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1 Introduction

The lack of microstructure at the horizon scale of black holes in General Relativity lies at the
heart of the information paradox [1, 2]. While semi-classical gravity can count the number
of black-hole microstates [3—6], it seems to be unable to resolve individual microstates.
At the other extreme, one can reproduce the Bekenstein-Hawking entropy of certain
supersymmetric black holes in string theory by counting relevant brane configurations at
weak string coupling [7]. But this provides only a statistical interpretation of the black-hole
entropy at strong coupling where we expect classical black holes to exist [8].

A possible realisation of black-hole microstates is provided by the fuzzball proposal [9-11]
which states that all microstates of black holes should be horizonless.! A typical microstate
is conjectured to possess non-trivial microstructure in the form of a highly quantum and
stringy “fuzz” that extends to the scale set by the horizon of the corresponding black hole.
In this context, horizons arise only by neglecting crucial degrees of freedom [12] or through
an effective description of an ensemble of horizonless microstates.

The fuzzball proposal can be tested in the D1-D5 system, which is obtained by wrapping
N1 Dl-branes along a circle S; and N5 D5-branes along S; x M, where M is a four-
dimensional internal manifold that can be either 7% or K3. For example, the entropy of the
supersymmetric two-charge black hole can be reproduced by counting the moduli space of
regular supertubes [13-15], which are, through the AdS/CFT correspondence [16], dual to
1/4-BPS? Ramond-Ramond (R-R) ground states in the CFT [17-21]. However, the extremal
two-charge black hole has a classically vanishing horizon area [22] so generalisations to
black-holes with macroscopic horizons are not immediate. To increase the horizon one
adds a third charge, momentum P along the S; circle. Microstates of such D1-D5-P black
holes have already been extensively analysed, especially those that can be described in
supergravity, usually called microstate geometries [11, 23].

Superstrata are a particular class of microstate geometries of the D1-D5-P black
hole [24-34] which have a well-understood CFT interpretation as coherent superpositions
of super-descendants of R-R grounds states with non-vanishing momentum charge [35-38].
In some sense, they are 1/8-BPS generalisations of supertubes. They exhibit all symptoms
of a conjectured fuzzball of the D1-D5-P black hole: approaching from the asymptotic

LA justification for the absence of horizons is that they have an associated entropy which is incompatible
with the properties of pure states.

2The fraction is with respect to the total number of supersymmetries of ten-dimensional type IIB
supergravity: 1/n-BPS denotes that the solutions preserves 32/n supersymmetries.
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Figure 1. A schematic depiction of superstrata. In contrast to an extremal black hole, the AdS»
throat has a finite length and is smothly capped off. The details of the microstructure are most
prominent at the bottom of the throat (shaded in blue).
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region (either AdS3 or flat space), one passes through a AdSs x S; throat which, unlike in a
black hole, is capped off by another AdSs region, see figure 1. Superstrata are very special
representatives of the ensemble of microstates [39] and give a parametrically subleading
contribution to the total entropy of the black hole [40, 41].> However, they present a window
into possible deviations from the expected behaviour of black holes [44-51] and can hint at
potentially observable features of the underlying microstructure [52-55].

The construction of superstrata follows a systematic procedure in which each step on
the boundary side has a corresponding action in the bulk. Roughly speaking, on the CFT
side one starts with a bosonic R-R ground state and then acts on this state with left-moving
generators of the symmetry algebra.* In the bulk, this translates to analysing perturbations
of the round supertube [20, 21] and acting on them with the bulk representations of the left-
moving symmetry generators. To determine the backreaction, one needs to solve the BPS
equations of the relevant theory of supergravity to all orders in the parameter controlling
the amplitude of the perturbation. Known superstrata are described by six-dimensional
N = (1,0) supergravity coupled to two tensor multiplets [57-59] in which the BPS equations
can be organised in a linear and upper-triangular form [60, 61]. This structure of the BPS
equations is crucial in obtaining fully backreacted geometries, which are then dual to
coherent superpositions of bosonic descendants of R-R grounds states with momentum
generated by the action of the symmetry algebra.

1.1 Summary of results

If the internal manifold is a four-torus, then one can act with a single supersymmetry
generator on a fermionic R-R ground state® [19] and obtain another set of bosonic 1/8-BPS
descendants, which are associated with breaking the rotation invariance of the T¢. The

3See [42] for an potential connection between superstrata and disentangled states [43].

4By acting only with left-moving generators we preserve some supersymmetry, which allows us to compare
states at different points in the moduli space [56].

5Fermionic ground states are absent if the internal manifold is K3 in which case there are only 24 bosonic
ground states. Hence throughout this paper we only consider M = T*.



first result of this paper is the systematic construction of bulk geometries corresponding to
coherent superpositions of these 1/8-BPS states: a new class of superstrata in which the
momentum charge is carried by vector fields. Such geometries have an AdS, throat which
is smoothly capped off (exactly as in figure 1). With this we initiate the completion of all
possible superstrata for the three-charge black hole [62].

Our bulk construction is guided by the CFT. We avoid the use of fermionic excitations
of the supertube and the subsequent application of supersymmetry generators by directly
analysing vector excitations around global AdSz x S3. Since such perturbations are in
one-to-one correspondence with 1/8-BPS states in the CFT, we use the properties of these
states to completely fix the form of the vector excitations. We show that perturbations
obtained in this way satisfy the BPS equations of N/ = (1,0) supergravity coupled to a
tensor and a vector multiplet to first order in perturbation theory. These BPS equations
have recently been shown to have a linear structure and can be organised into several layers
which need to be solved in succession [63]. This is a critical aspect of our construction, as
it allows us to increase the amplitude of the deformation and construct fully backreacted
“vector” superstrata. We will provide a step-by-step procedure on how to obtain such
microstate geometries, present several explicit solutions and analyse their properties.

The second result of this paper is the uplift of generic BPS configurations of six-
dimensional supergravity coupled to a tensor and vector multiplet to solutions of ten-
dimensional type II supergravity. We provide several different frames and, in particular,
show that there exists an uplift in which only NS fields are excited. The pay-off is that
one has to isolate a direction of the 7% thus reducing the full “isotropy” of the internal
manifold to invariance on T3, which is in stark contrast with solutions based on tensor
fields, in which the 7% symmetry is intact.® We thus show that superstrata presented in
this paper can be uplifted to purely NS solutions of type II supergravity. As such, they
potentially allow for the exact worldsheet analysis and can act as starting points for the
construction of more stringy black-hole microstates.

We begin with a brief overview of BPS states in the symmetric product orbifold CFT
in section 2. We identify states that are dual to geometries in which, in six-dimensions,
the momentum is carried by vector fields. In section 3 we analyse vector perturbations of
global AdS3 x S3 and generate supersymmetric vector excitations of the round supertube.
Section 4 contains the systematic procedure of how to solve the BPS equations starting with
the constructed vector perturbations to obtain fully backreacted, asymptotically AdSs x S3
superstrata. In section 5 we present complete solutions for two families of vector superstrata.
We analyse the properties of generic solutions, including the corresponding asymptotic
charges and find agreement with those predicted by the CFT analysis. In section 6 we show
that in a particular corner of parameter space, some geometries develop an infinitely long
AdSs throat and a horizon. We discuss why the solutions degenerate and provide possible
resolutions [12]. In section 7 we analyse how to uplift six-dimensional BPS configurations
into ten-dimensional supergravity. In particular, we show that there exists a frame in which
solutions based on vector fields lie entirely in the NS-NS sector, with all R-R gauge fields
vanishing. In section 8 we conclude with a few remarks.

5An exception are superstrata based on internal tensor excitations [21, 64], but these do not significantly
differ from those which are isotropic on T*.



In the appendices we collect some technical details. In appendix A we summarize the
ansatz for all supersymmetric solutions of N = (1,0) supergravity coupled to a vector and
tensor multiplet. We also present the associated BPS equations and how they organise into
layers. In appendix B we show, using a particular uplift, that solutions to the equations of
motion of six-dimensional supergravity are also classical solutions of ten-dimensional type
ITA supergravity. Appendix C contains details of several ten-dimensional uplifts that are
omitted in the main text, while in appendix D we present additinal solutions to the BPS
equations. In appendix E we show how to match the conserved charges for an alternative
set of states, not considered in the main text.

2 Analysis of states in the D1-D5 CFT

The starting point of our construction of superstrata will be the analysis of vector perturba-
tions around AdS3 x S2. To determine the exact form of these perturbations, we use the
fact that they are in one-to-one correspondence with states in the dual field theory. In this
section we introduce the D1-D5 CFT at the symmetric product orbifold point. We analyse
the spectrum NS-NS (anti)-chrial primary states and their descendants, and relate them to
states in the R-R sector, using the spectral flow transformation. In particular, we identify
the states which are dual to vector field excitations in six-dimensional supergravity and
describe their properties. We draw heavily from the reviews [31, 65]. A similar analysis
was recently done in [62].

2.1 D1-D5 CFT at the symmetric product orbifold point

The AdS/CFT correspondence states that Type IIB string theory on AdSs is dual to a
two-dimensional supersymmetric CE'T, which we call D1-D5 CFT. The moduli space of this
CFT contains the symmetric product orbifold point where the theory is given in terms of a
N = Nj N5 copies of free sigma models identified under permutation symmetry, making
the total target space (T4)N /SN and total central charge ¢ = ¢ = 6.

The supersymmetry group of the CFT is SU(1,1|2);, x SU(1,1|2)g. We denote the
left-moving affine generators by Ly, J?, G4 and their right-moving analogues by L, ﬁ,
and @gA‘ The o, & = + are doublet and i,7 = 1,2, 3 are triplet indices of the R-symmetry
group SU(2);, x SU(2)g € SU(1,1]2)r x SU(1,1]|2)g. The index A = 1,2 denotes a doublet
of the SU(2)p outer automorphism symmetry of the superalgebra. There is an additional
custodial group SU(2)¢, whose doublet indices we are going to label with A = 1,2. This
group, together with the outer automorphism symmetry combines into the symmetry of the
internal four-torus SU(2)p x SU(2)c ~ SO(4);.

We begin by analysing 1/4-BPS states in the NS-NS sector of the theory. There are 8
bosonic and 8 fermionic anti-chiral primary states,” which we denote by [31]

k — _ k+a
’adgs ) WS = N = ;a 5 A —jNS = —12—a boson, (2.1a)
.\ NS k — = k
’QA>I€ ) WS = —jNS = ;a ) hNS = —jNS =5 fermion , (2.1b)

"One can equally work with chiral primary states. We choose to work with anti-chiral primaries to make
contact with previous work in the superstrata literature.



7 ENS:_gNS:k‘;d

NS
i fermion,  (2.1c)

’Ao'z> : ANS — NS _

. .\ NS
AB) T, W =N =2 R = = boson.  (2.1d)

NS NSk

2
We have also given the eigenvalues hNS and jN° under the action of L and J3, and their
right-moving analogues. The integer k£ = 1,2,..., N, denotes the twist sector of the state.
The state with the lowest possible conformal weights, \——)11\]8, is the vacuum state and is
dual to global AdS3 x S3. All other states in this sector can be considered as single-particle
states and are related through the AdS/CFT correspondence to perturbations around global
AdS3 x S3. For example, the T invariant state

) )

1 . B -
|00>ES =5 €48 ‘AB> NS = NS — l; pNS _ _oNS _ k (2.2)

k
where € ;5 is an anti-symmetric two-tensor, is the perturbation on which most of the known
superstrata are built [24-28].

2.2 CFT states related to vector fields

Since anti-chiral primaries are the lowest-weight states with respect to the rigid symmetry
group of the CFT, one can create more supersymmetric states through repeated action of
L_q, JJ , and Gt‘f generators, while leaving the right-moving sector untouched. We focus

only on bosonic déscendants, as these can be described by bosonic fields in the bulk. They
can be obtained by starting with a bosonic anti-chiral primary and then acting on that
state repeatedly with L_; and Jj [24-27]. Alternatively, one can begin by acting twice
with the supersymmetry generator Gj‘f, which produces a different lowest-weight state on

which one can act with L_; and Jg [228]

However, one can also make bosonic descendants by starting with a fermionic anti-chiral
primary on which one acts with a supersymmetry generator only once. Eight such states
are obtained by acting with the supersymmetry generator on (2.1c¢)

NS =NS

k k _
pNS + =, 4§ ., h T =—37"=—-+-, (23a)

G+A NS
_% E

At)

)
. NS k
+A| 4 Ns _ R
GHjA >k h 5+

y o J - = ) h ==J - ) (23b)

N TN
N~ N~

1
2
1 —NS =NS
2

N~ N~

2
Ns _ K
2

while the remaining eight are obtained by starting with the other fermionic state (2.1b)

A ANS Ns _ K 1 Ns _ K FNS _ _ons _ K 2.4

GH|+A), WS =241, 5D ;=g ()
L\ NS koo k NS _ _oNs _ K

+A_A hNS:* NS:_i 1 h — = — . 24b

These states are no longer an anti-chiral primaries, however they still annihilated by some
of the bosonic symmetry generators

Iy 100N = Jy [0S = Ly |[9)N = Ly [9)™5 = 0. (2.5)



They have an index in the SU(2)p x SU(2)¢ ~ SO(4)r and are related to vector field
excitations in the six-dimensional picture. An intuitive way to see this is by recalling that
vector fields in six-dimensions arise, for example, by dimensional reduction on 7% when
ten-dimensional fields have non-trivial components along a specific direction of the four-
torus.® In the CFT, directions along the T are characterised by vector indices a = 1,2, 3,4
of SO(4);, which can be decomposed into SU(2)p x SU(2)¢c doublets using Pauli matrices
XA4A L xa (U“)AA, or vice-versa, one can use this basis to convert an object with an A and
A index into a SO(4); vector [65]. Thus we interpret states with A and A indices to single
out a direction in the four-torus and will be, in the six-dimensional picture, described by
vector fields.

Notice that the charges of the states in (2.3) and (2.4) are pairwise related through
a shift in the parameter k: taking the state (2.3a) and shifting & — k — 1 yields the
charges (2.4b), while taking (2.3b) and sending k¥ — k + 1 gives the charges of (2.4a).

In this paper, we focus on the state (2.4a) and leave the analysis of the others for
future work [66]. As can be seen from (2.5), the state is again a lowest-weight state of the
SU(2)r, and SL(2,R);, multiplets. The most general descendant state can be generated by
the action of left-moving symmetry generators

NS

komn 4,4 = (L) ()" G HA) (2.6)
2

with quantum numbers

k k _ _
hNS:f—I—'rL, jNS:—f—I—m, hNS:—jNS:

5 5 (2.7)

N |

The full CFT state consist of a large number of copies of CF'T states, possibly in
different twist sectors. Consider a state made by combining many copies of the vacuum
and (2.6)

. A NS\ Ve
k,m,mn; A,A> ) , (2.8)

(=75 (

which is subject to the total winding constraint

N=N,+kN,. (2.9)

If we set N = 1, then the charges of the full state are equal to those of the state (2.6). In
the bulk this state corresponds to 1/8-BPS perturbation around global AdS3 x S® with
charges given by (2.7). By increasing N, we increase the amplitude of the perturbation.
When N, ~ N, the backreaction on the geometry has to be taken into account and the full
equations of motion need to be solved.

Microstate geometries are dual to states in the Ramond-Ramond (R-R) sector of the
theory, whose conformal dimensions scale with the central charge ¢. One can map anti-chiral

8This can be seen explicitly in section 7.



primaries and their descendants to states in the R-R sector through the spectral flow
transformation, under which the charges transform as [31, 65]°

B = h+2nj+kn?, j = j+kn. (2.10)
For example, the NS-NS vacuum maps to

=10 = 0T, W =h"=- =7 == (2.11)

The state composed of only |++>{{ is dual to the maximally spinning round supertube [21].
On the other hand, the spectral flow to the state (2.6) is

k,m,n;A,A>R = (L1 - J§1>n71 (/)" 65 ]—Ai, (2.12)

with quantum numbers

k - k =
hR:Z—i_m"i_na jR:m7 hR:Z? ]RZO (213)

The full state (2.8) is then mapped to

()™ (

subject to the constraint (2.9). The eigenvalues are given by

. R\ Ve
k,m,n; A,A> ) , (2.14)

N - N N, _
thz‘FNb(m“—n)? hR: jR:7a+mev jR:7a7 (215)
which, most importantly implies that the state and thus the corresponding geometry has

non-vanishing momentum
nR=hR — AR = Ny (m+n). (2.16)

We see that the conformal dimensions scale as h® ~ O(N) ~ O(c). As already mentioned,
when Ny = 0, the dual geometry is the maximally spinning round supertube. When N,
is small, but finite, the state (2.14) describes a perturbation on the supertube. Further
increasing the value of Nj results in a backreacted geometry — superstrata.'’ Up to
the details of the coherent sum, the state (2.14) is our proposal for dual of vector field
superstrata constructed in this paper. As a first check, in a fully backreacted geometry we
calculate the charges independently by a supergravity calculation and we find complete
agreement with the values (2.15) and (2.16).

9To map an anti-chiral primary to a Ramond state, one sets n = %, while taking n = f% corresponds to
the inverse mapping.

"More precisely, superstrata are dual to a coherent sum of terms such as (2.14) [67]. However, for large
N this sum is sharply peaked and thus the corresponding charges will be given, to leading order in large NV,

by (2.15) [27].



3 Vector perturbations

In this section, we present the construction of a linear excitation around global AdS3 x S3.
We fix the form of the perturbation by demanding that it has the same properties with
respect to the symmetry algebra generators as the CFT states discussed in the previous
section. We finally use the spectral flow transformation to create the corresponding vector
excitation on the round supertube.

3.1 Round supertube profile

One of the basic entries in the holographic dictionary is that the state consisting of only
[++)1 is dual to the maximally spinning round supertube [17-19, 21]. To describe this
solution it is convenient to parameterize the four-dimensional base space as

T1 +ixe = V12 + a2sinf e, T3+ ixy = rcosfe?, (3.1)

where 6 € [0, %] and ¢, € [0,27). In these coordinates, the flat metric on R* is given by

dr?
2 _ 2 2 .2\ w2 2., .2 2 2
d842<a2+r2+d9>+(a —H“)sm 0 dop= + r* cos” 0 dy”, (3.2)
where we defined
¥ =72 +a? cos’ 6. (3.3)

The round supertube is then described by the following ansatz quantities'!

r2 + a?) cos? 6
71 = %, oy = %, Y,2 = —Q1,5(2)d¢ A di, (3.43)
2 2
B= 8= L% (sin20dg — cos? 0 du)) | w=wp = Y (6in20d + cos? 0 ),

e V6T

(3.4b)

with all other quantities vanishing. The location of the supertube is at > = 0 and despite the
harmonic functions Z; and Z, diverging at this locus, the metric stays regular provided that

VQ1Qs =aR,, (3.5)

where R, is the radius of the Sy1 circle.
As on the CFT side, the round supertube is related to global AdS3 x S2 through a
spectral flow transformation, which now takes a form of a change of coordinates
~ t ~ Y
v — - 2 3.6
b=6-g P=v-q (3.6)
Indeed, inserting (3.4) into the ansatz for the metric and using (3.6) gives
r? + a? r? dr?

dt? + dy? + ST d6? + sin® 0 dp? + cos® 0 dop? (3.7)

2
ds = - —
a2R§ aQRf/ + a?

with the corresponding three form G appropriately factorising into the sum of the two
volume forms: this is global AdS3 x S? with equal radii Rids?) = R%g =01 Qs.

HEor more details on the notation, see section A.



3.2 Building up a perturbation

We now want to construct a vector excitation on global AdSs x S® that solves the BPS
equations to linear order in the perturbation amplitude, b. Since the metric is in product
form and depends only on the coordinates r and § we make an ansatz [68]

NS T i(m1$+m2lz+n1 A ng RL)

ANS =B [ £(r) Ago(0) + (0) Anas, ()] e v R (3.8)
where f(r) and g(¢) are functions while Aaqs,(r) and Ag3(0) are one-forms on AdSz and
S3 respectively. We want to build the perturbation corresponding to the CFT state (2.8)
with m = 0 and n = 1, which is the lowest-weight state in its multiplet at given k£ and

satisfies (2.5). In global AdS3 x S3 a representation of the symmetry generators is known.
The Virasoro algebra is realised by [69]

iR
Lo = Ty(&g +0y),
x| By r vVr? +a® N
Ly =ie _2(m8t+ , 8y ii r? +a? 0|, (39)
9a
- iR
Lo = =% (0= 0y)
=ty | Ry T Vre+a? i
Lil—le Ry [—Q(WQ— , 8y ii r“+a ar,«,
while the R-symmetry generators are given by [70]
{ I i3ed . .
J3 = —5(3(754— 81;), JE = §ei (@+9) (£9y + i cot 0 ag - ztan@@a) , (3.10a)
B _L (5 _p- = = L xi-d) . - -
7B =-3 (05-07), J5= 5 (¥09 —icot00; —itan0d;) . (3.10D)
The perturbation should have the same properties as the CFT state, so we impose the
conditions
k+2 - - k
Lo Ans = —— Ans, Lo Ans = —Ji Ans = —J§ Axg = 5 Ans, (3.11a)
J(; Ang = J_(; Ans = L1 Ang = [_/1 Ans =0. (3.11b)

These are enough to fully determine the perturbation'?

~ —i Bk $+L)> ia® dt + dy
Axs =B Apg, o (P d 1
NS k,O,le [T ((L2+T2) T"‘ Ry ) (3 )
where
k n
a r
DN = | —— ——— ) cos™O sinfF™0. 3.13
s (\/r2+a2) (\/T2+a2> ( )

12An additional term is set to zero by demanding that the spectral flowed perturbation has no du
component, so that it is consistent with the supersymmetric form (A.8).



By acting on this perturbation with L_; and JJ generators we can construct perturbations
dual to all states in the multiplet

)~ —intl 4k ( $+ L ) —m(o+d) ia? dt +d
AE™™ =B Ag e (wiir (B0 ) [T(a”ﬂ) ar+ = 1, (314

which should correspond to the state (2.8) with the same mode numbers (k, m,n).

Ultimately, we are interested in the R-R sector, where the perturbation is

ko) _ T i V2 ia’
A% mn) =be "Wkmn Ak,m,n <]%y dv + m dT) y (315)

or, using the real part only

k z V2 ) a? .
Al(:{ ,m,n) — bAk,m,n <B3y dv cos Vk,m,n + m dr sin ’l)k7m7n> s (316)
where we used the phase
2
Ok = (m—i—n)fv +(k—m)p —my. (3.17)

Ry

As we will see in later sections, this is the field that carries the momentum in the new
superstrata. Indeed, one can show that (3.16) solves the BPS equations to linear order in b.
When b is increased, other fields get excited as well causing the geometry to backreact and
develop a finitely-sized AdSsy throat.

4 Fully backreacted geometries

In this section we show how to systematically solve the BPS equations exactly in b for
single-mode superstrata, starting with the perturbations constructed in the previous section.
While one can use either of the parametrisations of the BPS equations summarised in
appendix A, it is more convenient to work with the gauge-invariant quantities wg and F,
at least when determining solutions which are asymptotically AdS3 x S3. We are unable to
solve all equations for general mode numbers (k, m,n), however, we present several explicit
examples in the next section and even more in appendix D. We believe that the lack of a
general solution is a technical and not a conceptual issue.

4.1 The zeroth, first and second layer

In the supersymmetric ansatz the vector field one-form and its two-form field strength can
be decomposed as

A = %(dv—l—ﬁ)—fl, F = (dv+B8)Awr + F. (4.1)
2
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Treating (3.16) as a perturbation on top of the supertube, so that Zs is given by (3.4), then
we are able to read off'3

Zl(f’ ) = beyQ5 kE oS Uk » (4.2a)
2
Alkmmn) — T a N \/§ "
Al )= _p Akmon <r((12—1—7“2) dr sin O mn — R—y By cos Uk,m,n) . (4.2b)
and
(kmm) _ V2D ma® +kr? < m L > A
_ . " kcotd) db o
“r Ry ko, r(a? +r?) "\ S0 cosd «© €08 Um,
+ [(k —m)d¢p — m diy] sin @k,m,n} , (4.3a)
Flkmn) _ a25Akmn[< m__ keost Cow) 1 Sin By
” r sin 6 r m
_ 2
Lkl g g, m] (4.30)

where we have expanded the two-form in a basis of self-dual two-forms on the base space

dr N do rsin @

0 = do Nd 4.4
T (2 + a?) cos b ) oNdY, (44a)
r
dr N d
Qs = N0 o do ndy (4.4c)

which manifestly shows that F is self-dual on R%. One can show that (4.3), combined with
the supertube backrgound, indeed solve to the BPS equations, in particular (A.16), if one
is working to linear order in b. At higher order in g, one needs to take into account that
these vector field components act sources for other fields, which encode the backreaction of
the geometry.

Since the differential equations (A.16) are linear, any linear combination of solutions
is also a solution. Hence the most general vector field that solves the BPS equations is
given by

wr =3 b @™ F = 3 By B (4.5)

k,m,n k,m,n

As already mentioned, these solutions act as sources in the subsequent layers of BPS
equations. When multiple modes are excited, one obtains source terms associated with the
sum and differences of the phases (3.17). In this paper, we limit ourselves to the case where
only one mode is excited. Such solutions, when fully backreacted, are called single-mode
superstrata.

13This choice is not unique due to U(1) gauge symmetry, but is convenient to highlight the sources of
the fields.
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From now on, we take the perturbation to be a single-mode solution with mode numbers
(k,m,n) — essentially (4.3). The next step is to solve the remaining BPS equations, which
gives a solution that is non-linear in b. Since the vector field enters only in the second layer
BPS equations, we assume that the quantities determined by the zeroth and first layer are
unaltered and are those of the round supertube (3.4), in particular

B=hpn =10 =27,=0"=0. (4.6)

Exciting only a single mode further simplifies our analysis due a somewhat surprising fact
that the quadratic source terms in the third and fourth layers are completely v-independent:
all terms that ivolve a phase drop out. Thus there is no need for “coiffuring”, a method in
which additional degrees of freedom are excited to remove phase-dependent source terms in
the BPS equations which cause singularities in the backreacted metric [27], simply because
there are no dangerous terms that need to be cancelled out.

4.2 Solving the third layer

The equations in the third layer (A.17) determine the quantities 02 and Z;. We start
by noting that F' A F and wp A F', which act as sources in this layer, are v-independent.
Furthermore, as can be seen in (A.11), ©2 and Z; already contain quadratic contributions
from the vector field, which also turn out to be phase-independent. With that in mind, we
assume that Z; and the fully backreacted ©2 are v-independent, which allows us to make
an ansatz

_ _ Tu -
0? = d4a2+AAwF+Z—;‘F (4.7a)

wqdsZy = dyyr —ag NdyS—F NA, (4.7b)

where ao and 7 are v-independent.
Since we are working in flat R? with a v-independent 3, the BPS equations in this layer
simplify to

%,02 =02, (4.8a)
dysydsZy +O* NdyS =F A F, (4.8b)
di©% = —2wp A F. (4.8¢)

Inserting the ansatz (4.7) solves all equations apart from the self-duality constraint,

which reads

N _ V202 ma? - (k—m)a®~
d4a2 - *d4a2 - Ry A2k72m72n - 7*2 QQ + WQg . (49)
The right-hand side is expressed in terms of a basis of anti-self dual two-forms on R?,
— dr A df rsin 0
O = — do N d 4.10
"7 (a2 +1r2) cos b )Y oAy, (4.102)
— T
— dr Nd
Gy = TN L ok 0.d0 A dup, (4.10¢)
T
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which satisfy the following orthogonality conditions

QNQ; =0, it i#7, (4.11a)
x(0) (52 /\52) 2
O (Q, AQ) = - _
* (Ql 4 Ql) B by  (a?+12)cos? %2’ (4.11b)
2

(0 (53 /\ﬁg) — (4.11c)

r2g¢in?2 9y’

and are related to (4.4) by a change of relative sign between the two terms. To solve (4.9),
we first note that there is no term proportional to 91, so we make an ansatz

72

b
ay = —(——— ,0) (do + dvp) + ,0) (do — dip) | . 4.12
= g |0 (94 0) 4 £2(5,0) (06— ) (4.12)
Inserting this into (4.9) yields two first-order differential equations for fi(r,8) and fa(r, 8).
a’ +r? cot m a?
5,3 Onfi=0nf2) = ——(Oof1 + Of2) = —Baramon — 5 (4.13a)
r tan 6 (k —m) a?
a5 T T - =A my2n = o | o 4.1
5 (Orf1+ 0r f2) + 2 (Opf1 — Do f2) 2k2mn = 3 (4.13b)
which can be used to express the derivatives of f; only in terms of fo
2r tanf 272
o f1 = 0, 1- O
h r2 + (a® +r2) tan? 0 b2+ ( r2 + (a® + r?) tan? 9) f2
A 2 2 o 2 ) 2 202
gk,gng,; a® (k —m)rcos” 0 _ 2a”m sin 0 , (4.14a)
r?2 4+ a?sin? 6 a? +r? r
272 27 (a® +r?) tand
dofr=(1- - Or
28 ( 72 + (a2 + r2) tan? 0) 0J2 72+ (a? + r?) tan? 6 J2
A m,zn .
2k2m2n 902 J; sin 6 cos 6 . (4.14b)

r2 + a?sin2 6

Next, one either differentiates these equations with respect to r and 0 or acts with an
exterior derivative on (4.9) to obtain four new equations. Three of those are used to express
all second derivatives of f1 in terms of fo. What remains is a Laplace equation on the base
space determining fo

Lfs = TS+ 12) cos2d ((k —m)” Aok 2m+2.2n + M° Aok 2m 2n—2
—k(m+n) A2k+2,2m+2,2n72) ; (4.15)

where L is the scalar Laplace operator on the 4-dimensional base space

1
Y cos@ sind

-~

Lf(r,0)=—xqdy*ady f= %@ (7“ (a2+r2> &«f) + 0p (cos B sin By f) .

(4.16)
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We now use the fact that the differential equation of the form

Lhaanin = G i (417
is solved by the function [24, 27]
S _Z<J +is m) et )
o jravas=0  \ J1J2:73 (o 1.0)
B2k —ip=1) 2m—p1)2n—is) (4.18)
4(k 4+ n)?(r? + a?)
with
(jl +]2 fj:s) _ (J1 4-'12'+ J"S)! ' (4.19)
J1,72,73 J1:732:733:

Since the differential equation (4.15) is already in the required form, we find that the
solution is given by

fz(k’m’n) (r,0) =—2a [(kﬁ —m)? Fag 2m12,20+M* Fog 2m 2n—2—k (m+n) F2k+272m+2,2n—2:| .
(4.20)

Next one obtains f; by integrating the differential equations (4.14). While we are not able
to find a closed-form expression for this function, it is easily determined case-by-case. With
f1 and fo known, one can then calculate as and 0?2 for all mode numbers, and check that
they indeed solve all third layer BPS equations (4.8).

Interestingly, all BPS equations can be solved without explicitly calculating Z;.'4
However, its precise form is crucial for the properties of the six-dimensional metric. To
determine Z;, we rearrange (4.8b) to

LZy =4 (O N~ FAF) . (4.21)

It is important to highlight that the right-hand side contains two terms which contribute
with opposite sign. The term involving 02 is also present in the superstrata built with
tensor multiplets and typically gives a positive contribution. The second term comes solely
from the vector-field excitation and contributes with opposite sign, in essence decreasing
the charge of Z;. To be precise, we can find

402 b
(r2 + a2 sin?
4atb?k A
33 (r2 + a?sin? 6) 2k, 2m,2m

%,0% A dyff = SE 7 <a2 sinf cos 0 Oy fo — 7’(@2 + r2)8rf2)

(4.22a)

272
2a°b Aok42.92m,2n—2
¥2  (a? +r2) cos? 6 sin* 0

_ 2
x F'NF = (k cos® ) — m) . (4.22b)

1411 the third layer, Z; only appears through dy %4 d4Z1, so that one only needs to know dz. In the fourth
layer, Z; always multiplies a vanishing quantity, so it never directly appears in the equations.
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Notice that the expressions involve divergences at the location of the supertube, where
¥ — 0, however, this merely signals that Z; goes as ¥~!. This can be also seen by the
fact that the differential operator acting on fy in (4.22a) is given by the difference of two
Laplace operators

Ly f(r,0)= % (a2 sin @ cos 00y — 7“(a2 +r2)8r) f(r,0)= Z(f(;‘g)) _ %Ef(ﬂ 0).

(4.23)

Despite the fact that fo is known explicitly, we are not able to find a closed form expression
for (4.22a). Nonetheless, the right-hand side of (4.21) can be computed on a case-by-case
basis for arbitrary mode numbers and in all cases we analysed we were able to solve the
differential equation. We present some of the explicit solutions in section 5.

4.3 Solving the fourth layer

In principle, the BPS equations determining F and w are coupled and need to be solved
simultaneously. However, given the solution of the previous layers, only a single term on
the right-hand side of (A.18) is non-vanishing

202 Qs 1
R2 ¥ (a®+1r?) cos? 0

Zywh = [(k' —m)? Aok am+2.2n + m° AZk,Qm,Qn—2} . (4.24)
As it is v-independent, we again make the assumption that w and F are v-independent.
Therefore the equation (A.18) reduces to

40 Qs 1

a — k - 2 A m n 2 A m,2n— 425
LF R% S (a® + 12) cos? 0 [( m) 2k,2m+2,.2n T M~ Aok om 2 2} ) ( )

which is solved by

- 402
Flemn) — R2Q5 {(k —m)? Fog am2,2n +m* F2k,2m,2n72} . (4.26)
Y

Interestingly, this results is, up to constant factors, exactly the first two terms appearing in
the expression for fy (4.20). We find it convenient extract the prefactors and define

= 402 Qs
F = 72 f(r,0). (4.27)
The last unsolved equation determines w
~, = 202
daw + *4dsw = Z2 0% — F dyf = \fRQ5 (922 + g393) | (4.28)
y

where we expanded in the self-dual basis (4.4) and

a®k cos? 0 Aog omon  (a* +12) sinf cos (a® +1r?)r cos® 0

= DY (TQ + (I2 Sin2 9) by (7»2 + CL2 sin2 0) 89f2 (T7 9> - » (7’2 + a2 Sin2 9) arf2 (Ta 9)
4a®(a® +1r?) cos?0
- 52 ) 1. 0), (4.20)
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a® k sin® 0 Aog om.on 72 sinf cos @ (a® +r?)r sin?0
=— s 0 0 10) 0
93 ¥ (r?2 + a? sin?0) ¥ (r?2 + a? sin?0) b 2(r,6) + ¥ (r?2 + a? sin?0) rf2(r,6)
462 r? sin®0
57 f(r,0). (4.29b)
We make the following ansatz for the b2 contribution to w
V2 Qs b?
wp = e (r,0) (d9 + dv) + v(r,0) (do — dv) | (4.30)
y
which inserted into (4.28) yields two independent equations that can be used to derive
2a?kr sin® 6 cos? 27 sinf cosd (a® + 1% —r? cot? ) sin® 6
Opv = - 5 B2k2m2n — 5 9 = 3g O — 3 3 .9 Ot
¥ (r2 + a2 sin? ) r? + a? sin® 6 r? + a? sin“ 0
272 (a® + 1r?) sin? 0 cos? 0 r (a? — (a® + 2r?) cos 260) sin 6 cos 0
Y (r? + a? sin?0) 2% (r? + a? sin?6)
B 4a’r (a® +2r?) 81?229 cos? 0 7 (4.31a)
2 (r2 + a? sin? 0)
a’k (a® — (a® + 2r?) cos 20) sin? @ cos® 2 cos 20 — a? sin’ 6
Ogv = ( ( ) - ) 5 Aok 2m,2n + 5 5 o gt
¥ (r? + a? sin? ) r2 + a? sin
27 (a® +r?) sinf cosd B 272 (a® +r?) sin? 0 (3052198 F
r2 + a? sin? " ¥ (r?2 + a? sin® 9)2 02
r (a® — (a® + 2r?) cos 26) sin 6 cos 6 a?r? (a® + 2r?) sin 460
_rd ( ) ) Or f2 + ( ) I (4.31Db)

2 (r2 —+ a2 Sin2 0)2 22 (7’2 + a2 Sin2 9)

One can then differentiate these expressions once more and obtain equations for the second
derivatives of v. After some algebra, one is left with a Laplace equation for p

~ r? + a? sin? 6 a’
£ Pl ) - £ah

2% 4 (r2 + a? sin0)
r? + a?sin? 0
t oy (@ +72) cos2d [(k —m)? Ao amia,on +m’ A2k,2m,2n—2}

1
"X (2 1 a?sin20) cos26 [(’f —m)? Aog omt2.2n12 + m? A2kz,2m72n—2}

_l’_

Aok 2m,2n la4(k —m)m  a*k  a®(k—2m)(a®m + kr?) (a® + 2r?)

¥ (r?2 4+ a?sin?0) | 2 (a® +r?) N2 r2(a?4+1r?)%

(4.32)

Again, we are not able to find a closed-form solution for all mode-numbers. However, we
are able to solve this equation on a case-by-case basis for any mode number. Once p is
found, one can determine v by integrating (4.31).

5 Explicit examples

In this section we present the full solutions of superstrata with mode numbers (1,0,n) and
(1,1,n) and analyse their properties. Several other solutions, including the full expressions
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for all the field content of (1,0,1) and (1,1, 1) superstrata, are presented in appendix D. By
examining geometries with generic mode numbers, we determine the general expressions
for momentum Qp and angular momenta J and J and find complete agreement with the
values predicted on the CFT side. We also comment on the extension of these solutions to
linear dilaton and asymptotically flat regions.

For convenience we recall that we made the following ansatze

72

dr=¢;%jﬂﬂ@@w+dw+iﬂﬁ@@w—dW}, (5.1)

2 72

F=2 %500y, = S 0 @+ )+ vl 0) (- )] (52
Y Y

which we use to present the full solutions.

51 (k,m,n)=(1,0,n)

We first analyse the solution with mode numbers (k, m,n) = (1,0,n). The various quantities
parametrising the solutions are given by

b2 72 + (2n + 1)a? cos?
gom _ Q1 _ - 1— Agoan) + 1 Aoz
! Y 2n(n+1)%2% na? ( 002n) + 7 A22m |
(5.3a)
n 1
F10m) ToESyer (1 - Apo2nsa) , (5.3b)
2 2 2
(1,0,n) 1 r® + a” sin“ 0
fi TICESIE 2 ( 0,0,2n) =N Ag02n+2 —n(n+2)Agpp
(5.3c)
f(laovn) _ 1 (1 - App2nt2) — 71 —n?Aggon —2n sin®0 Aggon
2 2(n +1)2 o 2n (n+1)2 ” ”
a’+2r? r?
+ T Sln2 0 (1 — A(]’O’Qn) — ? (1 — AO,O,Qn) (53d)
2 2 2 2
(om) — T a7 S0 a0y L g A 5.3
a 5 / in(n+1)2 a2 ( 0.0:2n) (5:3¢)
1 72 cos(26)
(1.0m) _ _ 1-A —cos?0(1+A 3f
v s 12y [ o ( 0,02n) — 08”0 (1 + Agp2nt2)| ,  (5.3f)
(1,0,n) _ C0829 —Q (7"2 +a2) + LA ((n+ 1) Cl2 + T'2> d(,b/\dw (5 3 )

It is important to note that Z; and u one can have additional homogeneous terms, which
we have fixed so that the metric is smooth at the origin and the asymptotic radii of AdS3

and S% are R ;5 = v/Q1 Q5.

The behaviour of the Z; as a function of r is given in figure 2, where we plot it for two
values of 6. From the divergence at 3 — 0 we know that this harmonic function is sourced
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n=9

— n=16

rla ria

Figure 2. The ratio between Zl(l’o’") and Z{l’o’o) = % as a function of the radial coordinate. We

have taken Q1 = Q5 = 10'°, R, = 107 and @ = 1. On the left § = Z, while on the right 6 = 0.

2
From the former we can extract the behaviour near the brane sources at r — 0. As the radial

distance increases, we find a monotonically increasing function for all solutions, indicating that there
is additional @1 charge dissolved in the geometry, which adds to the charge as one approaches the
asymptotic region.

by charges are localised on the supertube. This behaviour can be isolated by introducing

r=alcosy, GZg—Asinx, (5.4)

followed by taking A — 0. We find that

" 1 2
A i — (Ql S Pymeny ) : (5.5)

A—=0 a? \2

On the other hand, near the boundary of AdS we find

1
5
r—oo

(5.6)

We see that in some way there is more ()1 charge dissolved in the geometry which gets
added up to the total charge (see figure 2).1

Next we can rewrite the six-dimensional metric in the following fibered form

2 2 2
dsg = frdr®+ frdi® + fy (dy+ AD) "+ fp d0* + fy (dp+ AD) + fy (dp + AW,
(5.7)

where the AM) are one-forms on AdSs. The expressions for these one-forms and functions
far are tedious for generic n, so we do not give them explicitly here. By analysing the
coefficients fys, one can check that, subject to the regularity condition (5.14), no compact
direction diverges at either the origin of the base space (r = 0 and # = 0) or at the location
of the supertube (X =0, or r = 0, # = 7/2). In particular, in figure 3 we plot the behaviour
of f,, which contains the information about the size of the S;—circle. We see that the

5Note that the regularity condition (5.11), which ensures that the solution is smooth, prevents the
parenthesis in (5.5) to ever become negative. This can be also seen on the left in figure 2.
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100
50

10

Figure 3. The log-log plot of \/E as a function of the radial coordinate r for several members of
the (k,m,n) = (1,0,n) family. We have taken 6 = 7 and Q1 = Q5 = 10'% R, =107 and a = 1.
Linear growth characterises AdS3 regions while the constant parts indicate the stabilisation of the
size of the S;—circle and the onset of an AdS, throat. On the right plot we show the details of the
near-source region.

geometries have three different regions: they are asymptotically AdSs, as characterised by
the linear growth at large values of r. They then develop an AdSy x S; throat, in which
the radius of the circle stabilises. This throat is then smoothly capped off at r ~ a with
another AdSj region. Vector superstrata thus behave exactly the same as the previously
constructed solutions [24, 26-28].

52 (k,m,n)=(1,1,n)

The explicit solution for this family is given by the following functions

Z{4m = &Jr s 1+ ! <r2(1 — Ng02n-2) — 2n8g 020 — N Ao g2
! Y 202(n+1)% | n+1\a? o o o
—(2n+1)cos?0(1 - AO,O,M))] , (5.82)
FLn) = 1 (1-A ) (5.8b)
- 4n2 a2 0,0,271 ) .
2. 2 2
(1,1,n) 1 r* 4+ a” sin® 0 5
- 1= Agoan) — 1 A00am —n2Agaon| .
fi (T 1) 2 ( 0,02n) — M A002n — N A2 (5.8¢)
(11n) 1 9 (a® + 2r?) cos? 0 — a® — r?
/o = —m l— Ao 99y —n cos(20)Ag 0,20 + 22
x(1- Ao,o,zn)] (5.8d)
2 2 win2
(im) _ T + (n+1)a” sin®0 1_A
H An%(n+1)a®% ( 0,0,2n) (5.8e)
1 /r?cos(26)
1,1n) _ 2
pLln) — 55 [ 1+ e ( 2 (1 —App2n—2)+ (n+2cos*0)Ago2n

+ (n + 1) cos® 0 (1 — A07072n))‘| , (58f)
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n=9
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Figure 4. The plot of the ratio between Z{l’l’") and Zil’o’o) = % as a function of the radial
coordinate. In the plots, we have taken @1 = @5 = 10'°, R, = 107 and @ = 1. On the left § = 5 and
on the right @ = 0. The left plot indicates that the charge near the branes is larger than at infinity.

b2

(1,1,n) cos2 0
N 2n(n+1)

S —Q1 (1” +a%) — A2.0,2n ((n +1)a® + r2> do Ndyp. (5.8g)

Most properties of these superstrata are similar to those of the (1,0,n) family, in
particular, the size of the y-circle exhibits the same AdSs3-AdSs-AdSs transitions as depicted
in figure 3. There is a difference in the behaviour of Z; functions. While their values match
asymptotically, (5.6), one finds that near the supertube location

(1,1,n) 1 b’
Z1 A0 a2 \2 <Q1 o (n+ 1)) ’ (5:9)

This indicates that there is more charge near the brane sources than asymptotically: there
seems to be negative charge distributed in the bulk of the geometry (see figure 4).

5.3 Properties of solutions with arbitrary mode numbers

While at this point we are unable to provide explicit expressions for a single-mode solutions
with arbitrary mode numbers (k,m, n), we can deduce some general their general properties.

5.3.1 Regularity

Generically, one can add undetermined homogeneous terms to p and Z;m in particular, one
free to add terms that scale as ¥~!. We choose to fix such terms in Z; by demanding that
at large distance this harmonic function behaves as

7y T, % +0(r7?), (5.10)
as ensures that the asymptotic radius of AdS3 is given by RZAdS = +/Q1 Q5. As a consequence,
the Z; charge near the supertube locus is different than the charge measured at infinity.
Whether it increases or decreases with radial distance depends on the value of m. For
m = 0 the charge increases, suggesting that there is more positive charge dissipated in the
geometry. On the other hand, when m > 0, the charge decreases with the distance from the
supertube, exactly in the same manner as we saw for the (1,1, n) superstrata. This suggests
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that there is charge of opposite sign, compared to the supertube, which is distributed in
the geometry. One might expect such solutions to be incompatible with supersymmetry,
however, we find no violation of the BPS equations nor any appearance of closed timelike
curves. Since m  j — j, one may wonder whether non-equal rotation in the S? induces a
kind of screening effect and which effectively decreases measured Z; charge away from the
supertube location.

The homogeneous term in j is determined by looking at the behaviour of the (d¢ + d))?
and (d¢ — di))? components of the metric near the origin of R*, where » — 0 and § — 0.
The metric is smooth provided

2 152 b Qs
Q1 Q5 = a” By + Thmn —5— » (5.11)
where we introduced a numerical factor
I(n—D!(k—=m)!
T = b = DR = m) (5.12)

(k+n)!

Recall that b is a dimensionful parameter that regulates the magnitude of the vector
perturbation. However, introducing a rescaled parameter

=5 @5
v=p 2, 5.13

seems to be more appropriate as in this case the regularity condition takes on a more
familiar form

Q1 Q5 = a® R2 + Emn 2 g2 (5.14)

1Q5 =a” Ry 5 " :

The rescaling (5.13) shows that the strength of the backreaction is not only influenced by
the magnitude of the perturbation b, but also by the ratio between ()5 and R,,, which in

principle this allows for regulating non-linear perturbations by modifying the moduli of
the theory.

5.3.2 Coupling to flat space

The geometries constructed via the method described in the previous sections are asymp-
totically AdSs x S3. To couple them to flat space, one has to reinstate the factors of unity
in the harmonic functions

7y =142y,  Zo—o1+4 2. (5.15)

In the original superstrata [24, 26, 27|, this introduces v-dependent source terms in the BPS
equations.'® In the case of vector fields, extending the geometries to flat space is slightly
more complicated. This is due to Zs appearing in the denominator of the U(1) gauge-field
decomposition (A.8), in which case adding a constant factor adds non-trivial source terms
in the fourth layer.

Tnterestingly, for supercharged superstrata the coupling to flat space through (5.15) is trivial [28].
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In fact, there already exist some examples of non-trivial geometries in asymptotically
flat space with momentum carried by vector excitations. For example, in [71-73], geometries
with momentum waves located at the boundary of AdSs; were coupled to flat space by
precisely the shift (5.15). Similarly, the harmonic functions of the singular NS5-F1-P
solution with D0-D4 dipole charges [12, 63] possess such constant factors, when viewed as
solutions in flat space. However, in these two examples the U(1) gauge field was pure gauge,
so in the near-horizon limit the bulk geometries become trivial: since momentum charge
carriers are localised in the transition between the near-horizon AdSs; and asymptotically
flat regions, the geometry becomes deformed only when coupled to flat space.

In vector superstrata the non-trivial microstructure is located at the bottom of the
AdSs throat, so the coupling to flat space is not immediate. While we leave this interesting
avenue for future work, we would like to point out that one can freely add a constant term
to Z1 only

Zy— 1+ 7, Z5 unchanged , (5.16)

without spoiling the BPS equations. This means that in an appropriate frame one can
extend the solutions beyond AdS and into the linear-dilaton region.

5.3.3 Conserved charges

In this subsection we read off the asymptotic charges of the geometry and compare them
to the values predicted from the analysis of the CFT states (2.15). We use the methods
adapted for asymptotically flat solutions — We assume that the addition of constant factors
in the harmonic function (5.15) does not produce terms that contribute to the conserved
charges.!” In other words, we assume that all interesting microstructure is located near
the center of the geometry, far away from the transition between the near-horizon and flat
space regions. Furthermore, if the geometries correspond states in the dual CFT then we
expect that their conserved charges, which are matched to the CFT eigenvalues, should be
completely contained in the near horizon region.
We first compare the regularity condition (5.14) to the total winding constraint on
CFT state (2.9), which suggests the identification
Na N Rz a2 Nb . Tkmn b2 Rz

N QiQs’ N 2k Q1Qs5
On the gravity side, the charges are extracted by analysing the asymptotic behaviour of the

(5.17)

metric. The fall-off of the one-forms w and 8 contains the information about the angular
momenta [70, 74]

J — J cos 26
By + By +wg +wy —— V2 ;% : (5.18)
This allows us to read-off these charges from the geometries, and we find
a’R m Ty ¥R . d’R
J = Y o Z Y J = v, 5.19
2 k 2 2 (5.19)

7This can happen for example if the additional terms that are necessary to solve the BPS equations all
contribute at subleading order at infinity [12] or are phase dependent and thus averaging to zero [27].
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The momentum charge along the S;—Circle is obtained by expanding

= Tr—00 2
F oo, 20p (5.20)

r2

We can extract Qp using

r E—m)l(m—1)nl] 1 _
Fok om on —= ! ] —+0(r3 5.21
2k,2m,2 4k (k+n)! 2 + (r ) ’ ( )
from which it follows that
~ b x
k,m, T—00 kmmn
and thus
Qp = ZEmn 12 () 4 ) (5.23)

2k

Assume that we are working in a ten-dimensional frame in which the global charges are D1,
D5, and P, for example in the frame presented in section 7.3. In this case, the supergravity
and the quantised charges in the D1-D5 CFT then the supergravity charges related by

 NR, _ NR, - N R?
_ J. A S N 5.24
T T "7 010s @r (5:24)
which, in addition to (5.17), gives
N N,

j:7a+me, J np=Ny(m+n) . (5.25)

5
These values are in precise agreement with (2.15) and (2.16), retroactively justifying the
use of the techniques in this section. This matching provides a non-trivial check that the
geometries build in the preceding sections are really to the (coherent superposition of)
states (2.14). However, a more detailed holographic analysis is needed to fully confirm
this match.

6 Singular corner of parameter space

We want to analyse the behaviour of (1,0,7n) vector superstrata in the limit where the
dual CFT state does not contain any |++>?. In the CFT, this is the limit N, — 0 and
the result is a well-defined state with vanishing SU(2) charges j = j = 0. Through the
identification (5.17), this corner of parameter space corresponds to sending a — 0, which is
the limit in which all string sources are collapsed to a single point. The resulting geometries
would have J = J = 0 and the SO(4) symmetry of R* is recovered.

We are interested in the bulk dual of states (2.14) in the regime of parameters

N, < Ny, N fixed. (6.1)
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Figure 5. The log-log plots of \/E, for (k,m,n) = (1,0,9) superstrata as a function of the radial
coordinate. We take § = 7 and Q1 = Q5 = 10'°) R, =107, and plot for different values of a. At the
maximal value a = 1000, the regularity condition imposes b = 0 and we retrieve the unperturbed
supertube without an AdSs throat (depicted in blue). On the left we see that the throat region,
characterised by a constant size of the y-circle, always develops around r ~ a. When measured in
units of the radius of AdS, the length of the throat increases with decreasing a. At a = 0 the length
of the throat is infinite and the geometry develops an extremal horizon.

For that purpose, let us define

CL2

b2’

$2

gz

=2n(n+1) (6.2)
where we used (5.17) and expand the metric (A.1) in small z. In figure 5, we show that
as a, and this x, is decreased, the length of the region where the S; is stabilised increases.
The metric to leading order is given by

o T o VOIQ5 7 Qr .\’ 9
0 = e e O g (W ) VOGS, 69

where dQ3 is the metric on a unit 3-sphere, Qp = Q%’O’n) =b?/2(n+1), and we defined [75]

=7 - Qp, f(F)El—%- (6.4)

This is exactly the metric of an extremal BTZ black hole with mass

Mo 20r e (6.5)

VQ1Qs  (n+1)VQ1 Qs

multiplied by a three-sphere with constant radius. In addition, the dilaton field becomes

a constant, the vector field vanishes, and the three-form gauge field strength reduces to
the sum of volume forms.'® Thus, when a vanishes, the initially horizonless geometry
degenerates: it develops an infinitely long AdSsy throat and an extremal horizon.

The appearance of an extremal horizon in this singular corner of parameter space was
already observed in superstrata based on tensor fields [12]. There, it was argued that since

13Tn the supersymmetric ansatz this solution corresponds to Z; = %7 Zy = %, F=F= —2%3, with
all other quantities vanishing.
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taking a = 0 corresponds to shrinking the supertube to a point, all excitations that are
sourced along the locus of the supertube should vanish.!? Indeed, taking a — 0 turned off
the momentum carrying excitations, but it did not remove their effects — the geometry
still had momentum — and this inconsistency is characterised by the horizon. We see that
the same argument holds in the case of vector superstrata: the vector fields that carry
momentum are sourced along the supertube and when a is set to 0, these fields vanish
without the momentum charge decreasing, as can be seen explicitly in (6.3).

One may wonder whether this extremal horizon can be removed by the inclusion of
appropriate degrees of freedom. In fact, in [12], vector fields were proposed as candidates
to resolve the horizon, but unfortunately our analysis shows that vector fields alone are
not sufficient. Recent analysis of supersymmetry projectors shows that there exist more
general brane configurations that preserve 16 supersymmetries locally while being located
at a single point in R* [76, 77]. However, these “super-maze” solutions necessary include
fields which are not captured by the ansatz in this paper, thus providing an explanation for
the appearance of the infinitely long throat in the singular limit of parameter space.

Alternatively, it may be necessary take into account the effects of modes living at the
boundary of the AdSs region, which may become strongly coupled as the length of the AdS,
throat increases and possibly prevent the formation of an infinitely long throat [78, 79].
These effects should be important already at the level of supergravity and would not
require any quantum corrections to the classical six-dimensional theory nor the inclusion
of additional degrees of freedom. Interestingly, the limit a — 0 is also where one expects
stringy effects to become important [50, 62]. Is there an interplay or competition between
stringy and quantum corrections and if so, can they resolve the horizon? In the next section
we show that in a particular ten-dimensional frame, vector superstrata are solutions of type
IT supergravity that are purely in the NS sector. Therefore, they are amenable to exact
worldsheet methods and may present backgrounds in which stringy and quantum effects
may be analysed in a qualitative way.

7 From six to ten dimensions

In this section, we present uplifts of all supersymmetric configurations of N' = (1,0) super-
gravity in six-dimensions?’ to solutions of ten-dimensional type ITA and IIB supergravity
compactified on a four torus. We present several frames which are related through S and
T-dualitites.

We follow the conventions summarized in appendix B of [12]. Throughout this sec-
tion, we use the democratic formalism to describe the ten-dimensional fields [80], as it
is particularly useful when working with brane systems. This means that in addition to
the NS-NS two-form gauge field By, we allow for additional R-R gauge potentials, which
are {C1,C3,C5,Cr7} in type ITA and {Cy, Co, Cy, Cg, Cs} in type IIB theory, subject to the

19This is equivalent to saying that there is only a limited number of SO(4) invariant excitations of global
AdS3 x S® in supergravity [21].
20Summarized in appendix A.
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constraints

(IIA)I FQZ*FS, F4:—*F6, FGZ*F4, FSZ—*FQ, (7.1&)
(IIB) Flz*Fg, F3:—*F7, }715:*}7157 F7:—*F3, FQZ*Fl, (71b)

where
Foy1=dC, — H3NCp_o, Hy =dB;. (72)

These constraints ensure the right number of degrees of freedom by imposing that F}, and
F19—p essentially contain the same information.

Throughout this section form-fields with a subscript (i.e. By, F5) denote fields in the
ten-dimensional theory. Form-fields without subscripts (i.e. B, F') denote quantities in
six dimensions. The ansatz quantities, such as Z; or 7; denote the same quantity in
both theories.

7.1 F1-NS5-P-(D0-D4-D2-D6)

We begin by assuming that T* participates in the dynamics only through its volume
form \7814. Furthermore, we assume that the global charges in the system are given by
fundamental strings and NS5-branes, where the former are smeared and the latter wrap the
four-torus. This naturally leads us to the ansatz

ds%lo) =¢? G dxt dz¥ 4 64p d 2" dzb, (7.3a)
FO=F@ avol,, F® =F® Avoly, (7.3b)

where g,,, is the Einstein-frame metric in six-dimensions. The constraints of the democratic
formalism then imply?!

Fy=e¢"% % Fy, Fy=—¢® %6 Fy, (7.4)

from which it follows within this ansatz, all degrees of freedom contained within the R-R
gauge fields come from a single vector field, C'y. If we now identify

Hy=—¢2 4G, FK=F, ¢10= 9, (7.5)
or equivalently
By =B, Ci=A4, (7.6)

then one can show (see appendix B) that the equations of motion in ten dimensions reduce
to those of six-dimensional ' = (1, 0) supergravity coupled to a tensor and vector multiplet.
Since the supersymmetric configurations that are summarised in appendix A solve the six-
dimensional equations of motion, they also solutions of the ten-dimensional theory. Hence

21The six-dimensional Hodge dual is always taken with respect to the Einstein-frame metric (A.1), unless
explicitly indicated otherwise.
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we can use the above identifications to find the ansatz for fields in the ten-dimensional

theory
2 2 F 2 a2
ds* = —— (dv + B) [du+w+5(dv+ﬂ)} + Zods? +di2 (7.72)
1
Z
2¢10 _ Z2
e 7, (7.7b)
1
Bg:—7(du—|—w)/\(dv—h@’)—i—al/\(dv—i—ﬁ)—i-vz, (7.7¢)
1
A -
Cr=2(dv+p) -4, (7.7d)
Z
1 -
03:Z—A/\(du+w)/\(dv+ﬁ)+6g/\(dv+ﬁ)—|—x3, (7.7e)
1
— 1
Cs = C1 Avoly — A x3 A (du + w) A (dv + B), (7.71)
1
C;=C3 A \70\14 , (7.7g)

where the metric is given in the ten-dimensional string frame and ds? is the flat metric on
T*. We used the same ansatz quantities as in the six-dimensional ansatz, with the addition
of a two-form J9 and a three-form, x5, both with legs only on the base space, which satisfy

%4 (DZA+22A) — Dby — o A —ig—O'AA (7.8a)
Dxg + 09 N DS = AN %4 (DZQ + Z9 ﬁ) . (7.8b)

A brane construction that realises this system in type IIA supergravity consists of
global F1, NS5, P, and dipolar DO, D2, D4, and D6-brane charges. In table 1, we summarise
this brane content and the ansatz quantity to which each constituent is associated with.

7.2 F1-NS5-P-(D3-D1-D5-D3)

Starting from (7.7), we can perform several S-dualities and T-dualities to obtain supersym-
metric solutions in different frames. If we dualise along a direction of the 7%, which we take
to be zg, then we land in a type IIB theory with the same global charges

Fi(y) Fl(y)
NS5(y6789) NS5(y6789)
P(y) o P(y)
D4(6789) | 2 D3(678) , (7.9)
DO D1(9)
D6(yx6789) D5(yx678)
D2(yx) A D3(yx9) / s

where in the brackets we denote the directions in which the charges are extended, the top
three entries correspond to global charges, while those below the horizontal line are dipole
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Ansatz F1-NS5-P F1-NS5-P D5-D1-P NS5-F1-P
quantity (D0-D4-D2-D6) | (D1-D3-D3-D5) | (P-D1-D5-KKM) | (P-F1-NS5-KKM)
Z Fl(y) Fl(y) D5(y6789) NS5(y6789)
Zy NS5(y6789) | NS5(y6789) D1(y) Fl(y)
—F P(y) P(y) P(y) P(y)
7 D4(6789) D3(678) D1(9) F1(9)
A DO D1(9) P(9) P(9)
ap (~ 61 F1(y) F1(x) D5(x6789) NS5(x6789)
as (~©?%) | NS5(x6789) | NS5(x6789) D1(x) F1(x)
i D2(yx) D3(yx9) D5(yx678) NS5(yx678)
D6(yx6789) D5(yx678) KKm(9) KKm(9)

Table 1. The dictionary between the ansatz quantities and the brane content in each frame. In
the parenthesis we denote the directions in which the brane are extended, with 6,7,8,9 € T* and y
denoting an arbitrary direction in R*. For the Kaluza-Klein monopole (KKm) we only denote the
“special” direction it fibers (see for example (7.16)). Note that in the last column, the role of Z; and
Z5 is interchanged compared to the first two frames. The pairs of brane-charges described by Z4
and A are locked by supersymmetry [77].

charges. Performing this T-duality on the ansatz

2 Z5
ds® = —7(dv+5) {du—i—w—i— (.7:—1— Z) (dv—l—ﬂ)} + Zodsh + d&3, (7.10a)
1 2
Z
2¢10 — Z2 10b
e 7, (7.10Db)
1
By = —7(du+w) (dv+B) + a1 A (dv+ )+, (7.10c)
1
Co=0, (7.10d)
Z
Co = (ZA (dv+ B) — > Adz? (7.10e)
2

C4=<Z11A/\(du+w) (dv+ﬂ)+5g/\(dv+ﬁ)+x3>Adz9

+ (22 (dv + B) — )/\dz nd=T N A, (7.10f)
Cs = (leA/\(du+w)/\(dv+5)+52/\(dv+ﬁ)+x3> Ad2® A d2T A dZ®

- lexg/\(du+w) (dv + B) A d2?, (7.10g)
Cs=0. (7.10h)

In this frame the vector field degree of freedom is to linear order still contained only in the
R-R sector, while fields in the NS-NS sector, including the metric, get deformed only at
non-linear order. We note that from the worldsheet analysis this seems to be the correct
frame to interpret the states (2.4) [62]. Interestingly, since in this frame Z; contains the
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information about the NS5-brane charges, the trivial addition of the constant factor in (5.16)
allows us to extend the asymptotically AdSs solution to the linear dilaton region. Finally,

let us note that due to T-duality along a single direction on the four-torus, we have singled

out of a specific direction and explicitly broken 7% invariance. But while the forms and

metric might have legs along the z° direction, their components cannot depend on this

coordinate. This is a common feature of all subsequent frames.

7.3 D1-D5-P-(D1-P-KKm-D5)

The two ansatze considered so far do not highlight the importance of rewriting the BPS

equations in the linear formulation, as for example, the F combination can be clearly seen

in the metric. However, consider the following chain of dualities

Fl(y) D1(y) D5(y6789)
NS5(6789) D5(y6789) D1(y)
P(y) . P(y) — P(y)
D3(678) — D3(678) — D1(9)
D1(9) F1(9) P(9)
D5(yx678) NS5(yx678) KKm(9)
D3(yx9) / s D3(yx9) / .1p D5(yx678) / |15

The ansatz in the final frame reads

2 F
ds? = ———— (d d (d V71 75 ds}
5 \/m(v+ﬁ) utwt (dv+ B)| + V21 Zydsj
Z2 9 ZA A\ 2
+ d2%d2% +dz"d2" 4 dP a2+ (d — ZE (dv+B) + A ,
Z1 ZQ
Z
2610 — 22
e Zl,
By =0
Co=0
1 - ZA
Cy = Z(du+w) (dv+p)—ag A (dv+ ) —m (Z(dv—i-ﬁ) )/\dz
2
Cy=0,

Ce = [le(du—i—w)/\(dv—kﬁ)—al/\(dv—i-ﬂ)—’yg] A voly

( AN (du+w)/\(dv+ﬁ)+(dv+ﬂ)/\52+x3>/\de/\dz7/\d28,

Z
Cs=0.

(7.11)

(7.12a)

(7.12b)

(7.12¢)
(7.12d)

(7.12¢)
(7.12f)

(7.12g)

(7.12h)

In this frame, the six-dimensional vector field arises as a component of the metric and a

component of the two-form R-R field. The ansatz can be written more compactly written

using the field redefinitions (A.22)

ds® = —

2
NAE

+ [dz d2® + d2" dz" + dz® d2® + (d2° —|—A)]
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e2%10 — é (7.13Db)

Z’
By =0, (7.13¢)
Co=0, (7.13d)

1 ~ ~ ~
C'g:Z—[dququZA(dngrA)} A(dv+ B) —ag A(dv+ B) —y1 + AN (d2° + A),
2

(7.13e)

Ci=0, (7.13¢)
Co = {le (du + w) A (dv + B) — a1 A (dv + B) —72] Adz28 A dzT A dZB A (dzg+/1)

- [(dv +B)A (52 AN a1) 2+ A Zl} Ad2S A d2T A d2B (7.13g)

Cs =0. (7.13h)

Not only can we recognise the contributions from By and C3 given in (7.7), but we can
more clearly identify the contributions from different ingredients listed in the third column
of table 1. In particular, A can be recognised as the KKm fibration along the z°-direction

and Z4 can be understood as a sort of angular momentum along this direction.

7.4 NS5-F1-P-(F1-P-KKm-NS5)

A final S-duality results in an ansatz that is completely in the NS sector for the theory

D5(y6789) NS5(y6789)
D1(y) Fl(y)
P(y) P(y)
D1(9) & F1(9) : (7.14)
P(9) P(9)
KKm(9) KKm(9)
D5(yx678) / 14 NS5(yx678) / |15
with
9 2 F 2
ds® = —7(dv+5) du+w+5(dv+5) + Zy dsj
2
Z 2
+d2%d2® 4+ d2" d2" 4 d2® dB + <dz9 = (dv+8) + A) : (7.15a)
2
Z
2= 15b
e 7y (7.15D)
1
By = —7(du+w) A(dv+B)+as A(dv+B)+ 71,
2
Z -
+ (ZA (dv+ B) — A) Ad2? (7.15¢)
2
M=o, (7.15d)
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or alternatively, using the linear formulation

ds? = —222 (dv + B) [du+w+ZA(dzg + A) + g (dv+ B)| + Z1 ds3
+d28d2® + d2Td2T 4 d2® d2S + (d2P + A)? (7.16a)
2610 _ 2 (7.16b)
B, = —Z12 [du+w+ZA(dz9+A)] A(dv+ B) +az A (dv+B) + 1 — AN (d2° + A),
(7.16¢)
o =0, (7.16d)

By comparing this result with the other type IIB frame with F1-NS-P global charges, (7.10),
we note that the role of Z; and Zs is interchanged (see also table 1). In the first frame
Z1 describes the distribution of fundamental strings while in the second frame it describes
NS5-branes and vice-versa for Z3. As discussed in the next section, it would be interesting
to see whether we can effectively combine these two frames and determine whether the
resulting six-dimensional system remains linear.

The uplifts (7.15) and (7.16) are the main results of this section: the six-dimensional
ansatz containing a vector field can be uplifted to a system with no R-R gauge fields excited,
as the momentum is carried by dipolar F1-P or NS5-KKM charges. A consequence of this
uplift is that the geometries presented in section 5, such as the (1,0,n) superstrata given
in (5.3), can be seen as non-trivial solutions in type II supergravity that are completely in
the NS sector.?? Therefore, such backgrounds are in principle amenable to exact worldsheet
analysis, despite being a microstate geometry of a three-charge black hole.

8 Discussion

In this paper we described the systematic construction of superstrata in which momentum is
carried by vector fields excitations, when viewed in six dimensions. While we presented only
a limited number of explicit solutions, we believe that the lack of a solution for arbitrary
mode numbers is merely a technical challenge, related to obtaining a closed-form solutions
to the Laplace equations (4.21) and (4.32). We see no conceptual obstructions in the way
of building the solutions for general (k,m,n).

A technical aspect of construction is that all ansatz quantities which are excited at
quadratic order in b are independent of the phase ¥y, ,, », meaning that there is no need for
“coiffuring”. This is because 02 and F are self-coiffured: they are combinations of “physical”
ansatz quantities (A.22) which contain information about the brane degrees of freedom, as
is demonstrated by the ten-dimensional uplifts. In fact, the combination appearing in the
expression for F can be recognised as the S;—circle T-dual of the coiffuring condition for
the system in which the first superstrata were built [24, 27].%

22The ansatz (7.15) is written for type IIB supergravity, but performing a T-duality along any T2 directions,
puts us in a Type ITA frame without changing the ansatz.

23T dualising the tensor-field superstrata along the y-circle generates massive KK-modes which are not
describable within supergravity.
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Since our analysis was guided by the CF'T picture, we are able to propose which CFT
states are dual to the new superstrata. The proposed match passes the simplest test of
correctly reproducing the conserved charges, however more sophisticated checks are needed
to confirm the correspondence. In particular, one needs to clarify the difference between
the bulk duals of the CFT states (2.3) and (2.4) whose CFT charges are pairwise related
by a shift k — k + 1. The solution generating technique used in this paper produces the
same explicit solutions for two sets of states, up to the aforementioned shift in k, at least
at the level of six-dimensional supergravity.?* It is important to keep in mind that in
our construction we are assumed that at linear level in b only the vector field is excited.
However, there may exist perturbations involving the vector field in which other fields
are excited at well. This questions can be answered by determining the full spectrum of
excitations around AdSsz x S? [68, 81] in a theory involving vector multiplets, which may
be simplest using modern techniques of exceptional field theory [82, 83].

It is possible that the bulk duals of the two sets in of states, (2.3) and (2.4), are related
in the six-dimensional picture, but should be uplifted to different ten-dimensional frames.
The analysis of [62] suggests that in the F1-NS5-P frame, the states (2.3) naturally fit
within the purely NS-NS uplift, where the vector fields arise as components of the metric
and the NS-NS two-form gauge field, while the states (2.4) should be uplifted to (7.10),
with several R-R gauge fields excited. As we have shown, these two frames are related
by a chain of S-T-S dualities, so vector superstrata solve the ten-dimensional equations
of motion in either frame. However, these dualities also move us in the moduli space of
the D1-D5 (F1-NS5) system, exemplified by the interchange of global F1-NS5 charges (see
table 1), so the relation to the spectrum at the symmetric product orbifold point may not
be straightforward.

Interestingly, one can imagine combining the momentum carriers described in the type
IIB frames (7.10) and (7.16) and then descend to six dimensions. If the vector fields in the
two systems are independent, then the resulting six-dimensional theory should be that of
supergravity coupled to a tensor and two vector multiplets. Because of the interchange
between the F1 and NS5 charges in the ten-dimensional frames, the vector fields in six-
dimensions would couple differently to other supergravity fields, which may in particular
cause the system of BPS equations to lose its upper triangular structure, which is predicted
in general by the results of [59], which considered minimal supergravity in six-dimensions
coupled to an arbitrary number of vector and tensor multiplets. It would be interesting to
analyse what is the maximal number of tensor and vector multiplets that can be added to
six-dimensional supergravity without losing the nice structure of BPS equations.

As already mentioned, superstrata are very special representatives of the ensemble of
black-hole microstates. However, when superstrata are sufficiently deformed one expects
evolution toward more typical, stringy microstates [62, 84-86]. To describe such states
one needs to go beyond supergravity, for example by using worldsheet techniques [62, 87—
93] which have been shown to resolve some of the singular corners of the parameter

24Gee appendix E for details on how to match the conserved charges when considering the bulk dual of
the state in (2.3).
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space of smooth two-charge solutions. These methods are most powerful when deployed in
backgrounds with only NS-NS fields. When viewed as solutions of type IIB supergravity [61],
most superstrata involve non-trivial R-R gauge fields, which are essential as they describe
the excitations that carry the momentum charge. Purely NS-NS superstrata have been
constructed only recently [34], however they involve non-trivial deformations of the metric,
which slightly complicates their analysis. Since vector superstrata can be uplifted to ten-
dimensional solutions that lie in the NS sector, one may be able to perform an exact a
worldsheet analysis on such backgrounds. Vector superstrata can thus provide a window
into more typical, stringy microstates.

Finally, from the perspective of ten-dimensional gravity, the geometries with vector-field
excitations non-trivially involve directions in the internal four-torus. Such a structure is
central in the generalised charged Weyl formalism that was recently used to construct
fully analytic non-BPS microstates [94-98]. In those geometries, the internal directions
play a vital role in ensuring the smoothness of the geometries. It would be interesting to
see whether one can connect BPS and non-BPS geometries in an analytic way and the
ten-dimensional uplifts presented in this paper may present a first step in this direction.
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A Supersymmetric solutions of N = (1, 0) supergravity with tensor and
vector multiplets

All supersymmetric solutions of six-dimensional A" = (1,0) minimal supergravity coupled
to a tensor and a vector multiplet have been analysed in [57-59]. We focus on the bosonic
sector of the theory. This consists of a metric gy, an unconstrained two-form gauge
field By, a one-form vector field Ay, and a dilaton ¢. Solutions of the theory which
preserve some supersymmetry take on a universal form. What is more, the BPS equations
determining the quantities appearing in the supersymmetric ansatz can be organised in
several layers with an upper triangular form: the solutions of the previous layer act as
sources for linear differential equations of the next layer [59, 63].

In this appendix we summarize the ansatz and the BPS equations, using two equivalent
formulations. The first uses the gauge-invariant components of the field strength and
is perhaps more natural from the six-dimensional supergravity perspective. The second
uses the gauge-dependent components of the vector field potential. The advantage of this
formulation is that one works with simpler quantities and that the connection to the stringy

origins of the solutions are more easily seen.
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A.1 Supersymmetric ansatz in U(1) gauge-invariant form
A.1.1 Field decomposition
We begin by parametrising the metric in the standard BPS form [57, 58]:

2 F m o n
dsg = — m(dv +B)|du+w+ S(dv+ B)| + VZi Zohpda™dz", (A1)
where the null coordinates v and v are defined as
t t—
v = +Y u="Y (A.2)

vz
with y ~ y + 27 R, and the four-dimensional base space is described by the coordinates =™
and metric h,,,. This choice of coordinates is convenient because supersymmetry imposes
that components of all fields are independent of one of the null coordinates, which we take
to be u. In this ansazt 77, Zs, F are scalar functions, while w and /3 are one-forms on the
base space, whose components can depend both on the base space coordinates and on v.
The remaining bosonic fields can be decomposed as

Z
20 _ 22
e 7, (A.3a)
F = (dw+B)Awp + F, (A.3b)
1 ~
G =d [_Z (du + w) A (dv+5)} +Ga, (A.3c)
2
1 ~
—e2? %G = d [_Z (du + w) A (dv + ﬁ)} +Gi. (A.3d)
1
where @172 are given by
él = ¥y (DZQ + /BZQ> + (d’U + ﬁ) NG s (A4a)
Gy =+ (DZ1+B2Z1) + (dv+ B) A2 (A.4b)

In the above, we defined a differential operator
Dzd4—[3/\8v, <A5)

where dy4 is the exterior derivative restricted to the base space. Furthermore, we used the
Hodge dual %4 on the four-dimensional base space. Note that we follow the conventions
of [57, 58, 63], where the Hodge dual of a p-form in D-dimensions is given by

1

m €m1~-~mD—p7nD—p+1-~-nD XnD7p+l~-~/n/D €m1 AL 6mD*T’ . (A6)

*xpXp =

All in all, to fully characterise these fields, we need to determine a one-form wp and
two-forms F, ©', and ©2, all of which have legs only along the base space.
The field strengths are defined in terms of potentials

F =dA, G =dB+FAA, %G = dB. (A7)
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By introducing a scalar Z4, one-forms A, a1, dg, and two-forms 71,2, one can write the
potential fields as

A = é(dv—i—ﬂ)—fl, (A.8a)
Zo

B = —212(du—i—w)/\(dv—l—ﬁ)—i—fm/\(dv—i—ﬂ)—i—’yl, (A.8b)

B - —le(du—i—w)/\(dv+5)+a1/\(dv+6)+72. (A.8c)

For this ansatz to be consistent with the expressions for the field-strengths, the quantities
must satisfy

sz—j+Z‘B—D<Z‘>, F:—D/H?;m, (A.9)

for the vector field, while the three-form field strength decomposition implies

Ol =Da; — B Aar + 7, (A.10a)
%y (2322 1 7y ,6’) — Dy — a1 ADB, (A.10b)
and
52 ~ o~ : = ZA =
© :DCLQ*B/\CL2+’71+A/\WF+7F (A.11a)
2
%4 (DZlJerB) =Dy —as ADB— FANA. (A.11b)

A.1.2 BPS equations

Let us begin by noting that this system contains several gauge symmetries which can be
used to make convenient choices based on the system at hand [63]. However, we can choose
to work directly with gauge invariant quantities Z o, o', (:)2, wp and F, in which case this
choice is in principle irrelevant. The BPS equations are organised into several layers.

The zeroth layer. One begins by determining the base space metric and the one-form
5. This subset contains the only non-linear equations of the whole system: it imposes that
the base-space must be almost hyper-Kéhler, with the equations determining the complex
structures J4, A =1,2,3,

wJh = — T4, (A.12a)
(JA)mn(JB)np _ GABC(JC)mp - 5AB5£1, (A.12b)
JANTE = — 2648 voly, (A.12¢)
daJ* = 0, (BATY), (A.12d)
and the self-duality condition for the fibration vector g3
DB = Dp. (A.13)
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We also define an anti self-dual two-form:

Y = éeABC (T (JB) o TC (A.14)

which appears in the subsequent layers.

Taking the base-space metric and one-form ( to be wv-independent simplifies the
equations: the base space becomes hyper-Kéhler, the equation for 3 is now linear, and
1 = 0. This is the sector in which we will look for solutions.

The first layer. The equations in this layer determine the pair (Z2, ©')

0 =0'-22,9, (A.15a)
D sy [DZQ 1 Z 5‘} +O'ADB =0, (A.15b)
40! = 8, [ﬁ AO 15y (Dz2 7 ﬁ)] . (A.15¢)

This layer is exactly the same as in the systems coupled to only tensor multiplets [60, 61].

The second layer. This layer determines the components of the vector-field strength F
and wg

sy F=F, (A.16a)
2DZy A sqwp + ZoDxqgwp = —F ANOL. (A.16D)

The first equation imposes the two-form to be self-dual. The second equation crucially
contains information about the solutions of the first layer, setting a definite order in which
the layers need to be solved.

The third layer. The next subset of equations determines Z; and 02

%, 0% = 02-22,9, (A.17a)
Dy [DZi+ 28| +@*ADB = FAF, (A.17b)
d4é2 = 0, [ﬁ/\é2 + %4 (DZl + Z1 ﬁ)} —2wp NE. (A.17C)

Note that the solutions of the previous layer appear as quadratic sources, and therefore the
backreaction of any vector field perturbation will contain non-trivial Z; and ©? fields.

The fourth layer. The last two equations determine F and w, which contain the in-
formation about the momentum along the y-direction and angular momentum in the R*
respectively. One finds

Dw + %4 Dw+ FDB = Z,0' + Z,0% — 27, Zo 1), (A.18)
and
*4D*4E+2Bmim
:_% %4 (@1—221/;) A <é2—21¢) F D Do+ 21 Do+ Ty Zy + Zawh

1 1 . . 1 .
+ 521 Zaxa b N+ 5t NDw = 220 Zy ™ o + 50, | 21 22 hmnhmn} . (A19)
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where
L = w+§ﬁ'—;pﬁ, (A.20)
and

Wh = (wr)y (wr), B (A.21)

We observe that the only explicit contribution of the additional U(1) degrees of freedom is
in the w% term in the second equation. In (A.18) the vector field contributions appear only
implicitly through Z;, ©2, and F.

A.2 BPS equations linear form
A.2.1 Field redefinitions

In some cases it may be advantageous to work with the quantities appearing in the
decomposition of the vector-field potential, Z4 and A, rather than their field-strength
combinations. Most importantly, as shown in section 7, using these quantities it is easier to
analyse the contributions from different string and brane sources. Begin by defining

~ 72
F=F+24, (A.22a)
Zo
~ 72 VA ~
2 _ 02 A A
= —4 DB —-2—DA A.22
e’=0%+ Z f—27"DA, (A.22b)
which also implies
Ta -
&2 = ag — 7A A. (A23)
Z3

As a consequence of this shift, one now finds that

02 =Day—Bhag+in+ANA, (A.24a)

%4 (D21 + 7 5’) =Dy +DANA —ay ADB. (A.24b)

The rest of the ansatz changes trivially with the redefinition (A.22) (see section 5 of [63]).

However, it is important to note that now more fields are gauge dependent: to ensure that

F and ©? are invariant under the U(1) symmetry, F and ©? must compensate for the
gauge-dependence of the additional terms in (A.22), making them gauge dependent.

A.2.2 The BPS equations

Because (A.22) involves only quantities appearing in the last three layers, the BPS equations
in the zeroth and first layer remain unchanged. The second layer equations are now

xsDA = DA, (A.25a)

s DZANG + 2DZo A#sA + ZoDs A + Dy DZs = —DANO!. (A.25b)
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They impose that the covariant derivative of A is self dual and determine Z4 through a
generalised Laplace equation on the base space [63].
The third layer equations, determining Z; and ©? are also slightly modified

%402 =02-2271, (A.26a)
D x4 [Dzl 7 B} + ©2ADB=DANDA, (A.26b)
10 = 0, [B A O+ 44 (D21 + Z1 B)] — 2ANDA. (A.26¢)

Finally, the last two equations are given by
Dw+ #4Dw +FDB = 2,0 +2,0% —2Z,DA— 27, Zo), (A.27)
and

x4 Dxg L+ 28" Ly,
- 1 1 9 .. .. ..
=-5* (@ —Z2w> A (@ —Z1¢) + 2122+ Zy Zo + 21 Zo
1 1 . . 1 .
+ 521 2y xa b N+ rat) NDw = 220 Zy W™ o + 50, | 21 Zo W™ |
+ Zy A% + Ay, [DZA™ (A.28)

where the one-form L is now
sz+§,3—§D]:+ZAA, (A.29)

and the indices are raised and lowered with respect to the four-dimensional metric f,y,.

It is important to observe that even though the shifts (A.22) are highly non-trivial and
mix quantities from several different layers, the resulting equations not only retain their
layered upper-triangular structure, but also remain linear differential equations, with the
various shifts cancelling out non-linear contributions.

B Matching the ten-dimensional and six-dimensional descriptions

In this appendix we present the details of how classical solutions of ten-dimensional type
ITA supergravity can be reduced to solutions of six-dimensional supergravity coupled to a
tensor and vector multiplet [58]. This shows that the geometries constructed in the main
part of the text are solutions to ten-dimensional equations of motion.

We work in the so called democratic formalism [80] and focus only on the bosonic sector
of the theory, which in type ITA supergravity is described by the pseudo-action [80, 99]

4
51(310) 1 /dlox\/j{e%5 [R(G) +4 (8¢)2 - %HB . H3} - iz Fop - FQ”}’

- 2K3, i=1
(B.1)
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where Gy denotes the ten-dimensional metric in the string frame and we used
1 My ..M,
Xp Y, = HXM“'MPY 1o Mp (B.2)

In addition to the metric and the dilaton, we also have a three-form NS-NS field strength Hs
and even-numbered R-R field-strengths F5,,, which are subject to the self-duality conditions
Fy=xFg, Fy=—xFs, Fg==xFy, Fg=—xFs. (B.3)
These are related to their corresponding gauge potentials as
H3 =dBs, F,=dC,_2— H3NCyp_3, (B.4)
from which we get modified Bianchi identities
dHs =0, dFy, = H3NF,_o. (B.5)

We begin by assuming that T* participates in the dynamics only through its volume
form @l4. Furthermore, we assume that the global charges in the system are given by
fundamental strings and NS5-branes, where the former are smeared and the latter wrap the
four-torus. This naturally leads us to the ansatz

dsfig) = €7 guo da da¥ + 64 dz" d2", (B.6a)
FO =@ avoly, F® =F® Avoly, (B.6b)

while leaving all other fields unchanged. The metric g,, is the Einstein-frame metric in
six-dimensions. Inserting this into (B.1) reduces the pseudo-action to

1 1 1
S = g [ o [R<g> = (00)" — g Hy - Hy — g (€¢F2'F2+6¢F4'F4)] |
(B.7)

where H%G) = /1%10) /Vol(T*). The equations of motion, resulting from varying this pseudo-
action are

1 _ 1 1
R#V = #¢81/¢) + Ze 20 (HuaﬁHuaB — Guv H3 ' H3) + §€¢ (F#a Fua - 7 9w F2 : FQ)

4

- %e*‘ﬁ (;meFfﬁV — %g,w Fy- F4> : (B.8a)

V2¢>:—%e_2¢H3-H3+ie¢F2-F2—ie_¢F4-F4, (B.8b)
for the metric and the dilaton and

d (e—2¢ %6 Hg) — e P xg Fy APy, dH3 =0, (B.9a)

d (e¢ *g FQ) = —e P xg Fy A Hs, d (e*‘i5 *g F4> =0, (B.9Db)

for the gauge fields.?®

% The six-dimensional Hodge dual is always taken with respect to the metric guv in the Einstein frame.
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The self-duality conditions (B.3) imply that the R-R gauge fields are related via
F2 = €_¢ *g F4, F4 = —e‘b *g FQ, (BlO)

which allwos us to eliminate Fj from the equations of motion. Furthermore, we define a
new three-form field strength G as?%

G=—e2xHs, Hy = —e* %4 G, (B.11)
and identify
F=F. (B.12)
In this case, the equations of motion become

1 1
Ry = 8u¢au¢+ 16% (GuaﬂGuaﬁfgqu'G> +16¢ (4Fua B~ g,“,F-F)

(B.13a)
v%:%e%G-G%eM-F, (B.13b)
dG=FAF, d (e%’*ga) -0, (B.13c)
d(e¢*6F):eQ¢*6G/\F, dF =0. (B.13d)

These equations arise by varying the following Lagrangian density
elL = %R—%(8¢)2—%62¢G-G—ie¢F.F, (B.14)

where the gauge-field strengths are defined by

F = dA, G = dB+FANA. (B.15)

This theory is the starting point of the supersymmetry analysis of [63]. The ansatz presented
in appendix A describes all supersymmetric solutions of this theory. As such, these are also
solutions of ten-dimensional Type ITA theory of supergravity.

C Details of the dualities

In this appendix, we present the ansatz for all the intermediate steps in the chain of dualities

Fl(y) D1(y) D5(y6789)
NS5(y6789) D5(y6789) D1(y)
P(y) . P(y) - P(y)
D3(678) | «— D3(678) — D1(9) (C.1)
D1(9) F1(9) P(9)
D5(yx678) NS5(yx678) KKm(9)
D3(yx9) /s D3(yx9) / s D5(yx678) / |1

Z6Following (A.7), this identification also implies B = Bs.
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and in particular will expand the four T-dualities along the 7.

Di(y) D2(y9) D3(y89) D4(y789) D5(y6789)
D5(y6789) D4(y678) D3(y67) D2(y6) Di(y)
D?:((Gy7)8) ZO, D4](36(Z;;9) IO, D?:((Gy7)9) IO, D];Eg;) 2O, 15 1((y9)) (C.2)
F1(9) P(9) P(9) P(9) P(9)
NS5(yx678) KKm(9) KKm(9) KKm(9) KKm(9)
D3(yx9) / g D2(yx) / ;4 D3(yx8) / 115 D4(yx78) / 11 D5(yx678) / 15

The ansatz in the final frame is given by (7.13). Throughout this section, we will use the
untilded ansatz quantities (A.22). As before, we follow the conventions of [12].

S-dual. The S-dual of the ansatz given in (7.10) is given by

2 Z
2 _ _ 44 [£1 5.2
ds® = m(dv—i—ﬁ){du—i—w—l— (.7:—1— Z2> (dv—i—ﬁ}—i-\/ZlZstZH- Zst ,
(C.3a)
Z
20 _ 21
e 7y (C.3b)
ZA
BQ:< (dv+ B) — )/\dz (C.30)
Za
Co =0, (C.3d)
1
CQ:Z—(du+w)/\(dv+ﬁ)—a1/\(dv+[3)—’yg, (C.3e)
1
- 7 ) i
Cy=|(dv+ B)A (52 ZA72+A/\a1> +x3+72/\A} A dz’
[ Z4
+ (Z (dv+B) — >/\dz AdzT A d2B, (C.3f)
2
[ 1 ZA ~ —
Ce = Z —(du+w) A (dv+ ) — (ag - ZAA> A (dv+ B) — 71] Avoly , (C.3g)
2 2
Cs=0. (C.3h)
T-dual along zg.
2 ~ 5
2 _ _ 9
ds? = m(dwrﬁ) [du—i—w—i—ZA(dz +4) + dv+5}+\/zlzgds4
22 9 -\ 2
+”Zg {dz dz% +dz"d2" + d2® dz] Hz(dz —l—A) , (C.4a)
Z
26 _ |21 4
e 7y (C.4b)
BQ :0, (C.4C)
C1=0, (C.4d)
1 -
C3 = {Z (du + w) A (dv—{—ﬁ)—al/\(dv—f—ﬁ)—'yg] /\(dzg—{—A)
1
+(dv+B)A (S +ANar) +as+72 A4, (C.de)
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1 ~
Cs = {(du+w—|—ZA(dz9+A))/\(dv+ﬁ) —ap A (dv+ B) =y | Ad2® A dzT A dZP

Z
T (Z’;‘ (dv + B) — ) Avoly, (C.4f)

Cr=0. (C.4g)

T-dual along zs.

P N L F
dsQZ—M(dv—i—B){du+w~|—ZA(dz9+A) dv+ﬁ}+\/Z122ds4
A Zo 9 \2
+”Z2 [dz d25 + dz" dz} le [dz dz® + (dz —i—A) } , (C.5a)
e’ =1, (C.5b)
BQ = 0, (C5C)
Co=0, (C.5d)
CQ = 0, (C.5e)
Cy=— Zl (du+w) A (dv+ ) — a1 A (dv+ B) —72} A dz® A (dzg—i-fl)
1
+ ((dv—l—ﬁ)/\ ((52+A/\a1> +$3+’}/2/\/~1) A dz8
+ i(du+w+z,4 (d2° + A)) A (dv + B) — as A (dv + B) —71} Adz8 A d27
— <2 (dv+pB) — > ANd2® AdzT A dZ2, (C.51)
Cs=0. (C.5h)

This is a particularly interesting system since the dilaton is constant throughout the
geometry and the global and dipole charges are all carried by D3-branes. As expected, only
Cjy is excited out of all R-R gauge fields.

T-dual along z7.

‘F
ds? = — (dv+p [du—i—w—i—ZA dz + A dv+ﬁ}—|— 7y Zods?
o ) 1) + v 2
| Z, N\ 2
+ Zl d26d26—|— dz dz" +dz®dz® + (dzg—i—A) } , (C.6a)
Zy
20 _ |22 C.6b
: \E (C.6b)
BQZO, (CGC)
C; =0, (C.6d)
1 Za 5 6
Cs=+4+|—(dutw)A(dv+8)—(az— —A)AN(dv+B) —n| Ndz",
Z2 Z2
ZA 1 6 9
+ 7(dv—|—ﬁ)—A ANdz® Ndz”, (C.6e)
2
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1 _
Cs = — [Z (du + w) A (dv+ﬂ)—a1/\(dv+ﬁ)—fyg} Adz" A dzB A (d29+A>
1
—((dv—l—ﬂ)/\(62+AAa1>+x3+’ygA/~l>/\dz7/\d28, (C.6¢)
Cr=0. (C.6g)

Performing another T-duality along 2® then gives (7.13).

D More examples

In this appendix we present more explicit examples of geometries for different mode numbers.
We begin by presenting in more detail the simplest two solutions, (1,0,1) and (1,1,1). In
principle, these are already given in the main text, however, the general form is very
cumbersome and so it might be useful to present the simplified versions for n = 1. We then
state the backreacted ansatz quantities for some geometries with k = 2.

(1,0,1). Setting n =1 in the solutions (5.3) considerably simplifies the solution

1 a®+ 272
1oy - % T2 D.1
f 16 (a2 12 (D.1a)
(o1 1 b2 a2 a2 + (3a? + 2r?) cos 20
Z =5 |Q1— D.1b
L SR RARET: (a2 +12)2 ’ (D-1b)
1oy @ (r*+ (a® — 2r?)sin”6)
= D.1
fi 8(a? + r?)? ’ (D.1c)
202 _ 2 2
(1,01) _ a° (r* —a® sin®0)
= D.1d
f2 8(a? + r2) ( )
2 (,.2 )
101 _ @ (r? — (a® + 2r?) sin? 0) D1
: 163 (a2 4 12)2 ’ (D-1e)
(1,01) _ _a2 (r? + a? sin? 0) (D.16)
162 (a2 4122 7 ‘
2 72 2 1 22\ win2
(1,0,n) _ cos” 0 9 b2 a? r?(2a® 4 r?) sin? 0 16 Ad
= - — . D.1
At this point, we can combine the solutions into relevant forms
a2b? [ (a® —7?) sin?0 72 cos? f
Go = — d D.2
“ 42 Ry ( (a? 4 12)? o+ (a? 4 12)2 @ (D-22)
a2 b Qs sin? @ r? cos? 6
=wy + D.2b
T 4V2R, Y \a? +1? 40 = (a2 +12)2 i (D-2b)
and
272 2 _ .2 2
~, a*b . 9 r(a® — 1) cos” 6
= — Odr Nd dr N d
© 2\/§Ry(a2+r2)2(T81n rAdg a? +r? rAdy
+ (a2 — 7‘2) sinfcos@df A dp — 12 sin cosddf A d?/)) (D.3)
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(1,1,1). We can similarly present the (1,1,1) solution

1 1
1,1,1) _
1y 1 b2 a? a2 — (3a? + 2r?) cos 20
Zy =5 Q1+ 16 (@ +12)2 , (D.4b)
2 (.2 2 2
(11,0 a* (e — (a* + 2r?) cos 20)
h - 8(a2 + 12)2 ) (D.4c)
2 (2 2 2 2
(11,1 _ a®(a®+7° —a® sin” )
f2 - 4(@2 +7’2)2 (D4d)
2 2 2
pbh = SS @) (D.4e)
2 2 2
111y —a* 4 (1" +a*) cos 26
v = 8% (a? +r?) ’ (D-4f)
2 72 2,2 2 2\ win2
1in cos” 0 b* a®r*(2a* + r<) sin® 6
AL . [—Ql (r? + a?) — T W) do A dip. (D.4g)
Recombining the solutions into forms gives
a2 b2 sin? r2 cos? 6
Qo = dp — ————=d D.
2 2V2R, ((a2+7’2) ¢ (a? 4 r2)? 1/}) ’ (D-52)
b2 Qs (2a2 + r?) sin? 0 r? cos? f
w = wqy + dop + ———-—=d , D.5b
* T 2VeR, ¥ ( a® + r2 Ot @ W (D-5b)
and
B 272
02 =— a4 rsin?0dr A do — rcos® dr A d
V2 Ry (a2 +12)2 ( ¢ v
— (a? +1?) sinfcos 0 df A dg — r* sin§ cos0.df A dy) . (D.6)

(2,0,1). In the following examples we do not give the explicit values of 71, which can be
determined by inverting the equations (A.11).

00 2a* + a? (a® + 5r?) sin? 9‘4— 5a%r? + 3rt (D.7a)
36 (a2 + r2)° ’
Z£2,0,1) _ 1 O, + 17 a? (a® +r?) (3a® + 2r?) cos(20) —|—3a4 (2a% + 72) sin?(20) . (D.7h)
) 18 (a? +1r2)

)

7200 _ a? (a? ((a® — 4r?) cos(40) + 5a? — 2r?) + (—6a* + 10ar? + 4r*) cos(26))
! 72 (a2 + r2)?

(D.7¢)
f2(2’0’1) _ a?r? (a? +r?) + a*sin?(0) (a? (;05(219) — 242 + 3r?) (D.7d)
18 (a? 4+ 12)
201 _ @ ((a® +5r%) cos(4) + 11a* + 7r?) — 4a” (a® 4 r?) (3a® + 2r*) cos(26)
a B 288 (a2 +12)° ¥ ’
(D.7e)
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1

(2,0,1) 21942 (42 2 _ 4 2 2

v = a a” (a® +1r*) cos(20 11a 25a“r
288 (a2 +12)* % [ ( ( ) (26)

+ (—a4 + 5a*r? + 2r4) cos(46) — 1()7“4)} . (D.7f)

All fields in the supersymmetric ansatz can then be determined using these solutions.

(2,1,1).
@2.1,1) _ —8at + a? (2a® + r?) cos(20) — 15a%r? — 6r* D8
/ B 72 (a2 + 7“2)3 ’ (D-8a)
4092 | 12 (oo
21,1 1 ~ a* (2a* 4 17) cos?(20)
VA = — +b ) D.8b
! by lQl 18 (a2 + 7‘2)3 ( )
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/i o 36 (a2 + r2)? ’ (D-8c)
f2(2’1’1) _ a? (a* cos(40) + a* — a? (2a% + 1?) cos(20) + 5a?r? + 2r?) (D.8d)

36 (a2 + 12)°
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L(212) _

1 {(2 (5a8 + 22a%% + 26a*r* + 16020 + 47‘8) cos(20)

. NS
A—> states
k

E Conserved charges for G4
2
Let us analyse the state

1 2+ J 2+2’ J 2 27 (ED)

in a bit more detail. We already mentioned that by shifting k — k 4 1, the CFT charges of
this state become those of the state (2.4a), whose perturbation we constructed in section 3.

A_>NS NS k %7 NS E 1 —+NS -Ns k1

By acting with the global symmetry generators we obtain the more general state

n—1 A\ 1Al B NS
(L0 () a4 ), (E.2)
with
ko1 . | NS -Ns k1
NS NS
h 5 5T J 5 T5tm, h 5 3 (E.3)
which is then tensored with the NS-NS vacuum state
N, 3 . NS\ Mo
(=0 (@ () e t[d)) T MmN, ®y
-1 k
subject to the constraint
N =N,+kN. (E.5)
The spectral flow to the Ramond sector gives a state with the charges
N - N N, + N, = N, + N,
hR =2 Ny (mtn) pR— 2 R = at b4 Nym, R ot b
4 4 2 2
(E.6)
and non-zero momentum
n®=hR — AR = Ny (m +n) . (E.7)
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On the supergravity side, the calculations proceed as in the main text: except that one
should shift k¥ — k+ 1. For example, the explicit solutions presented in section 5 correspond
to a state with mode numbers (2,0,7n) and (2,1,n). The most important change appears in
matching between the gravity and CFT moduli. The regularity condition is

b2

Q1Q5 =a’ R} + Tp—1mn o (E.8)

where we used (5.13). The fact that .J is always given by

2
- R
J=2" (E.9)
2
immediately suggest that the translation
N,+N, R2d? k—1)N, v* R?
+ Ny _ ya ’ ( ) b = Tk L Y . (ElO)
N Q1 Q5 N 201 Q5

Using this result, one can check that the momentum obtained from the asymptotic expansion
of F indeed reproduces the CFT result (E.7). Similarly, in all explicit examples analysed,
the gravitational expression for the angular momentum J reproduces the value of j in (E.6).

The identification (E.10) suggests that one cannot take a = 0 without setting both
N, = Np = 0. In fact, the limit N, = 0 corresponds to

2 Tk—1,m,n ;2
=——"} E.11
s (E.11)

which would be the minimally allowed value for a that has a well-defined holographic dual.
However, from the gravity point of view, there is no objection to analysing values with
lower values of a. We hope to return to this issue in future work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] S.D. Mathur, Fuzzballs and the information paradox: A Summary and conjectures,
arXiv:0810.4525 [INSPIRE].

[2] A. Almbeiri, D. Marolf, J. Polchinski and J. Sully, Black Holes: Complementarity or
Firewalls?, JHEP 02 (2013) 062 [arXiv:1207.3123] [INSPIRE].

[3] M. Heydeman, L.V. Tliesiu, G.J. Turiaci and W. Zhao, The statistical mechanics of near-BPS
black holes, J. Phys. A 55 (2022) 014004 [arXiv:2011.01953] INSPIRE].

[4] J. Boruch, M.T. Heydeman, L.V. Tliesiu and G.J. Turiaci, BPS and near-BPS black holes in
AdSs and their spectrum in N' =4 SYM, arXiv:2203.01331 [INSPIRE].

[5] L.V. Iliesiu, S. Murthy and G.J. Turiaci, Black hole microstate counting from the gravitational
path integral, arXiv:2209.13602 [INSPIRE].

47 —


https://creativecommons.org/licenses/by/4.0/
https://arxiv.org/abs/0810.4525
https://inspirehep.net/literature/800553
https://doi.org/10.1007/JHEP02(2013)062
https://arxiv.org/abs/1207.3123
https://inspirehep.net/literature/1122534
https://doi.org/10.1088/1751-8121/ac3be9
https://arxiv.org/abs/2011.01953
https://inspirehep.net/literature/1828227
https://arxiv.org/abs/2203.01331
https://inspirehep.net/literature/2045072
https://arxiv.org/abs/2209.13602
https://inspirehep.net/literature/2157964

[6]

[13]

[18]

[19]
[20]

[21]

G. Lopes Cardoso et al., The gravitational path integral for N = 4 BPS black holes from black
hole microstate counting, arXiv:2211.06873 [INSPIRE].

A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett.
B 379 (1996) 99 [hep-th/9601029] [INSPIRE].

G.T. Horowitz and J. Polchinski, A Correspondence principle for black holes and strings, Phys.
Rev. D 55 (1997) 6189 [hep-th/9612146] [INSPIRE].

S.D. Mathur, The Fuzzball proposal for black holes: An Elementary review, Fortsch. Phys. 53
(2005) 793 [hep-th/0502050] [INSPIRE].

K. Skenderis and M. Taylor, The fuzzball proposal for black holes, Phys. Rept. 467 (2008) 117
[arXiv:0804.0552] [INSPIRE].

I. Bena, E.J. Martinec, S.D. Mathur and N.P. Warner, Fuzzballs and Microstate Geometries:
Black-Hole Structure in String Theory, arXiv:2204.13113 [InSPIRE].

I. Bena et al., Resolving black-hole microstructure with new momentum carriers, JHEP 10
(2022) 033 [arXiv:2202.08844] [INSPIRE].

O. Lunin, J.M. Maldacena and L. Maoz, Gravity solutions for the D1-D5 system with angular
momentum, hep-th/0212210 [InSPIRE].

B. Cabrera Palmer and D. Marolf, Counting supertubes, JHEP 06 (2004) 028
[hep-th/0403025] [INSPIRE].

V.S. Rychkov, D1-D5 black hole microstate counting from supergravity, JHEP 01 (2006) 063
[hep-th/0512053] [INSPIRE].

J.M. Maldacena, The Large N limit of superconformal field theories and supergravity, Adv.
Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200] [INSPIRE].

O. Lunin and S.D. Mathur, Metric of the multiply wound rotating string, Nucl. Phys. B 610
(2001) 49 [hep-th/0105136] [INSPIRE].

O. Lunin and S.D. Mathur, AdS/CFT duality and the black hole information paradox, Nucl.
Phys. B 623 (2002) 342 [hep-th/0109154] [NSPIRE].

M. Taylor, General 2 charge geometries, JHEP 03 (2006) 009 [hep-th/0507223] [INSPIRE].

I. Kanitscheider, K. Skenderis and M. Taylor, Holographic anatomy of fuzzballs, JHEP 04
(2007) 023 [hep-th/0611171] INSPIRE].

I. Kanitscheider, K. Skenderis and M. Taylor, Fuzzballs with internal excitations, JHEP 06
(2007) 056 [arXiv:0704.0690] [INSPIRE].

A. Sen, Extremal black holes and elementary string states, Mod. Phys. Lett. A 10 (1995) 2081
[hep-th/9504147] [INSPIRE].

I. Bena and N.P. Warner, Resolving the Structure of Black Holes: Philosophizing with a
Hammer, arXiv:1311.4538 [INSPIRE].

I. Bena et al., Habemus Superstratum! A constructive proof of the existence of superstrata,
JHEP 05 (2015) 110 [arXiv:1503.01463] [INSPIRE].

I. Bena, E. Martinec, D. Turton and N.P. Warner, Momentum Fractionation on Superstrata,
JHEP 05 (2016) 064 [arXiv:1601.05805] [INSPIRE].

I. Bena et al., Smooth horizonless geometries deep inside the black-hole regime, Phys. Rev. Lett.
117 (2016) 201601 [arXiv:1607.03908] [INSPIRE].

48 —


https://arxiv.org/abs/2211.06873
https://inspirehep.net/literature/2181795
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/0370-2693(96)00345-0
https://arxiv.org/abs/hep-th/9601029
https://inspirehep.net/literature/415163
https://doi.org/10.1103/PhysRevD.55.6189
https://doi.org/10.1103/PhysRevD.55.6189
https://arxiv.org/abs/hep-th/9612146
https://inspirehep.net/literature/427427
https://doi.org/10.1002/prop.200410203
https://doi.org/10.1002/prop.200410203
https://arxiv.org/abs/hep-th/0502050
https://inspirehep.net/literature/676177
https://doi.org/10.1016/j.physrep.2008.08.001
https://arxiv.org/abs/0804.0552
https://inspirehep.net/literature/782680
https://arxiv.org/abs/2204.13113
https://inspirehep.net/literature/2074156
https://doi.org/10.1007/JHEP10(2022)033
https://doi.org/10.1007/JHEP10(2022)033
https://arxiv.org/abs/2202.08844
https://inspirehep.net/literature/2034655
https://arxiv.org/abs/hep-th/0212210
https://inspirehep.net/literature/605047
https://doi.org/10.1088/1126-6708/2004/06/028
https://arxiv.org/abs/hep-th/0403025
https://inspirehep.net/literature/645527
https://doi.org/10.1088/1126-6708/2006/01/063
https://arxiv.org/abs/hep-th/0512053
https://inspirehep.net/literature/699641
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://arxiv.org/abs/hep-th/9711200
https://inspirehep.net/literature/451647
https://doi.org/10.1016/S0550-3213(01)00321-2
https://doi.org/10.1016/S0550-3213(01)00321-2
https://arxiv.org/abs/hep-th/0105136
https://inspirehep.net/literature/556551
https://doi.org/10.1016/S0550-3213(01)00620-4
https://doi.org/10.1016/S0550-3213(01)00620-4
https://arxiv.org/abs/hep-th/0109154
https://inspirehep.net/literature/563077
https://doi.org/10.1088/1126-6708/2006/03/009
https://arxiv.org/abs/hep-th/0507223
https://inspirehep.net/literature/688031
https://doi.org/10.1088/1126-6708/2007/04/023
https://doi.org/10.1088/1126-6708/2007/04/023
https://arxiv.org/abs/hep-th/0611171
https://inspirehep.net/literature/731897
https://doi.org/10.1088/1126-6708/2007/06/056
https://doi.org/10.1088/1126-6708/2007/06/056
https://arxiv.org/abs/0704.0690
https://inspirehep.net/literature/747922
https://doi.org/10.1142/S0217732395002234
https://arxiv.org/abs/hep-th/9504147
https://inspirehep.net/literature/394602
https://arxiv.org/abs/1311.4538
https://inspirehep.net/literature/1265059
https://doi.org/10.1007/JHEP05(2015)110
https://arxiv.org/abs/1503.01463
https://inspirehep.net/literature/1347373
https://doi.org/10.1007/JHEP05(2016)064
https://arxiv.org/abs/1601.05805
https://inspirehep.net/literature/1416635
https://doi.org/10.1103/PhysRevLett.117.201601
https://doi.org/10.1103/PhysRevLett.117.201601
https://arxiv.org/abs/1607.03908
https://inspirehep.net/literature/1475670

[27] 1. Bena et al., Asymptotically-flat supergravity solutions deep inside the black-hole regime,
JHEP 02 (2018) 014 [arXiv:1711.10474] [INSPIRE].

[28] N. Ceplak, R. Russo and M. Shigemori, Supercharging Superstrata, JHEP 03 (2019) 095
[arXiv:1812.08761] INSPIRE].

[29] P. Heidmann and N.P. Warner, Superstratum Symbiosis, JHEP 09 (2019) 059
[arXiv:1903.07631] [iNSPIRE].

[30] P. Heidmann, D.R. Mayerson, R. Walker and N.P. Warner, Holomorphic Waves of Black Hole
Microstructure, JHEP 02 (2020) 192 [arXiv:1910.10714] INSPIRE].

[31] M. Shigemori, Superstrata, Gen. Rel. Grav. 52 (2020) 51 [arXiv:2002.01592] [INSPIRE].

[32] B. Ganchev, A. Houppe and N.P. Warner, New superstrata from three-dimensional
supergravity, JHEP 04 (2022) 065 [arXiv:2110.02961] [InSPIRE].

[33] B. Ganchev, A. Houppe and N.P. Warner, Q-balls meet fuzzballs: non-BPS microstate
geometries, JHEP 11 (2021) 028 [arXiv:2107.09677] INSPIRE].

[34] B. Ganchev, A. Houppe and N.P. Warner, Elliptical and purely NS superstrata, JHEP 09
(2022) 067 [arXiv:2207.04060] [INSPIRE].

[35] S. Giusto, E. Moscato and R. Russo, AdSs holography for 1/4 and 1/8 BPS geometries, JHEP
11 (2015) 004 [arXiv:1507.00945] INSPIRE].

[36] J. Garcia i Tormo and M. Taylor, One point functions for black hole microstates, Gen. Rel.
Grav. 51 (2019) 89 [arXiv:1904.10200] [INSPIRE].

[37] S. Giusto, S. Rawash and D. Turton, Adss holography at dimension two, JHEP 07 (2019) 171
[arXiv:1904.12880] [INSPIRE].

. Rawash and D. Turton, Supercharge s Holography,
38] S. R h and D. Tu S h d AdSs Hol hy, JHEP 07 (2021) 178
[arXiv:2105.13046] [INSPIRE].

. Raju and P. Shrivastava, Critique of the fuzzball program, Phys. Rev.
39] S. Raj d P. Shri Criti f the fuzzball Ph R D 99 (2019) 066009
[arXiv:1804.10616] [INSPIRE].

[40] M. Shigemori, Counting Superstrata, JHEP 10 (2019) 017 [arXiv:1907.03878] [INSPIRE].

[41] D.R. Mayerson and M. Shigemori, Counting D1-D5-P microstates in supergravity, SciPost
Phys. 10 (2021) 018 [arXiv:2010.04172] [INSPIRE].

[42] Z. Wei and Y. Yoneta, Counting atypical black hole microstates from entanglement wedges,
arXiv:2211.11787 [InSPIRE].

[43] P. Hayden and G. Penington, Black hole microstates vs. the additivity conjectures,
arXiv:2012.07861 [INSPIRE].

[44] A. Galliani, S. Giusto and R. Russo, Holographic 4-point correlators with heavy states, JHEP
10 (2017) 040 [arXiv:1705.09250] [INSPIRE].

[45] A. Bombini et al., Unitary 4-point correlators from classical geometries, Fur. Phys. J. C T8
(2018) 8 [arXiv:1710.06820] [INSPIRE].

[46] A. Tyukov, R. Walker and N.P. Warner, Tidal Stresses and Energy Gaps in Microstate
Geometries, JHEP 02 (2018) 122 [arXiv:1710.09006] [INSPIRE].

[47] 1. Bena, E.J. Martinec, R. Walker and N.P. Warner, Early Scrambling and Capped BTZ
Geometries, JHEP 04 (2019) 126 [arXiv:1812.05110] INSPIRE].

— 49 —


https://doi.org/10.1007/JHEP02(2018)014
https://arxiv.org/abs/1711.10474
https://inspirehep.net/literature/1639255
https://doi.org/10.1007/JHEP03(2019)095
https://arxiv.org/abs/1812.08761
https://inspirehep.net/literature/1710428
https://doi.org/10.1007/JHEP09(2019)059
https://arxiv.org/abs/1903.07631
https://inspirehep.net/literature/1725734
https://doi.org/10.1007/JHEP02(2020)192
https://arxiv.org/abs/1910.10714
https://inspirehep.net/literature/1760731
https://doi.org/10.1007/s10714-020-02698-8
https://arxiv.org/abs/2002.01592
https://inspirehep.net/literature/1778761
https://doi.org/10.1007/JHEP04(2022)065
https://arxiv.org/abs/2110.02961
https://inspirehep.net/literature/1940061
https://doi.org/10.1007/JHEP11(2021)028
https://arxiv.org/abs/2107.09677
https://inspirehep.net/literature/1889499
https://doi.org/10.1007/JHEP09(2022)067
https://doi.org/10.1007/JHEP09(2022)067
https://arxiv.org/abs/2207.04060
https://inspirehep.net/literature/2109079
https://doi.org/10.1007/JHEP11(2015)004
https://doi.org/10.1007/JHEP11(2015)004
https://arxiv.org/abs/1507.00945
https://inspirehep.net/literature/1381201
https://doi.org/10.1007/s10714-019-2566-6
https://doi.org/10.1007/s10714-019-2566-6
https://arxiv.org/abs/1904.10200
https://inspirehep.net/literature/1730870
https://doi.org/10.1007/JHEP07(2019)171
https://arxiv.org/abs/1904.12880
https://inspirehep.net/literature/1732246
https://doi.org/10.1007/JHEP07(2021)178
https://arxiv.org/abs/2105.13046
https://inspirehep.net/literature/1865814
https://doi.org/10.1103/PhysRevD.99.066009
https://arxiv.org/abs/1804.10616
https://inspirehep.net/literature/1670658
https://doi.org/10.1007/JHEP10(2019)017
https://arxiv.org/abs/1907.03878
https://inspirehep.net/literature/1743007
https://doi.org/10.21468/SciPostPhys.10.1.018
https://doi.org/10.21468/SciPostPhys.10.1.018
https://arxiv.org/abs/2010.04172
https://inspirehep.net/literature/1822141
https://arxiv.org/abs/2211.11787
https://inspirehep.net/literature/2513690
https://arxiv.org/abs/2012.07861
https://inspirehep.net/literature/1836684
https://doi.org/10.1007/JHEP10(2017)040
https://doi.org/10.1007/JHEP10(2017)040
https://arxiv.org/abs/1705.09250
https://inspirehep.net/literature/1601319
https://doi.org/10.1140/epjc/s10052-017-5492-3
https://doi.org/10.1140/epjc/s10052-017-5492-3
https://arxiv.org/abs/1710.06820
https://inspirehep.net/literature/1631375
https://doi.org/10.1007/JHEP02(2018)122
https://arxiv.org/abs/1710.09006
https://inspirehep.net/literature/1632482
https://doi.org/10.1007/JHEP04(2019)126
https://arxiv.org/abs/1812.05110
https://inspirehep.net/literature/1708893

[48]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

I. Bena, P. Heidmann, R. Monten and N.P. Warner, Thermal Decay without Information Loss
in Horizonless Microstate Geometries, SciPost Phys. 7 (2019) 063 [arXiv:1905.05194]
[INSPIRE].

I. Bena, A. Houppe and N.P. Warner, Delaying the Inevitable: Tidal Disruption in Microstate
Geometries, JHEP 02 (2021) 103 [arXiv:2006.13939] [INSPIRE].

E.J. Martinec and N.P. Warner, The Harder They Fall, the Bigger They Become: Tidal
Trapping of Strings by Microstate Geometries, JHEP 04 (2021) 259 [arXiv:2009.07847]
[INSPIRE].

N. Ceplak, S. Hampton and Y. Li, Toroidal tidal effects in microstate geometries, JHEP 03
(2022) 021 [arXiv:2106.03841] [INSPIRE].

D.R. Mayerson, Fuzzballs and Observations, Gen. Rel. Grav. 52 (2020) 115
[arXiv:2010.09736] [INSPIRE].

F. Bacchini et al., Fuzzball Shadows: Emergent Horizons from Microstructure, Phys. Rev. Lett.
127 (2021) 171601 [arXiv:2103.12075] [INSPIRE].

I. Bah et al., Gravitational footprints of black holes and their microstate geometries, JHEP 10
(2021) 138 [arXiv:2104.10686] [INSPIRE].

T. Ikeda et al., Black-hole microstate spectroscopy: Ringdown, quasinormal modes, and echoes,
Phys. Rev. D 104 (2021) 066021 [arXiv:2103.10960] [INSPIRE].

M. Baggio, J. de Boer and K. Papadodimas, A non-renormalization theorem for chiral primary
3-point functions, JHEP 07 (2012) 137 [arXiv:1203.1036] [INSPIRE].

J.B. Gutowski, D. Martelli and H.S. Reall, All Supersymmetric solutions of minimal
supergravity in siz- dimensions, Class. Quant. Grav. 20 (2003) 5049 [hep-th/0306235]
[INSPIRE].

M. Cariglia and O.A.P. Mac Conamhna, The General form of supersymmetric solutions of
N = (1,0) U(1) and SU(2) gauged supergravities in siz-dimensions, Class. Quant. Grav. 21
(2004) 3171 [hep-th/0402055] [INSPIRE].

P.A. Cano and T. Ortin, The structure of all the supersymmetric solutions of ungauged
N = (1,0), d = 6 supergravity, Class. Quant. Grav. 36 (2019) 125007 [arXiv:1804.04945]
[INSPIRE].

I. Bena, S. Giusto, M. Shigemori and N.P. Warner, Supersymmetric Solutions in Siz
Dimensions: A Linear Structure, JHEP 03 (2012) 084 [arXiv:1110.2781] InSPIRE].

S. Giusto, L. Martucci, M. Petrini and R. Russo, 6D microstate geometries from 10D
structures, Nucl. Phys. B 876 (2013) 509 [arXiv:1306.1745] INSPIRE].

E.J. Martinec, S. Massai and D. Turton, On the BPS Sector in AdSs/CFTs Holography,
Fortsch. Phys. 71 (2023) 2300015 [arXiv:2211.12476] [INSPIRE].

N. Ceplak, S. Hampton and N.P. Warner, Linearizing the BPS equations with vector and
tensor multiplets, JHEP 03 (2023) 145 [arXiv:2204.07170] [INSPIRE].

E. Bakhshaei and A. Bombini, Three-charge superstrata with internal excitations, Class.
Quant. Grav. 36 (2019) 055001 [arXiv:1811.00067] INSPIRE].

S.G. Avery, Using the D1D5 CFT to Understand Black Holes, Ph.D. thesis, Department of
Physics, Ohio State University, Columbus, U.S.A. (2010) [arXiv:1012.0072] [InSPIRE].

N. Ceplak, S. Hampton, Microstate geometries with vector fields, work in progress.

— 50 —


https://doi.org/10.21468/SciPostPhys.7.5.063
https://arxiv.org/abs/1905.05194
https://inspirehep.net/literature/1734961
https://doi.org/10.1007/JHEP02(2021)103
https://arxiv.org/abs/2006.13939
https://inspirehep.net/literature/1802856
https://doi.org/10.1007/JHEP04(2021)259
https://arxiv.org/abs/2009.07847
https://inspirehep.net/literature/1817668
https://doi.org/10.1007/JHEP03(2022)021
https://doi.org/10.1007/JHEP03(2022)021
https://arxiv.org/abs/2106.03841
https://inspirehep.net/literature/1867487
https://doi.org/10.1007/s10714-020-02769-w
https://arxiv.org/abs/2010.09736
https://inspirehep.net/literature/1824066
https://doi.org/10.1103/PhysRevLett.127.171601
https://doi.org/10.1103/PhysRevLett.127.171601
https://arxiv.org/abs/2103.12075
https://inspirehep.net/literature/1853025
https://doi.org/10.1007/JHEP10(2021)138
https://doi.org/10.1007/JHEP10(2021)138
https://arxiv.org/abs/2104.10686
https://inspirehep.net/literature/1859926
https://doi.org/10.1103/PhysRevD.104.066021
https://arxiv.org/abs/2103.10960
https://inspirehep.net/literature/1852820
https://doi.org/10.1007/JHEP07(2012)137
https://arxiv.org/abs/1203.1036
https://inspirehep.net/literature/1092968
https://doi.org/10.1088/0264-9381/20/23/008
https://arxiv.org/abs/hep-th/0306235
https://inspirehep.net/literature/622073
https://doi.org/10.1088/0264-9381/21/13/006
https://doi.org/10.1088/0264-9381/21/13/006
https://arxiv.org/abs/hep-th/0402055
https://inspirehep.net/literature/644069
https://doi.org/10.1088/1361-6382/ab1f1e
https://arxiv.org/abs/1804.04945
https://inspirehep.net/literature/1667728
https://doi.org/10.1007/JHEP03(2012)084
https://arxiv.org/abs/1110.2781
https://inspirehep.net/literature/939603
https://doi.org/10.1016/j.nuclphysb.2013.08.018
https://arxiv.org/abs/1306.1745
https://inspirehep.net/literature/1237695
https://doi.org/10.1002/prop.202300015
https://arxiv.org/abs/2211.12476
https://inspirehep.net/literature/2513742
https://doi.org/10.1007/JHEP03(2023)145
https://arxiv.org/abs/2204.07170
https://inspirehep.net/literature/2067864
https://doi.org/10.1088/1361-6382/ab01bc
https://doi.org/10.1088/1361-6382/ab01bc
https://arxiv.org/abs/1811.00067
https://inspirehep.net/literature/1701441
https://arxiv.org/abs/1012.0072
https://inspirehep.net/literature/878999

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

K. Skenderis and M. Taylor, Fuzzball solutions and D1-D5 microstates, Phys. Rev. Lett. 98
(2007) 071601 [hep-th/0609154] [INSPIRE].

S. Deger, A. Kaya, E. Sezgin and P. Sundell, Spectrum of D = 6, N = 4b supergravity on
AdSs x 83, Nucl. Phys. B 536 (1998) 110 [hep-th/9804166] [INSPIRE].

J.M. Maldacena and A. Strominger, AdSs black holes and a stringy exclusion principle, JHEP
12 (1998) 005 [hep-th/9804085] [INSPIRE].

S. Giusto and R. Russo, Superdescendants of the D1D5 CFT and their dual 3-charge
geometries, JHEP 03 (2014) 007 [arXiv:1311.5536] [INSPIRE].

S.D. Mathur and D. Turton, Microstates at the boundary of AdS, JHEP 05 (2012) 014
[arXiv:1112.6413] INSPIRE].

S.D. Mathur and D. Turton, Momentum-carrying waves on D1-D5 microstate geometries,
Nucl. Phys. B 862 (2012) 764 [arXiv:1202.6421] InSPIRE].

O. Lunin, S.D. Mathur and D. Turton, Adding momentum to supersymmetric geometries, Nucl.
Phys. B 868 (2013) 383 [arXiv:1208.1770] [INSPIRE].

R.C. Myers and M.J. Perry, Black Holes in Higher Dimensional Space-Times, Annals Phys.
172 (1986) 304 [INSPIRE].

S. Hyun, U duality between three-dimensional and higher dimensional black holes, J. Korean
Phys. Soc. 33 (1998) S532 [hep-th/9704005] [INSPIRE].

I. Bena et al., The (amazing) super-maze, JHEP 03 (2023) 237 [arXiv:2211.14326]
[INSPIRE].

I. Bena et al., Themelia: the irreducible microstructure of black holes, arXiv:2212.06158
[INSPIRE].

H.W. Lin, J. Maldacena, L. Rozenberg and J. Shan, Holography for people with no time,
SciPost Phys. 14 (2023) 150 [arXiv:2207.00407] [INSPIRE].

H.W. Lin, J. Maldacena, L. Rozenberg and J. Shan, Looking at supersymmetric black holes for
a very long time, SciPost Phys. 14 (2023) 128 [arXiv:2207.00408] [INnSPIRE].

E. Bergshoeff et al., New formulations of D = 10 supersymmetry and D8-08 domain walls,
Class. Quant. Grav. 18 (2001) 3359 [hep-th/0103233] [iNSPIRE].

J. de Boer, Siz-dimensional supergravity on S® x AdSs; and 2-D conformal field theory, Nucl.
Phys. B 548 (1999) 139 [hep-th/9806104] [INSPIRE].

C. Eloy, Kaluza-Klein spectrometry for AdSs vacua, SciPost Phys. 10 (2021) 131
[arXiv:2011.11658] [INSPIRE].

C. Eloy, G. Larios and H. Samtleben, Triality and the consistent reductions on AdSs x S,
JHEP 01 (2022) 055 [arXiv:2111.01167] [NSPIRE].

F.C. Eperon, H.S. Reall and J.E. Santos, Instability of supersymmetric microstate geometries,
JHEP 10 (2016) 031 [arXiv:1607.06828] [INSPIRE].

D. Marolf, B. Michel and A. Puhm, A rough end for smooth microstate geometries, JHEP 05
(2017) 021 [arXiv:1612.05235] [INSPIRE].

B. Chakrabarty, S. Rawash and D. Turton, Shockwaves in black hole microstate geometries,
JHEP 02 (2022) 202 [arXiv:2112.08378] [NSPIRE].

~ 51 —


https://doi.org/10.1103/PhysRevLett.98.071601
https://doi.org/10.1103/PhysRevLett.98.071601
https://arxiv.org/abs/hep-th/0609154
https://inspirehep.net/literature/726785
https://doi.org/10.1016/S0550-3213(98)00555-0
https://arxiv.org/abs/hep-th/9804166
https://inspirehep.net/literature/469690
https://doi.org/10.1088/1126-6708/1998/12/005
https://doi.org/10.1088/1126-6708/1998/12/005
https://arxiv.org/abs/hep-th/9804085
https://inspirehep.net/literature/469200
https://doi.org/10.1007/JHEP03(2014)007
https://arxiv.org/abs/1311.5536
https://inspirehep.net/literature/1265551
https://doi.org/10.1007/JHEP05(2012)014
https://arxiv.org/abs/1112.6413
https://inspirehep.net/literature/1082924
https://doi.org/10.1016/j.nuclphysb.2012.05.014
https://arxiv.org/abs/1202.6421
https://inspirehep.net/literature/1091041
https://doi.org/10.1016/j.nuclphysb.2012.11.017
https://doi.org/10.1016/j.nuclphysb.2012.11.017
https://arxiv.org/abs/1208.1770
https://inspirehep.net/literature/1126955
https://doi.org/10.1016/0003-4916(86)90186-7
https://doi.org/10.1016/0003-4916(86)90186-7
https://inspirehep.net/literature/17835
https://arxiv.org/abs/hep-th/9704005
https://inspirehep.net/literature/441733
https://doi.org/10.1007/JHEP03(2023)237
https://arxiv.org/abs/2211.14326
https://inspirehep.net/literature/2601426
https://arxiv.org/abs/2212.06158
https://inspirehep.net/literature/2613884
https://doi.org/10.21468/SciPostPhys.14.6.150
https://arxiv.org/abs/2207.00407
https://inspirehep.net/literature/2104727
https://doi.org/10.21468/SciPostPhys.14.5.128
https://arxiv.org/abs/2207.00408
https://inspirehep.net/literature/2104755
https://doi.org/10.1088/0264-9381/18/17/303
https://arxiv.org/abs/hep-th/0103233
https://inspirehep.net/literature/554647
https://doi.org/10.1016/S0550-3213(99)00160-1
https://doi.org/10.1016/S0550-3213(99)00160-1
https://arxiv.org/abs/hep-th/9806104
https://inspirehep.net/literature/471736
https://doi.org/10.21468/SciPostPhys.10.6.131
https://arxiv.org/abs/2011.11658
https://inspirehep.net/literature/1832648
https://doi.org/10.1007/JHEP01(2022)055
https://arxiv.org/abs/2111.01167
https://inspirehep.net/literature/1958884
https://doi.org/10.1007/JHEP10(2016)031
https://arxiv.org/abs/1607.06828
https://inspirehep.net/literature/1477847
https://doi.org/10.1007/JHEP05(2017)021
https://doi.org/10.1007/JHEP05(2017)021
https://arxiv.org/abs/1612.05235
https://inspirehep.net/literature/1504048
https://doi.org/10.1007/JHEP02(2022)202
https://arxiv.org/abs/2112.08378
https://inspirehep.net/literature/1991969

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

E.J. Martinec and S. Massai, String Theory of Supertubes, JHEP 07 (2018) 163
[arXiv:1705.10844] [INSPIRE].

E.J. Martinec, S. Massai and D. Turton, String dynamics in NS5-F1-P geometries, JHEP 09
(2018) 031 [arXiv:1803.08505] [INSPIRE].

E.J. Martinec, S. Massai and D. Turton, Little Strings, Long Strings, and Fuzzballs, JHEP 11
(2019) 019 [arXiv:1906.11473] [INSPIRE].

E.J. Martinec, S. Massai and D. Turton, Stringy Structure at the BPS Bound, JHEP 12 (2020)
135 [arXiv:2005.12344] [InSPIRE].

D. Bufalini, S. Iguri, N. Kovensky and D. Turton, Black hole microstates from the worldsheet,
JHEP 08 (2021) 011 [arXiv:2105.02255] [INSPIRE].

D. Bufalini, S. Iguri, N. Kovensky and D. Turton, Worldsheet Correlators in Black Hole
Microstates, Phys. Rev. Lett. 129 (2022) 121603 [arXiv:2203.13828| [INSPIRE].

D. Bufalini, S. Iguri, N. Kovensky and D. Turton, Worldsheet computation of heavy-light
correlators, JHEP 03 (2023) 066 [arXiv:2210.15313] [InSPIRE].

I. Bah and P. Heidmann, Topological stars, black holes and generalized charged Weyl solutions,
JHEP 09 (2021) 147 [arXiv:2012.13407] [INSPIRE].

I. Bah and P. Heidmann, Smooth bubbling geometries without supersymmetry, JHEP 09 (2021)
128 [arXiv:2106.05118] [INSPIRE].

P. Heidmann, Non-BPS floating branes and bubbling geometries, JHEP 02 (2022) 162
[arXiv:2112.03279] [INSPIRE].

I. Bah and P. Heidmann, Non-BPS bubbling geometries in AdSs, JHEP 02 (2023) 133
[arXiv:2210.06483] [INSPIRE].

P. Heidmann and A. Houppe, Solitonic excitations in AdSs, JHEP 07 (2023) 186
[arXiv:2212.05065] [INSPIRE].

D. Lust, F. Marchesano, L. Martucci and D. Tsimpis, Generalized non-supersymmetric flux
vacua, JHEP 11 (2008) 021 [arXiv:0807.4540] INSPIRE].

~52 -


https://doi.org/10.1007/JHEP07(2018)163
https://arxiv.org/abs/1705.10844
https://inspirehep.net/literature/1601920
https://doi.org/10.1007/JHEP09(2018)031
https://doi.org/10.1007/JHEP09(2018)031
https://arxiv.org/abs/1803.08505
https://inspirehep.net/literature/1663973
https://doi.org/10.1007/JHEP11(2019)019
https://doi.org/10.1007/JHEP11(2019)019
https://arxiv.org/abs/1906.11473
https://inspirehep.net/literature/1741822
https://doi.org/10.1007/JHEP12(2020)135
https://doi.org/10.1007/JHEP12(2020)135
https://arxiv.org/abs/2005.12344
https://inspirehep.net/literature/1797902
https://doi.org/10.1007/JHEP08(2021)011
https://arxiv.org/abs/2105.02255
https://inspirehep.net/literature/1862335
https://doi.org/10.1103/PhysRevLett.129.121603
https://arxiv.org/abs/2203.13828
https://inspirehep.net/literature/2059237
https://doi.org/10.1007/JHEP03(2023)066
https://arxiv.org/abs/2210.15313
https://inspirehep.net/literature/2172204
https://doi.org/10.1007/JHEP09(2021)147
https://arxiv.org/abs/2012.13407
https://inspirehep.net/literature/1838369
https://doi.org/10.1007/JHEP09(2021)128
https://doi.org/10.1007/JHEP09(2021)128
https://arxiv.org/abs/2106.05118
https://inspirehep.net/literature/1867859
https://doi.org/10.1007/JHEP02(2022)162
https://arxiv.org/abs/2112.03279
https://inspirehep.net/literature/1985678
https://doi.org/10.1007/JHEP02(2023)133
https://arxiv.org/abs/2210.06483
https://inspirehep.net/literature/2165235
https://doi.org/10.1007/JHEP07(2023)186
https://arxiv.org/abs/2212.05065
https://inspirehep.net/literature/2613297
https://doi.org/10.1088/1126-6708/2008/11/021
https://arxiv.org/abs/0807.4540
https://inspirehep.net/literature/791711

	Introduction
	Summary of results

	Analysis of states in the D1-D5 CFT
	D1-D5 CFT at the symmetric product orbifold point
	CFT states related to vector fields

	Vector perturbations
	Round supertube profile
	Building up a perturbation

	Fully backreacted geometries
	The zeroth, first and second layer
	Solving the third layer
	Solving the fourth layer

	Explicit examples
	(k,m,n) = (1,0,n)
	(k,m,n) = (1,1,n)
	Properties of solutions with arbitrary mode numbers
	Regularity
	Coupling to flat space
	Conserved charges


	Singular corner of parameter space
	From six to ten dimensions
	F1-NS5-P-(D0-D4-D2-D6)
	F1-NS5-P-(D3-D1-D5-D3)
	D1-D5-P-(D1-P-KKm-D5)
	NS5-F1-P-(F1-P-KKm-NS5)

	Discussion
	Supersymmetric solutions of N = (1,0) supergravity with tensor and vector multiplets
	Supersymmetric ansatz in U(1) gauge-invariant form
	Field decomposition
	BPS equations

	BPS equations linear form
	Field redefinitions
	The BPS equations


	Matching the ten-dimensional and six-dimensional descriptions
	Details of the dualities
	More examples
	Conserved charges for G( - frac12)**( + A) |dot A - >(k)**(N) S states

