢]

/D o [ aizO=pi@ N2(@)

AN
X / D[¢le 15 (6_d+A(zﬁz — A)o(x) + 2m[FJEA]}A(f))
—/D N 2 A=) J) (&)

_d
/D 5, i [ di3(3) <ed+A(zaz—A)¢(x)+2ﬂ§ F[A:[;] 2])\(;?))

)

where the path integral measure D|[¢; )] is constrained by the boundary condition eq. (2.19)
now with a source \(Z), the path integral measure D[¢] is not constrained by any boundary
condition and Sy[¢] is given by

R F[A+1—g} R

$316] = Solo] — At g [ atio(e M), (34)

e,

We can integrate out A\(Z) and get

JlcrT = /D Je=S10Al (3.5)

and the resulting exact effective action is given by

_d
Sl¢, 8] = Sol¢] — / ddfe—%w z)J(Z)
A _ga
+Z / 4z (m [ FLI] }) (45(5:‘) *2%(93))

,15,



Moreover, we can integrate out 3(Z) and finally get

Torr = / D[gle=S114) (3.7)

where the exact effective action is given by

IA]
N [A+1_d} .
2 / A’ (“ N “o(@)”
Ar1—d]\ 7 JlA+1-4
2h/dd_’<27r { TA) 2}> <e_d+A(z(9 A)p(x)+2m2 { TTA) 2} T
Ja-4\
+2h (772 A ) € Aqﬁ(ﬂc)) :
(3.8)
which reproduces our previous results
4 A 1-%
S = Solo / dige 2JEA]}¢(:E)J(QE),
(3.9)
SINRN PRSP Ll |
€ 20, — A)o(e, T —27 N ,

when h — 0.
Now we want to derive the boundary condition for a generic field configuration when
J(t,Z) = 0. This is ensured by the following requirement

55ul0) =~ [ Vad*aso(@ - m)s. (3.10)

which equivalently says that the boundary contribution of the variation is zero. A generic
configuration of ¢(x) has both on-shell and off-shell piece and as is known from our previous
study that the off-shell piece decays faster than the on-shell piece as z — 0 so we only have
to ensure the on-shell piece satisfies the above condition. A generic on-shell profile satisfies

d(x) ~ (u(Z) 272 + O(ZA7F2)) + (BD) (22 + 0(z21?), asz—0, (3.11)

and as long as we are in the window that we are able to perform the alternative quantization
i.e. % > A > % we don’t have to care about the subleading term so we can just use

o(x) ~ aZ) 242 + B(T)22, asz—0. (3.12)
Now we can compute the boundary contribution of the variation §.5,[¢] for J(t,Z) = 0:

05y, [¢]bdy (3.13)

-2
= / diz > (27r W) (d — 2A)%ada + (d — 2A)adaed™?2 + (d — 2A)Boa
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Since either €722 or 2274 is divergent (as A = % + 2V/d% + 4m?), we need holographic
renormalization [40] to remove the divergent one. Let’s discussion the two situations separately.

« A> %: In this case, the counterterm we should add is

d—2A L1 .
Scounter[¢] = - 2 /ddxeidqg(fvx) . (314)
Hence we have

5Sh [¢]bdy + 5Scounter w)}

1 T [A +1- %} -
_ [ adz|t a7 2] A2 o] _
_/d 7|y (m A (d — 2A)2ada — 2(d — 2A)adB| = 0,
(3.15)
which implies that
sh T|A+1-4] ’
d 2
a=-—x (7‘(‘2 T7A] ) B. (3.16)

e A< g: In this case, we just have to add a zero counterterm. Hence we have

5Sh [d)] bdy + 5Scounter [¢]

DA+1—4]\
:/dda? }11(2773[2}) (d — 20)20d0 + (d — 2A) B =0,

[[A]
(3.17)
which implies that
s T|A+1-4] ’
d 2
a=-——0x (71'2 N ) B. (3.18)

Now let’s understand what’s going on with the Hilbert space when we have the double-
trace deformation for which we go back to Lorentzian signature. Depending on the quantization
scheme that we start with we either have the boundary behavior eq. (3.16) or eq. (3.18).
Without loss of generality, let’s consider eq. (3.16). In this case, a general bulk on-shell
mode is given by

(S(ZS(CL‘)M P= e—iwt—&—i_‘-fzg

2
y 8h (WSF{AJF _g]) J dj+m2<z F2—k2)+J\/m(z~/7w2—k2) ,

(3.19)

and these modes are orthonormal in the Klein-Gordon norm due to the orthonormality of
the 6¢*(z),z in eq. (2.26). The field operator d(z) is given by

n d]; dw t
6@ = [ oyt s (B0, gl + 800, g ) (320)
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where the creation and annihilation operators satisfy the standard commutation relations
if we impose the canonical quantization condition eq. (2.8). Hence we see that the Hilbert
space dimension is not changed but the asymptotic behavior of each eigenmode is deformed
by the double-trace deformation eq. (3.1).

3.2 Interpolation between the two quantization schemes through the
double-trace deformation

We can see from eq. (3.2) that in the strong coupling limit A — oo we go from the quantization
corresponding to A to that corresponding to d — A. In other words, the double-trace
deformation eq. (3.1) drives the standard quantization to the alternative quantization and
vice versa. This can be seen more precisely from the path integral point of view. Now we
can take the strong coupling limit A — oo for eq. (3.8). To have a legitimate large h limit
the relevant term has to be of order O(1) when we take ¢ — 0 before we take the large
h limit. In other words we have

R JT[A+1-4]
220, — A)g(x) + 2n2 TJ(:E) <1, as z—0, (3.21)
which means that®
¢z, ) S 2078 (3.22)

Then the h-dependent terms in Sp[¢] goes to zero as h — co. Hence we finally get

/ D[gle=S0lol+3 [ d'Ee6(e.d) (02 ~2)d(e8)~ Scoumer 9] (3.23)

Now we can see that if we start with the alternative quantization i.e. A = A_ then the
on-shell modes of the resulting path integral eq. (3.23) in the Lorentzian signature satisfy
5¢(z, ) ~ 2472~ = 22+, The off-shell modes are those fluctuations (on top of an on-shell
configuration) which satisfy eq. (3.22) and has a finite action (here ¢ = ¢,5 + d¢ where
¢os 1s an on-shell configuration)

S[é] = So[d] — % / Azt (e, 7)(20 — A)o(e, T) (3.24)

This is automatically satisfied if d¢(z, Z) decays faster than z®+ which is consistent with
eq. (2.35). Hence, we can see that if we start with the alternative quantization then we end up
with the bulk modes as in the case of the standard quantization section 2.2.2 if we take h — oo.

On the other hand, if we start with the standard quantization i.e. A = A, then from
eq. (3.22) the modes at least satisfy

0p(z, ) ~ 2172+ = 28 (3.25)

Here we have used the CFT unitarity bound that A > 922 such that the 2 (1 + O(2?)) series contributes
zero as z = € — 0.
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Hence the on-shell modes satifies (2, T) ~ 25~

. For the off-shell modes (on top of an
on-shell configuration) the finiteness of the action (here ¢ = ¢o5 + d¢ where ¢,s is an on-shell

configuration)

d—Ay [ a1 o
5 /d a:e—dqﬁ (e,7), (3.26)

requires that d¢(z, ¥) to decay faster than or equal to 2+ which is consistent with eq. (2.59).

S16] = Solo] + 5 [ dTe (e, 7)(0. — AL )ole, ) -

Therefore, we conclude that if we start with the standard quantization then we end up with
the bulk modes as in the case of the alternative quantization section 2.3.3 if we take h — oo.

In summary, we see that our result of the bulk modes in section 2.2.2 and section 2.3.3
are consistent with the fact that the double-trace deformation is interpolating between the
standard quantization and alternative quantization in AdS/CFT.

4 Coupling AdS/CFT to a bath

Having reviewed and carefully analyzed the physics of the standard AdS/CFT correspondence,
we will study the main subject of this paper that we couple the AdS/CFT to a bath at
the asymptotic boundary of the bulk AdS. The main techniques we will use are almost
the same as before. We assume that we are in the window where we are able to perform
the alternative quantization.

As we briefly mentioned in the introduction that the coupling protocol is most easily
described in the CFT description. Let’s consider the CFT; which duals to the gravitational
theory in the bulk AdS;,; and let’s call it CFT!. We want to couple this CFTy to a bath
which is modelled by another conformal field theory which we call CFT?2. We will consider
two cases for the CFT?.

4.1 Non-gravitational bath

In the first case, CFT? is of dimension (d + 1) and it lives on a half Minkowski space whose
boundary is of the same geometry as the manifold that supports CFT! (see figure 1). These
two CFT’s are coupled to each other as following

Stot = SCFT& =+ g/ddf (9102 : +SCFT[21_‘_1 ) (41)

where O is a single-trace operator from CFT! s is the boundary extrapolation of a single-
trace operator of CFT?3 +1 and the deformation is marginal. Hence we have Aj + Ay = d. We
consider the case that A; > % (i.e. standard quantization in the bulk AdS;;1). From the
dual AdS perspective, this is equivalent to gluing the asymptotic boundary of the AdS441
to a (d + 1)-dimensional bath (i.e., the CFT?) and the gluing condition is determined by
the double-trace deformation. Following [19] now we have

W[O1, 05 = g / 4450,0,, (4.2)

and the scalar field in AdS;41 that duals to O; has the near boundary behavior

o(zs7) ~ (a2 20

~ (gaAOQ(f)ZdiAl + O(Zd7A1+2)) + (a(f)zAl + O(ZA1+2)) 7

278 O(Zd—A1+2)) + (@)% + 0(z2112))
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where O3(¥) and «(Z) are independent. To derive the proper action for ¢(x) let’s consider
the source free partition function

(e~ [ d4z0: ()0, (f))

ZCFT1+CFT2 = CFT!4CFT?

= (Z[02]ads 41 ) cpr (4.4)
= (/D[@ Oale™ 50217 e

For simplicity we assume that the CFT? just gives a dynamics for O$** whose boundary
extrapolation is Oy and we write it as S[O$*]. Thus we have

ZCFT! 4 CFT? = /D[OSXt]DW); Op)e™50: 415105 (4.5)
Now let’s determine the appropriate boundary conditions and boundary terms by considering

the variation of Sp[¢] + S[O$*'] around an on-shell configuration (¢s, O2,0s)

850[¢] + 0S[05*] = —% / . dzz ! (5¢az¢os - ¢Osaza¢) +65[05%]. (4.6)

Since the off-shell modes are subleading, we only have to focus on the on-shell piece for
d¢. Hence we have

5S0[¢] + 6S[OF] = —%g%(ml —d) / d*T(6050 — 5002) + 6S[OSE] . (4.7)

2,0s

To proceed we need information about S[O$**]. It is a sector of the bath CF Ty and without
loss of generality we assume that we have

1
S105) = 5

; ( / 4 O, 08 — V[OS’“]) , (4.8)

where the potential is added to ensure (’)S"t has the conformal dimension Ay = d — Ay when
extrapolated to the boundary and we assume that the direction normal to the boundary
is 1.2 Hence we have

1
050[¢]+05[05"] = =5 gaa (241 —d)/ddf(502a—6a02)+55[(9§§s]
1 1
:_§QGA(2A1—d)/ddf(5(92a—6a(92)+§/ddf((927osaL5@§xt (4.9)
—0020.05%,) .

where we ignored the contribution from the potential which is not a boundary term and
this boundary variation is vanishing if

1

o — _ ext
gap = A —d) a 01057 - (4.10)

Hence we don’t need additional boundary terms on the action. Moreover, the off-shell modes
of O are taken to satisfy either the Dirichlet or the Neumann boundary condition.

90One can think of O$** as a generalized free field.
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Now let’s understand the Hilbert space in the AdS,4y1 by doing canonical quantization
eq. (2.8) with the boundary condition eq. (4.3). From this question we switch back to
the Lorentzian signature. Eq. (4.3) tells us that we should treat d¢™ (x)wE and (5¢*(x)w7l—€'
from eq. (2.26) independently and both of them qualify as on-shell modes so we have the
field operator ()

o(x) (4.11)
/w T F( O (@), 7l 4867, 7B L4 66T (@), g, 1+ 00T (@), D7)

in which we have two copies of creation and annihilation operators. This tells us that the
Hilbert space now is twice as large are before which is not surprising as we have coupled the
AdS441 to a bath so the particles from the bath are free to enter the AdSgy; [41].

With the structure of the Hilbert space clear, we want to further understand the partition
function eq. (4.5) with the quantum correction included. The difference between this and the
previous cases is that the boundary source O is also dynamical so the on-shell part of the
field configuration is not fixed and it will be fluctuating. A generic bulk field configuration
in AdSgy1 can be expanded as

o dk 1 B
P(z,t,%) = /aﬂic'?zo @) /dcu2A1 _d(92708’w’k5¢ (@), i
dk .
+/w2_;;220(27-(-)d—1/dwa0wk5¢ ( ) L (412)

$ dk o
eyl ¢ =0 e iwt—ik-@
" A>0 /002—E2>O (27T)d71 / wa)\,w,k ¢A(Z,W7 )6

We can evaluate the action on the configuration as

S == / - dwMa, -|?, 4.13
0[¢] 9 )%% w2 F2>0 (27T) | )\,w,k| ( )
where we notice that the zero modes decouple. Then the path integral can be evaluated as

the integral over the coefficients a, . Nevertheless, we also have to do the path integral

ext

50s Will decouple from the kinetic term.

over Oy for which again the zero modes O

4.2 Gravitational bath
In the second case, CFT? is of dimension d and it has a holographic dual (see figure 2). The
two CF'T’s are again coupled to each other by a double-trace deformation

Stot = Sept +9 / d%F : 0103 ¢ +5cpy . (4.14)

where O is a single-trace operator from CFT! and O, is a single-trace operator from CFT2.
Hence physically we are coupling two AdSg41’s by gluing them along their asymptotic
boundaries such that energy can flow between them.'® We will stick with this two-AdSg,

19Gee [42] for a study of gravitational thermodynamics of this model.
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description. Now we have two scalar fields with one on each AdS,y; and they are dual to

01 and Os respectively. Their near boundary behaviors are
- oW e, _ B .
¢1(Z,x) ~ (QAI (S[Qﬂ]zd Ar + O(zd A1+2)) + (Oz(x)zAl + O(ZA1+2))

~ (ml—dm)z“l + 0<Z“1*2>> + (a(@)A + 02112y

(4.15)
Pl (“A;Wé[g’mzd% + O(z“ﬁ%) +(B(@)2 + 0(:2+72))
~ (ml_da(f)zd—Az + (’)(zd—A2+2>> + (5(f)2A2 i O(ZAQ"'Q))’

where we have used the first formula in eq. (4.10) and we remember that Ay + Ay = d. We
may have to add appropriate boundary terms to the action ensuring that this is a legitimate
boundary condition. Let’s firstly study the variation without any boundary counterterm
around an on-shell configuration

6SO[¢1] + 5SO[¢2] = _;/ dd_’ —drl (5¢laz¢1,os - Cbl,osazéqbl)

zZ=€
1

— 5/ ddfz_d-i—l <5¢26z¢2,03 - ¢2,osaz5¢2)

1 1
=3 / dZ(5Ba — 6aB) — 5 / d*%(5apf — 6pa)
=0.

(4.16)

Hence we don’t need any boundary term added.

Now we go back to the Lorentzian signature. The construction of the Hilbert space in
each AdS 41 is almost the same as in the nongravitational bath case. The field operators
él(m) and qgg(x) can be expanded in terms of two sets of creation and annihilation operators as

N dk dw
o1(z) = /w2—12220 @i Vs

60~ (), 1 » 6" (), 1
+ al whk it + A o w,k
(&Z) (z ) Wk wE+ 5A; —d bw’k+(5¢ (a:)w,ka%k—i- 5A; —d bw,k ,
(4.17)
Balo) = [ dh
AT e (2m)1 o
00 (%), 5 . ) ot (x), i )
T - AT 7[")’]{:" . —% . .
. < Ay —d Lk 0P @i, it oA, T g Gk T OO (ﬂf)w,kbw,k> :
We notice that we have
2
- A L 1+ (= -
[¢1(Z7ta f)vgttat¢1(zla taxl)] = (\;j;>6(2 - Z,)(sd_l(f - 1:/)a
5 z,t,T), %9, z',t,a?’ =0,
[Pa( ), 9" Orp1( )l (418)

[Ba(z2,t, &), g 01 (2, t, 27)] =

[qgl (Z’ t, f)v gttaﬂg?(z/? t, 5/)] =0 )
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where the second column is due to 2A; — d = d — 2As and they ensure the locality (or the
cluster decomposition) between the two AdSg; universes.!!
The partition function can be similarly studied as before. A generic bulk fields con-

figuration can be expanded as

. dk 1 _
¢1(2,t,%) = /w2—122>0 (27.‘.)(171 /dWQAl _dbO,w,E6¢ (x)w,lz

dk N
+/w213220 (27r d—l /dwaowk5¢ ( ) i

—twt— zkx
+>\zg)/w2 k2>0 (27r (2m)d—1 /dwa/\wk(s%(z w, k)e

(4.19)
pa(2,t,7) = /w2 E2>0(2ﬂ.d—1/de0wE5¢_(x)wk
d ~5pT -
+w2 k2>0(27['d1/w2A _dOwk¢()
+ — [ dwb,  5n(z,w, R)e R
)%4;/“}2’;220 (27I')d_1 / w A w,k ¢)\(z w )6
The action evaluated on this configuration is
di=1k 1 di-1k
+ So| —— / - dwMa, #*—= / —— dwlb, |2,
[(rbl] 0¢2 )%:0 w2 k;2>0 27T) | )\w,k| 2)\§>:0 w2_];.2>0 (27T) | Ang’

(4.20)

where the on-shell modes decoupled completely.

5 Path integral and the diffeomorphism invariance

In the previous section we got the action for generic field configurations eq. (4.13) and
eq. (4.20). The partition functions can be obtained by doing the path integral over these
configurations. Nevertheless, a subtlety is that the path integral measure is defined upto
an ambiguous constant and we have to nomralize the path integral measure first to fix this
overall constant which is potentially infinite [44, 45]. Since we are considering a gravitational
theory in the AdSyy1 this measure had better to be diffeomorphism invariant and if not there
will be diffeomorphism anomaly. Generally for a scalar field on a (d + 1)-dimensional curved
spacetime background the diffeomorphism invariant path integral measure is defined by

/ Dlgle~i [ ¢ av=aet@ _ 1 (5.1)

"The locality between ¢1(z,t, %) and ¢2(2', ¢, a?’) can be seen by computing their commutator. The result
is

([$1(2,t, ), po(2', ', &)]) o Im (GAZ(t—t'—ie,f—:az—z')—GAl(t—t'—ie,f—f’,z—z')),

where Ga(t, @, z) is the AdS4y1 Green function for the massive scalar field whose dual CFT operator
has conformal dlmenslon A. This has been shown to be local with respect to the geodesic distance

cosh—1 =)+ @E—a! =) gy [43] using the global coordinates of AdS.

zz!
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In this section, we will show that in the appearance of the bath the situation is rather
subtle and interesting.

5.1 Gravitational bath

For the sake of simplicity, we consider first the case of the gravitational bath that we have
studied in section 4.2. In section 4.2 we noticed that the scalar fields ¢1(z) and ¢a(z)
have rather unusual boundary conditions as comparing to the standard AdS/CFT case
and a direct consequence of these unusual boundary conditions is that in the canonical
quantization of them we need two sets of creation and annihilation operators for both of
them.'? This suggests that none of them is in an irreducible representation of the AdS 4,
isometry group SO(d,2). Nevertheless, specific linear combinations of them are in irreducible
representations and they are

(201 —d)¢1 () — da()

- (Ml_d_zm— )/ zﬂ @it \dﬁ (307 (@), ol 406" (@), 20, 7).
¢1(x) — (282 — d) ()

- (2A11—d _2A2+d> /wQ k:2>0 (275)]2 1 \57(5¢ ( ) I}7E+5¢_*($)w7gi)wﬁ) .

This fact can be more intuitively understood by folding the two AdSy441 to a single AdSg41 in
which we would have two scalar fields ¢;(x) and ¢o(x) (and also two gravitons). Moreover, the
stress-energy tensors of the two combinations in eq. (5.2) have reflective boundary conditions on
the asymptotic boundary of the resulting AdS 1 (see figure 3). More precisely, in the resulting
AdSg41, we are performing the standard quantization in AdS/CFT for (2A1 —d)¢1(z) — ¢p2(x)
and we are performing the alternative quantization for ¢1(z) — (242 — d)p2(z) (see eq. (2.36)
and eq. (2.60)). Hence the path integral of the scalar fields can be better studied in the
basis ¢4 = (2A1 — d)p1(z) — P2(x) and ¢— = ¢1(x) — (2A2 — d)po(z) instead of ¢1(z) and
¢2(z). For each of ¢ = (241 — d)d1(x) — ¢2(z) and ¢— = ¢1(z) — (282 — d)d2(z) we
have a conserved stress-energy tensor lecy. In a quantum gravitational theory on this folded
AdS41, we should define a diffeomorphism (both large and small diffeomorphisms) invariant
path integral measure with respect to the diffeomorphisms generated by the sum of these
two stress-energy tensors ley + T;;/'

This measure is given by

i fattay g (60020 @2)

/ D, Dé e _1. (5.3)

2Here we emphasize that they share the same two sets (see eq. (4.17)).

— 24 —



AdSqy1 AdSg11 AdSgi1

Figure 3. Left:The situation we consider in figure 2 where we have two AdS441 universes coupled to
each other by gluing them along their common asymptotic boundary using a double-trace deformation
eq. (1.2). We have one scalar field on each AdS;41 and they have transparent boundary condition at
the asymptotic boundary due to the double-trace deformation. Right: For the sake of convenience we
folded the two AdS441 to a single AdS441 where we have two scalar fields and the linearly independent
combinations eq. (5.2) have the reflective boundary condtion. Moreover, in the AdS441 resulted from
folding we have two dynamical gravitons.

This can be used to fix the overall factor C(¢) of the path integral measure as following

/D¢+D¢_€_ifdd+m\/jg(2mld)2+1 (¢+($)2+¢,(z)2>

= / C(6)Hw,Edao,w,Edbo,w,EH)‘>0da>\,w,Edb)\,w,EX

2

d—13 (QAl—d—%)

d E 2A9—d 2, d—2A 2 2 2
T Jw2-k2>0 (27) w( (2A1—d)2+1 (lag o, 5" +e 11bg 4 &l )+Z>\>o(‘ak,w,fé‘ +oy o &l ))

(5.4)

X e

=1,

where € is the near asymptotic boundary cutoff z = € — 0 and we have used the fact that the

modes 6¢~ (z)_,  cannot be normalized to an € independent constant under [ d™z\/—g¢?*(z)

due to its asymptotic behavior d¢~ () d=A1

-~ Z

w,k
Solving eq. (5.4) we can see that the normalization constant C(e) is a monomial of the cutoff

remember we have assumed that A > %)

scale € which can heuristically be thought of as a Pauli-Villars regularization by which we
can think of C'(e) as coming from integrating out free heavy fermions. This overall coefficient
C'(€) will decouple in generating functionals for connected correlators.

It is straightforward to see that the measure eq. (5.3) is invariant under the diffeo-
morphisms

r—,
g;w(fﬁ) — g//ﬂ/(l‘) = %%QPU(IE/) ) (55)
by (x) = ¢y (x) = Py (2),
d_(z) = ¢ (z) = p_(2),
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which are indeed the diffeomorphisms generated by T,fl, + ley.lg However, it is interesting to
notice that the measure eq. (5.3) is not invariant under local diffeomorphisms generated by
any other stress-energy tensors. For example it is not invariant under the diffeomorphisms
generated by ij(w) nor by Til,(w). This can be seen as following that in the folded
AdS we have

Ja ey — gy (s @+ o-@) = [ 2v=g(010) 4 6a(@)?) . (56)

and just transforming ¢;(z) (to ¢1(a’)) or ¢ao(z) (to ¢2(z’)) (with the corresponding trans-

formation of the metric g, () — g, (z) = ‘Zﬁf %fcl,f 9po(7')) will not leave it invariant.'4

This suggests that there are diffeomorphism anomalies associated with these broken diffeo-
morphisms and we cannot gauge these diffeomorphisms by coupling them with massless
gravitons unless the anamoly is cancelled!

We notice that there is a more elementary argument for the existence of such an anomaly if
we consider quantum gravity in the original AdS4y1. In this case we are gauging the symmetry
generated by Tﬁy(x). As a result, we should have the global part of this symmetry (the
isometry) as symmetries in this quantum system. This tells us that we should be able to write
down the symmetry generators for these global symmetries. However, the leakiness of Tﬁy at
the asymptotic boundary obstructs us to write down the generators as conserved charges

Q¢ = /E ¢, ds” (5.7)

where X is a Cauchy surface and (* is the corresponding Killing vector. Hence we must
have something to cancel the boundary flux such that charges eq. (5.7) are conserved. The
only possibility is that Tﬁy is no longer divergence free which means that it is anomalous.
Nevertheless so far we don’t know how to explicitly compute these diffeomorphism anomalies.

Interestingly, this doesn’t obstruct us to understand the physical implications of these
diffeomorphism anomalies. To do so we notice that in the folded AdS;41 there would be two
gravitons and they could form different linear combinations so this is a problem of matrix

13Note that the measure eq. (5.3) is also generally covariant under

=,
90 () = G 8') = 92 D2 g, (a(a))
¢4 (x) = ¢+(1’/ ¢+(l’( )F

) =
¢—(x) = ¢_(z") = ¢ (2(a")) .

*Here however we notice that eq. (5.6) is invariant under the isometries generated solely by T}, (z) or T}, (z)
dta’\/g(x') = d*Ttx/g(z). This is important for the application of the AdS/CFT
correspondence in the later analysis.

5We should notice that standard results of anomalies are that they are constrained by the Wess-Zumino

as for them we have

consistency conditions and the solutions of these consistency conditions only exist in even dimensions [46].
More precisely gravitational anomalies was found to only exist 4n + 2 spacetime dimensions. However, these
results only considered general covariance and transformation properties of the dynamical gauge field and
they didn’t consider the possible existence of background structures. The background structures such as
the background metric are important for us since we are doing perturbative quantum gravity around a
fixed background.
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algebra. Let’s focus on that graviton (i.e. a specific component of a matrix of two gravitons)
which only couples to ¢. This is the graviton in the original AdS,;y1 universe in the unfolded
picture where we couple the double-trace deformed scalar theory to dynamical gravity and
we treat the graviton perturbatively. In this sector the path integral is given by

7= /D $1lg DIl eI, (5.8)

where h,,, is the perturbative graviton modes that is only coupled to Tl}l, (z) and we emphasize
that the path integral measure of ¢; depends on the metric g,, () which couples to both
¢1(z) and ¢2(x). The full metric on the original AdS;41 universe is given by

gl = g, + V167G NPy (5.9)

where we treat 1, perturbatively and for our purpose we can think of g,, as the background
metric.'® The diffeomorphism transform for the theory eq. (5.8) is as following

0x'? 07
=, Gu(r) = g, () = wwgpo(m'% p1(x) = ¢ (x) = p1(a"),
0x'? 0x'°
() = iy, (2) = wwhm(m/) + Ve (x) + Vyeu(z), (5.10)

where z'* = z# + /167G e (z) ,

which works to the leading order in G as the gauge transform in the perturbative treatment
of graviton [51, 52]. It transforms the action Si[¢1, h;g] as following

Si[¢1, hi g — Si[dh, b5 ') = Si[¢n, b g]
=5 [(ﬁh h;g] + 24/ 167TGN/dd+1x\/jgvuey($)Tﬁy(x) (5'11)

Sy (b1, hs; g] — 2\/167rGN/dd+lx«/ g (x)V" Ty, (x) ,
where in the last step we integrated by parts and used the fact that we consider €*(x) as a

small diffeomorphism transform.'” Nevertheless from the above analysis of the path integral
measure, there is a diffeomorphism anomaly

(VT , (5.12)

which obstructs the diffeomorphism invariance of the theory eq. (5.8) at the quantum level.'®

Tnterestingly, this is the standard treatment in bimetric theories [47-50].

"To be precise we consider e* ~ (9(22) as z — 0 which is due to the fact that with our open boundary
condition \/—gT" ~ O(z') as z — 0 (which is easily obtained using the asymptotic behavior of ¢1(z) in
eq. (4.15)).

'8Here we notice that the diffeomorphism anomaly eq. (5.12) is a function of the background geometry g,.
and graviton fluctuation h,,. However, we don’t need its explicit form for our later study.
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This can be seen as following in the computation of the partition function eq. (5.8)

7 — /D ¢1 ] iS[¢1,h;g]

—/D%/Dﬁ]w%wﬂ

:/D[¢1]g’D[hW]€zS[¢hh6;g]

:/D[¢1]g€2im‘f‘dd+lxﬁeuvy<Tl1"(x)>D[huy}eis[‘f’lvhe;g}
- / D[1],e2VI07CN [ a0 GV Ty @) Dy ] S0 higl =20/ TBTG [ d o/ =get )V T}, (1)
(5.13)

where in the second step we used general covariance and in the fourth step we used the fact
that the path integral measure is anomalous and we denoted the anomaly polynomial by
(V¥T,,(x)). Hence we get the usual anomalous conservation law

VAT, () = VT, (2)) (5.14)

which gives us an operator identity that the divergence of the stress-energy tensor operators
equals to the anomaly polynomial for the diffeomorphism transform.

5.2 Non-gravitational bath

The situation in the non-gravitational bath is similar to the case of gravitational bath. For
simplicity we can take the geometry of the nongravitational bath also to be AdS4;1 i.e. we
turn off gravity in the gravitational bath. This can be done by sending the (dimensionless)
Newton’s constant GR*! to zero (remember that we have set Iaqs = 1). The analysis of
the scalar fields is the same as the gravitational bath case. Hence the result is again that
the diffeomorphism is anomalous in the gravitational AdS;4; and the treatment would be
the same as eq. (5.13).

5.3 Restoring the diffeomorphism invariance via the Stiickelberg mechanism

Since we are considering a gravitational theory in the original AdS;,1 universe, the diffeo-
morphism anomaly will potentially introduce several pathologies to the theory such as the
breakdown of unitarity by inducing negative norm states. Hence, in a consistent description
of the theory this anomaly should be cancelled. It can be cancelled if we introduce a vector
field V,, that transforms under the diffeomorphism as follows

8$/ll

Vle) = Vi) =

Vi (2') + €u(x), where 1}, =z, + /167G Ney(x), (5.15)

and we couple it to the anomaly polynomial such that the anomaly can be compensated.
This compensation works in the following theory

Zrall = /D[¢1]9D[huy]p[vp]ei5[¢1,h;g}fQi j ditle\/—g/I6nG NV, (z)(VITL, (z)) : (5.16)
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where eq. (5.8) can be thought of the gauge-fixed version of eq. (5.16).1 The diffeomorphism
invariance of eq. (5.16) can be seen by either a direct diffeomorphism transformation or by
thinking of V#(z) as a Lagrange multiplier which trivializes the diffeomorphism anomaly.
Here we notice that for a theory without the diffeomorphism anomaly eq. (5.12) is zero and
eq. (5.16) trivially equals to eq. (5.8) upto a constant factor from the path integral of the
vector field. Hence we can use eq. (5.16) to extract the physical effects of the diffeomorphism
anomaly if it is nonvanishing (more precisely nonvanishing in the matter sector).

In fact we will show that graviton is massive in the fully diffeomorphism invariant theory
eq. (5.16). The graviton obtains the mass from a Stiickelberg mechanism. This can be
understood by again studying the partition function eq. (5.16) and we do a diffeomorphism
transform in the matter-graviton sector eq. (5.10) with respect to ), = x,, + /167G N V,(z),

quu = / D [¢,1]9’D[h;w]D [VP] els[(bll ,h’;g/}*Q’L' f dd-‘rlx\/jg\/mvl‘(x)(VuTju ($)>

= /D[¢’1]9,D[hw’]D[Vp]ei5[¢17hv%9}*2ifdd+lx\/jg\/mvﬂ(x)<V”T;V(x)>

. v (5.17)
= /D[qﬁl]gD[hw,]D[Vp]eZSWhh 9]
- / D(¢1], DIl | D[VP)eiSI0rhig42i [ ey =g IGTEN VIV ()T, (2)
We notice that we have the following gauge symmetry
huw(x) = huw(x) + Ve, (x) (@) + Vioeu(x),  Vi(z) = Vi(z) —eu(z), (5.18)

in the resulting action in eq. (5.17). Now we can integrate out the matter field to get an
effective theory Seg[V, h; g] involving only the vector field V#(z) and graviton h,, (z) which
should be invariant under the gauge symmetry eq. (5.18). A kinetic term

Sy ~ /dd+1x\/jg(V#Vy(x)V“V”(x) + vﬂvy(x)wv“(x)) , (5.19)

of the vector field will be generated by a matter loop which is described by the time-ordered
two-point function of the matter stress-energy tensor (see figure 4)

(T (T4 (@) T () (5.20)

However, the invariance under eq. (5.18) obligates that the full effective action Seg[V, h]
should be a function of the eq. (5.18) invariant combination

ViVoy + b =V Vo + ViV + hyw (5.21)

Hence the quadratic action eq. (5.19) should in fact be

S~ [ a1y =g(V (Vo + ) (T0V) 4 1), (5.22)

To get eq. (5.8) from eq. (5.16), the diffeomorphism gauge is completely fixed by setting V*(x) = 0. The
fact that the theory is ghost free manifests only at the loop level via a Higgs mechanism (see later discussions).
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wv po

Figure 4. The Feynman diagram which computes the effective action eq. (5.19) from the matter
loop which is a loop intergral of the correlator eq. (5.20).

which indeed is a Stiickelberg mass term of the graviton h,, and the exact value of the
mass is given by the matter loop described by the two-point function eq. (5.20). This is
precisely the result of [53]. Moreover, similar to [54] the manifestly diffeomorphism invariant
description eq. (5.16) should be able to be easily uplifted to a full description as its Higgs
phase where the diffeomorphism is spontaneously broken and V#(z) is the Goldstone vector
boson. More precisely, to extract the exact value of the graviton mass we have to extract
the delta-function piece of the two-point function eq. (5.20). We provide an example of
such calculation in the next subsection.

5.4 An example of graviton mass extraction

In this subsection, we will consider a specific example to demonstrate the algorithm of graviton
mass extraction we proposed in the previous subsection. We will consider a conformally
coupled scalar field in four-dimension anti-de Sitter space.?’ This means that m? = %R
where R is the Ricci scalar which takes the value —d(d + 1) and d + 1 = 4. We can check
that A_ = % — %\/ d? + 4m? = d—gl > % so this is a good example fitting in the formalism
we developed above. From now on we take d = 3.

We will use the embedding space formalism. In this formalism, the Lorentzian AdSy

is a submanifold
~ X - X7+ XP+XE+ X5 =1, (5.23)
of an ambient five-dimensional two-time Minkowski spacetime which has the metric
ds* = —dX§ — dX; + dX} +dX3 +dX3. (5.24)
The Poincaré patch is given by the following parametrization of eq. (5.23)
24421241

X(): 25 )
X1:E7
z
X
Xo="7, (5.25)
2 2 2 2
24z +a5—t°—1
X3: 1 222 s
t
X4:77
z

208ee [55] for a more efficient way to extract the graviton mass for generic situations.
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and the Euclidean AdS, is obtained by
X4 — 11Xy , t— it . (5.26)

Moreover, all the fields in AdSy are uplifted homogeneously to fields in the ambient space
and these ambient space fields reduce to the AdS, fields when restricted on the submanifold
eq. (5.23). The homegeneity conditions are

XMSMNPQ...(X) =0 andXLVLSMNpQ...(X) = nSMNpQ... N (5.27)

where XM denotes the coordinate in the ambient space, n is called the degree and Sy/npq..
refers to the uplift of a generic AdS, tensorial field S, yo... (the rank of the tensor doesn’t
change before and after the uplift). The most relevant property to us is that a divergenceless
AdS tensor is uplifted to a divergenceless tensor in the ambient space. For details we refer
the readers to [53, 56-58] and references therein.

We will follow the formalism in [56] and quote their results. For the sake of simplicity
we go to the Euclidean coordinates. Our purpose is to extract the graviton mass from
the following integral

[y @) Tho() (5.28)
AdSy

Remember that we can do this because the effective action of the emergent Goldston
vector field is

4
S = —5167G dXAYVMVN (X )TN (X)Tho(Y))VEVE(Y), (5.29)
AdSg+1

and we are interested in the fintie short distance term generated from it which is of the form

2
Ly = —%V(MVN) () VMYV (g), (5.30)

where m? is the graviton mass due to the Stiickelberg mechanism. Since we are considering a
conformally coupled scalar field in AdS, whose stress-energy tensor is traceless, we only have
to consider a divergenceless vector field V#(z) in AdSs which is uplifted to a divergenceless
vector VM (X) in the ambient space. Furthermore because (TMN(X)TP?(Y)) is already
transverse and traceless in M N and PQ, we only need the contributions proportional to

5((?3/[(522\])) from it as other contributions vanish when inserting to eq. (5.29) in the limit y — x.

We will use existing results from [56]. The basic result we will use is eq. (35) from [56] and

as we explained in the previous paragraph we only need the O3 = 258\346%) term?! which is

4 2 1 "

21Tt may not be straightforward to see that YN Y™V 1,V (Y) = 0 so let’s prove it here. Differentiating
by parts we have YN Y™V, Vn (V) = YM V0 (YN V) — YV Vv where the resulting two terms are both zero
due to YN Vy (Y) = 0. Moreover, the degree of the vector V™ has to be 1 in order for the consistency with

diffeomorphism invariance. This is because the graviton hyn are traceless symmetric and satisfies the first

equation in eq. (5.27) which implies that only Os in [56] is relevant to the 1-loop correction of graviton
propagator. Hence this should also be the case for the vector field and in particular Os in [56] shouldn’t
contribute which requires n = 1 for VM.
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Here Z = —X - Y is the invariant distance between the two points z* and y” in AdS,
with XM and Y™ their embedding space coordinates and Ay(Z) is the propagator given
as eq. (28) in [56]

1 a b
Bol2) = o <Z+ 1772 1) ’ (5:32)

where a = f — @ and b = a + 5. Using the embedding space coordinates for the Poincare
patch we can find that

(-9 +28+23) r’+24+23

7 = 5.33
22122 22122 ( )
Here we notice that for the conformal scalar field we have Ay = d’LTl =2and A_ = % =1
and as we send x* close to the asymptotic boundary we have z; — 0 and
Ao(Z) ~ ——5+5 {5(21 +0(2)) + a2 + O(Z%)]
A L . . . . (5.34)
- —+2 +2
= 122 {5(21 +O0(z 7)) talzn T +O0( T )} ;
which is consistent with our results of double-trace deformation eq. (3.2), eq. (4.3) and
eq. (4.15).
Now we can compute the following integral
4 1
[ ¥ (5262 + 5a0(2)84(2))
AdSs (5.35)

:/ dil/ 4ridr <4A6(Z)2+1A0(Z)A3(Z))7
0o 21 Jo 9 )

where we have to split the 2 integral as [* “dz1 + [,

UV-cutoff e. The result is
2

2m2b%25  2m2abzd  w 9 9 29 m2ea (74b — 3a) 9
= + 02 + r <3a — 3b* — 6ab + 16ab10g(€2>) + 362 + 0 (e ) ,
(5.36)
1

multiplied by (CIRILE This result is of fundamental importance to us. Since we only want to

dz1 and expand the result in the

extract the delta-function piece of the two-point function eq. (5.20), we only need the O(1)
terms. The two power law divergent terms are universal short distance singularities which
can be removed by an appropriate point splitting regularization. The terms proportional to
ab in the O(1) order are removed by appropriate counterterms which cures the logarithmic
divergence. This is because ab = 32 — a? and it is hence independent of having the double-
trace deformation which tangles the two boundary conditions (see eq. (5.34)). Thus the ab
term persists even when we are doing the standard quantization in AdS/CFT i.e. 5 = 0.
Hence the relevant term to us is

2

W(a? — b2) y (537)
which in terms of o and [ is
472
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Now the graviton mass can be extracted as

472 8G

2 _ —

B, (5.39)
where the factor 2 comes from the factor 2 in the definition of O3 and the discrepancy of
the coefficient with the results in [53, 56] is a matter of convention of how we normalize
the vector field.?? The physical relevance of this result is that the graviton mass is zero
when either a or § is zero which reduces to either the standard or alternative quantizations
in the usual AdS/CFT and it is only nonzero when both of a and § are nonzero which is
the case that we have a bath glued.

5.5 The unbroken diffeomorphism invariance with a gravitational bath

We have analyzed the diffeomorphism broken and graviton mass generation in the AdS;;
bulk when a bath is glued on its asymptotic boundary. This result persists for both cases
when the bath is nongravitational and when it is gravitational. Nevertheless, in the case with
a gravitational bath, we noticed that the diffeomorphism invariance generated by Tl},/ +T 3V
is non-anomalous. This is consistent with the fact that the total stress-energy of the folded
AdSg41 (or the union of the original two AdS41’s) is conserved (this has a nice interpretation
using the AdS/CFT see section 5.6 for discussions on this point).

This result suggests that in this resulting universe from folding, apart from a massive
graviton, there is also a massless graviton. This is the hinge of the recent realization that
wedge holography provides a doubly holographic set-up for massless gravity localized on the
Karch-Randall braneworld which can be used to demonstrate that there is no entanglement
island in massless gravity theories [59-61].

5.6 Discussions

In this section, we carefully analyzed the quantum effects encoded in the AdS441 scalar field
partition function. In particular, we noticed that we are not able to define a diffeomorphism
invariant path integral measure in the AdSy41 universe that is glued to a bath by a marginal
double-trace deformation. This suggests the possible existence of a diffeomoprhism anomaly
in the AdSgy1 universe. Although we don’t know how to compute this anomaly explicitly to
confirm its existence, we found that we can extract its physical effect by coupling the theory
with dynamical gravity in a diffeomorphism invariant way by introducing a compensating
vector field to cancel the anomaly. We notice that if the diffeomorphism anomaly doesn’t
exist then this coupling is a trivial operation. However, our calculation shows that in the
cases with double-trace deformation this anomaly should exist and it indicates a spontaneous
breaking of the diffeomorphism anomaly. This is signaled by the graviton mass eq. (5.39)
which is generated from a Stiickelberg mechanism. In fact we can show that the graviton will
be massive even if the diffcomorphism anomaly turns out to be zero (see appendix A).
We can see from eq. (5.39) that the graviton is massive in both the double-trace deforma-
tion in standard AdS/CFT where v and § are not independent (see section 3) and the case
with a bath glued where o and [ are independent (see section 4). This result is consistent

22We note that even the results in [53] and [56] are different with the coefficients.
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with the lore in AdS/CFT that the bulk graviton mass duals to the anomalous dimension
of the stress-energy tensor of CFT!. In both the standard quantization and alternative
quantization cases this anomalous dimension is zero due to the conservation of the CFT!
stress-energy tensor. Nevertheless, in the cases with a double-trace deformation the CFT!
stress-energy tensor is no longer conserved due to this deformation

0T, é‘%Tl o &°(double-trace deformation). (5.40)

Hence its anomalous dimension is not protected to be zero anymore. Interestingly, the equation
eq. (5.40) also suggests that the stress-energy tensor has a vector as its conformal descendant
which through the AdS/CFT correspondence translates to AdS;41 as the statement that the
graviton is no longer in a short multiplet of the AdS;y; isometry group SO(d,2) but in a
long-multiplet containing a vector field (remember we have shown that the AdS;11 isometry
group is not anomalous in section 5.1.). This is nothing but the holographic interpretation of
the existence of the vector field V#(x) in our calculation. Fixing the gauge by V#(z) =0
is a manifestation of the Higgs mechanism [53]. This further confirms that the AdSg+q
diffeomorphism is spontaneously broken and the graviton becomes massive when there is
a double-trace deformation.

Nevertheless we should notice that there may exist quantum aspects in AdS 1, which
are expected from the CF'T side, that cannot be extracted by our calculation. An example
is for the double-trace deformation in standard AdS/CFT that we studied in section 3. In
this case, in the dual CFT there indeed exists a conserved stress-energy tensor which is
the stress-energy tensor of the undeformed CFT plus a contribution from the double-trace
deformation. It is however not clear to us what is the dual statement in the AdS;,1 which
may be that there is another massless spin-2 modes that overlaps with the massive graviton.
This expectation comes from the following consideration. In the gravitational bath case
section 4.2, as opposed to the nongravitational bath case in section 4.1, we can dualize the
union of AdS441 and the gravitaitonal bath to a d-dimensional conformal field theory which
is CFT!'4+CFT? and together with the double-trace deformation that couples them together
(remember we’ve taken the double-trace deformation to be marginal). Hence from the CFT
perspective we do have a conserved d-dimensional CFT stress-energy tensor and this should
be dual to a massless spin-2 mode that propagates in both the AdS;y; and the bath. It is
shown in [57] that this massless mode is a specific linear combination of the gravitons from
the AdSyy1 and the bath. This is consistent with our analysis in section 5.1 and section 5.5
that we can indeed define a diffeomorphism invariant measure for the matter fields in the
folded AdSg4; for the diffeomorphisms generated by Tl},, + Ti,j. Nevertheless the calculation
in section 5.4 still suggests that there is another linear combination of the two graviton
modes which is massive and is orthogonal to the massless one. Hence the graviton in the
original AdSy41 is a superposition of the massive and the massless modes and hence overlaps
with both of them. Therefore we expect that in the case of the double-trace deformation
in standard AdS/CFT we should have a similar result for the consistency with the CFT
expectation. However, it is possible that the actual situation is subtler than our expectation.
For example the double-trace deformation eq. (3.1) in standard AdS/CFT is not marginal
(remember we have chosen A = % + %\/m such that we can perform the alternative
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quantization % > A > % otherwise the modes eq. (3.19) wouldn’t be normalizable in the
Klein-Gordon measure) so the theory with the deformation eq. (3.1) wouldn’t be stable under
the RG flow and the correct low energy behavior should be captured by either the limit
h — 0 or h — oo depending on whether the deformation eq. (3.1) is irrelevant or relevant.
Indeed, in this two limits we are in the standard AdS/CFT without any deformation (i.e.
either a or 3 in eq. (5.39) is zero®?) and the graviton is fact massless so we only end up with
a single massless graviton. We leave this question to future work.

6 Gravitational subregion and edge modes

The model with a gravitational bath glued on has another interesting application. This is
from the observation that the original AdS,;y; universe can be thought of as a subregion
of a gravitational universe which consists of the union of the original AdS;; and the bath
AdSg.1. Moreover, this subregion is by itself gravitational and the nice feature of it is that
the gravity turns off kinematically near its boundary (the asymptotic boundary). Hence this
provides a tractable model of a gravitational subregion without the necessity to address the
issue of the graviton edge modes [23]. As a result, we can study the entanglement entropy
between a gravitational subregion and its complement in this model (see [59] for a holographic
study of this question using the Karch-Randall braneworld).

Nevertheless, we do have an edge mode to deal with in the matter sector. As we split
the AdS441 and the bath by integrating out the bath and focus on the AdS4; 1, the source
J(x) (see section 2.2.1) becomes the edge mode which we have to integrate over in the
resulting path integral. Hence we have

1
ZAdSqp, = det(D - m2) : /DJZ[J]CFT

(6.1)

N|=

in$ DAL r1-g) [ dtdd=1 g at—t g — NI
/DJe ra4] (—(=t2Hla—aT DA+

:(km(m-nﬁ)_

_1
where Z[J]cpr is given by eq. (2.24) and the det(d —m?)”™ 2 is the quantum correction.
We can simplify the expression by noticing that in d-dimensions (i.e. the boundary of the
AdS44+1) we have

V2 1 St — )N F— ). (6.2

(~ -2 riz—21) 7

23Notice that on the one hand if we did the standard quantization before we turn on the double-trace

_d1\?2
%mﬁ%ﬁ) B (see eq. (3.16)). In this case the double-trace

deformation is irrelevant so h — 0 is the correct limit for low energy physics and we have to fix a finite

deformation we have o = ghd —2A4 (TI'

B then we have a = 0. On the other hand, if we start with the alternative quantization then we have
4h (ﬂ_g ra_+1-¢]

A= "g oA T[A_]

limit for low energy physics and we have to fix « to be a finite number then we have g = 0.

2
) B. In this case the double-trace deformation is relevant so h — oo is the correct
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So we get

- 4TIA +1-4] g d—1 I ) I (4,5)

-1 i 2 x 2. [ dtd?—1gdt’di 1o’ : VoY

ZNdSay = det(D —m2) i /DJe tar s/ (—(t—t))2+]3—a712) 5+
oA,

— det (D - m2)7% det (VZ) -z

(6.3)

where the second factor is from the edge mode J(t,%) and it of positive power of the
determinant of the d-dimensional d’Albembert. This positive power is of a wrong sign for
bosonic fields and is exactly the expected property for edge modes [62].

7 Conclusion and future directions

In this paper, we carefully studied the AdS/CFT model of coupling a gravitational universe
to a bath at its asymptotic boundary. The bath is modelling an experimental laboratory
that is trying to extract the physics in the gravitational universe. This model avoids the
complicated question of describing or modelling an observer in a gravitational universe and
hence it is of direct relevance to build the bridge between quantum gravity and experiment.

In this AdS/CFT model the coupling is achieved by a double-trace deformation that in the
CFT description couples the AdS-dual CFT to the bath. We carefully analyzed the quantum
aspects of this model by doing canonical quantization and studying the partition function at
the quantum level. We notice that the bulk Hilbert space is enlarged due to the bath coupling
and the double-trace deformation generically induces a mass for the graviton in the gravitating
universe through a Stiickelberg mechanism. In other words, the diffeomorphism symmetry in
the gravitational universe is spontaneously broken if it is coupled to a bath. This suggests
that we may have to think of quantum gravity quite differently from a practical point of view.

Moreover, this work is potentially helpful to get a proper understanding of subregion
physics in a gravitational universe. In the case of the (Yang-Mills) gauge theory, a subregion
can be defined gauge invariantly by introducing edge modes which splits the manifold into
two regions R and R and assigns opposite surface charges to 9R and OR [62]. Nevertheless,
in the case of a gravitational universe with a massless graviton we can’t have negative
mass density and therefore the idea of edge modes wouldn’t work in the same way as in

the case of gauge theory.?*

Hence if we constrain ourselves to a subregion the subregion
diffeomorphism invariance will be broken and the question is how to restore it and what
is the consequences of the restoration mechanism. This paper provides a mechanism by
introducing a Stiickelberg field which compensates the diffeomorphism anomaly. This naively
renders the subregion graviton to be massive. But as opposed to the situation we considered
in this paper where there is a clear connection between diffeomorphism anomaly and the
openness of the system which manifests using the folding trick, in the general subregion
case we don’t know if we still have the issue of the disability to define a diffeomorphism
invariant path integral measure. If not the stress-energy tensor is locally conserved and

free of anomaly. The issue is then that the stress-energy flux is nonzero on the boundary

24Though in the low dimensional case where the gravitational theory is topological it might be possible
to do this by extending the physical Hilbert space and do a careful projection in the end (see [63—67] for
recent attempts).
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of the subregion R and so the diffeomorphism symmetry ¢* for whom (*n"T),,|sr # 0O is
broken. To restore such diffeomorphisms?® it is enough to have a Stiickelberg field localized
on the boundary 0R which compensates the diffeomorphism transform of the action due
to the nonzero flux. It’s not clear at this stage what the implications of this Stiickelberg
mechanism are. We leave this question to future work.

Another important question to study in the future is to properly understand the situation
in the double-trace deformation for the standard AdS/CFT. As discussed at the end of
section 5.6, it is interesting to know whether the graviton is massive in this situation. Here we
further notice that we have o o< h3 in the double-trace deformation for the standard AdS/CFT
where o and [ are asymptotic coefficients of the bulk Green function. This relationship is
easily seen from eq. (3.16) and eq. (3.18). Hence we have from eq. (5.39) that the graviton
mass square is linear in h which suggests an instability for positive h either we started with the
standard or the alternative quantization when h = 0. However, in the case that we coupled
the original AdS;y; and the bath by a double-trace deformation we have independent v and
[ and the graviton mass square is proportional to the square of the double-trace deformation
parameter which signals a stable configuration. This can be seen from eq. (4.17) that the two
sets of modes 5¢($)i;g are assigned with independent creation and annihilation operators and
so the Green function would be the sum of their contributions and there is no mixing term
between term. Using the fact that if we fix 5¢+(a:)w7]—€» to be independent of g then d¢~ (a;);/72

will be linear in g, we see that the Green function only contains terms scaling with g as ¢° and
g% (i.e. a o< g% and B o g°). Hence the graviton mass square is proportional to g2 (see [57]
for an explicit calculation). Thus there is no instability issue in this case with a bath glued.
This analysis suggests that with the double-trace deformation in the standard AdS/CFT we
should necessarily consider the bulk backreaction to the geometry if h is finitely positive (but
close enough to zero as we know when h — oo we have § = 0 and so zero graviton mass
square (see footnote 23)). It would be interesting to exploit these observations further.
More practically, our model can be used to study dynamics of strongly-coupled open
quantum systems using both CFT and holographic techniques. For example, in an real
experimental system disordering, dissipation and spatial inhomogeneity are unavoidable
and may have important experimental and theoretical implications such as the Anderson
localization [68] and dissipative effects in hydrodynamics, heavy ion collisions and quantum
phase transitions. Coupling the system with a bath in a control manner as in our system
provides an explicit model to study these effects. The holographic dual of our system provides
a nice setup to explore these effects in strongly-coupled systems. We can also turn on a
finite temperature in our model by considering the bulk to be a black hole geometry (and
the bath also to be of a finite temperature). It would be interesting to carry out these

Z5We should emphasized that the motivation to restore this diffeomorphism symmetry is different from the
case studied in the paper. This is motivated by the attempt to define a gravitaional subregion and studying
the associated entanglement entropy. This diffeomorphism is a symmetry for the total universe R U R so
if we integrate out the complementary region R in the path integral the symmetry should persists in the
resulting theory on R. We should notice here that in gravity the situation is very different from the gauge
theory case [62] where we could interpret the surface gauge symmetry on R as assigning charges of opposite
signs to R and IR and splitting the Hilbert space of R into different superselection sectors (associated with
different values of the surface charge) as in gravity we cannot have negative surface mass.
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analysis in detail using our holographic model (see [69-72] for early and recent studies of
some of these questions).
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A A potential loophole and its resolution

We should notice that there is a potential loophole in our argument leading to eq. (5.17).
As we discussed, at this point we don’t know how to compute the diffeomorphism anomaly
V“(Tl}y(x». Hence it is reasonable to doubt its very existence. However, in this appendix
we will show that even if the diffeomorphism anomaly V#(T};,) turns out to vanish, we can
still extract the graviton mass following the result of eq. (5.17). We first observe that when
VH(T},(x)) vanishes eq. (5.17) becomes the standard Stiickelberg trick in the discussion
of massive gravity theories [74-76] where we introduce an auxiliary field V#(z) into the
gravitational path integral and shift the graviton field A*” to

My () = Py () = hy(2) + Vu Vi () + Vo V() (A1)

in the action of hy, (and the matter fields coupled to it) with the resulting action invariant
under the gauge symmetry

hyw = by () + V,V,(2) + Vo, Vu(x), Vi(z) = Vu(z) —e(x). (A.2)

More precisely, in our case, when V#(T,(x)) = 0, we would have

Ziull = /D D[V*]e iS[p,h;g]
_/D D[VPe iS[¢,h/;g]
(A.3)
_ /D D[VPle iS[¢,h/;g]
/D [Vp] iS[¢,h; g}+22\/Mfdd+1$Fv”VV( T (x )

As a result we can extract the graviton mass following the same calculation as in section 5.4.
Here one might think that what we did in eq. (A.3) is a trivial operation as the term
J ddﬂx\/—gV”V”(x)Tl}V(x) looks to be zero due to the facts that we can integrate by part
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and that the matter stress-energy tensor is locally divergenceless. Firstly this is only true if
the vector field V#(z) decays near the asymptotic boundary z — 0 as O(z2). Though the
calculation in section 5.4 suggests that this is not always the case as the effective action
for V# is proportional to

/ /=g [V, V(o) + VoVi(@)] [VHV (@) + V'V (@) (A.4)

which gives the equation of motion

V3V, (2) + V,V,VF(z)
= VZVV(JT) + Ruyvu(.’lﬁ)
= V2V, (z) — 3V, ()
p— 0 5

(A.5)

where in the second step we used the fact that V#(x) is divergenceless as we only consider
the conformally coupled matter field. The z-component equation of motion is

2 4
(02 +0"0, — ~0: = 5)V(2) =0, (A.6)
which is equivalent to a scalar field with mass square m? = 4. Hence when there is a source
for V,(x) on the boundary the leading asymptotic behavior is

Vi(z) ~ 2572 asz—0, (A.7)
with A = %4— \/‘i—z—i—mQ = %4— %—1—4 = 4. As result we have
Vi(z) ~ 282 = 2, (A.8)
When there is no boundary source for V,(x) the leading asymptotic behavior is
Vi(z) ~ 22 =2, asz—0, (A.9)

and
VE(z) ~ 2812 =55, (A.10)

This suggests that [ dd“x\/—igV“V”(x)Tl},}(m) is not trivially zero if V},(x) has a boundary
source. Secondly, it is not always true that the local divergenceless of the matter stress-
energy tensor can be promoted to an exact operator equation. The reason is that when the
corresponding symmetry i.e. diffeomorphism is spontaneously broken there can be contact
terms in the divergence of the two-point function of the matter stress-energy tensor. As we
have seen in section 5.4 the coefficient of this contact term is the graviton mass. As a result,
we can see that what we did in eq. (A.3) is not always a trivial operation.
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