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1 Introduction

The systems with both coordinates and momenta lying on two independent tori called dou-
ble elliptic systems (Dell) were introduced in [1] for a description of the 6d Seiberg-Witten
theories containing the adjoint matter hypermultiplet. A celebrated property of these sys-
tems is self-duality [1-13], which, in nowadays terms, is often referred to as the spectral
(self)-duality [14-19]. Relation of these systems to topological strings and extension to the
6d Nekrasov functions was later discussed in [20, 21]. Moreover, in [22], using solutions
to the elliptic Knizhnik-Zamolodchikov equations, we discussed the modular properties of
these 6d gauge theories described by Dell systems and derived in [23, 24].

One of the problems with the Dell systems is that they are unambiguously defined only
in the SU(2) case (two particles), while the SU(n) (n-particle) generalization admits two
formulations described respectively in [9, 10] and [25] whose interrelation remains unclear so
far. Calculations proved to be very tedious: finding explicit formulas is a non-trivial quest
even in the classical case [26, 27], the Nekrasov (Q2-background) case is even more involved
(in Seiberg-Witten theory, these formulas are supposed to describe the intermediate case
of the Nekrasov-Shatashvili limit [28-31] on the way to the full-fledged Dell deformation of



Nekrasov functions [20, 21]). A new suggestion for the Dell Hamiltonians was done recently
in [32]; it looks close to the older variant in [25].

In this paper, we study the eigenvalue problem for these Hamiltonians [32] and con-
centrate on a general approach. Similarly to the trigonometric limit, where the Macdonald
functions solve the problem, it could be drastically simplified if one considers [33] not
Macdonald-like functions per se, but their much simpler continuations from the Young dia-
grams (or partitions) \; to arbitrary values of spectral parameters y; [34]. Such a function
M{Z|y} with the property

M {yz- = it

xz} = Macy[z;], i=1,...,n (1.1)

was nicknamed mother function in [35, 36] (see also earlier papers [37, 38]), where an
elliptic (rather than generic Dell) version was studied and related to the theory of elliptic
quantum toroidal algebras [39-45]. The main tool in [35, 36] were Kostka matrices Ky,
which describe a triangular transform from generalized Macdonald polynomials to products
of the Schur polynomials thus having two Young diagram indices and a slightly different
mother function depending on a doubled set of y-variables, K{¥,y’} [35, 36]. Its Dell
version, as well as the Kerov deformations [46-49] still remain to be built. It would be
interesting to see whether the two functions, the triangular K and the symmetric M are
related in the Dell case.

The mother function M is symmetric in {Z}, but it is not a polynomial being rather
a formal series in arbitrary negative powers of x. A nice explicit example of such a series
is provided by an elegant generalization of the Macdonald polynomials introduced recently
by J. Shiraishi [50]. The Shiraishi series are explicitly self-dual, namely, symmetric under
permutation of & and ¢ variables, they have a proper elliptic limit, being therefore natural
candidates for eigenfunctions of the Dell system. Moreover, the Shiraishi series for the
partition [1] and n = 2 is an eigenfunction of the Dell Hamiltonian (which we verified for
few first terms of expansion). Some problems remain with an explicit realization of the
Shiraishi functions as Dell eigenfunctions, and with probing its various limits. However, a
complete solution of these problems will complete the program of explicit construction of
the Dell systems, at least in the Nekrasov-Shatashvili limit.

In fact, the very idea of the mother function is quite old, and goes back to the notion of
quantum momentum-coordinate (PQ-) duality, which implicitly appeared in the S. Ruijse-
naars paper [2] and was later discussed in [7, 8, 11-13, 51]. While the classical PQ-duality
is realized just in terms of Hamiltonians and their canonical transformations [11-13] and
is sometimes realized as a gauge transformation within the Hamiltonian reduction [7, §],
or, equivalently, in terms of dynamics of zeroes [9, 10, 52] of the 7-functions of integrable
KP/Toda hierarchies [53-57], the quantum duality requires the eigenvalue problem, i.e.
Hamiltonians must be accompanied by eigenfunctions from the very beginning. That is, if
the eigenvalue problem for a Hamiltonian lﬁlgc, which is an operator acting on the variable
x, reads

H, - Wx(z) = E(V)¥)\(a) (1.2)



then the dual Hamiltonian acts on the variable A:
HY - Wy\(2) = EP ()W (x) (1.3)

Here FE and EP are some fixed functions of the respective variables z and A. These functions
are given by the momenta dependence of classical free Hamiltonians [1, 11-13]:

E(\) = Hiree 1.4
o =] (149)
In the case of many-body integrable system we have several coordinates x;, 7 = 1,...,n and

the corresponding \; are associated with the separated variables provided a system allows
such a separation. Integrability implies that in this case there are n commuting Hamilto-
nians and n dual Hamiltonians. In this context one naturally considers the eigenfunction
Uy (z) as a function of the two continuous variables z and A. Such a function provides
a reference example of the mother function. In the case of the Hamiltonians from the
Calogero-Moser-Ruijsenaars-Shneider family, the most informative are the Hamiltonians
of the Dell system, which are elliptic both in coordinates and momenta, and are self-dual,
ie H = H ,? ; constructing their eigenfunctions is the main goal of this paper.

Plan of the paper. Below, we briefly repeat the basics of the Shiraishi-series theory of
mother functions and then discuss their possible role as eigenfunctions of the Koroteev-
Shakirov Hamiltonians. We consider in more detail the simplest two-particle case n = 2,
while the n-particle case in terms of the Shiraishi functions has to be understood as a
representation in terms of separated variables of the Dell eigenfunctions. Then, in two
appendices, we show the relation of the Shiraishi function to the partition function of
supersymmetric gauge theories. We expect both relations to follow from a relation of Dell
integrable system to six-dimensional supersymmetric gauge theory, and, in this sense, they
provide another, more physical evidence that the (extension of) Shiraishi function solves the
quantum Dell system. These relations also reveal a geometric interpretation of theoretical
meaning of the Shiraishi function. It is desirable to understand the Shiraishi function from
the representation theory of the Ding-Iohara-Miki (DIM, quantum toroidal) algebra.

Notation. We define the odd #-function

0,(2) == \}E(z;p)oo(p/z;p) (Pi D)oo = \fz 1)k oph* /212 (1.5)

kEZ

and the even #-function

04 (2) =Y Fpt (1.6)

kEZ
with the properties

bp(2) = —0,(=71), () =071, 69 (z/w) = 2657 (1/(zw)) (1.7)

Here the Pochhammer symbol is

(@i = [[0 - "n) = (15)



and
o0

(@301, ¢2)00 =[] (1 —qiag'x) (1.9)

n,m=0

In the standard notation of [58-60], 91(;6)(,2) = 03(v,7) = Ogo(v, 7) with p = ™7, 2z = 2™,
while changing the #-function argument z — % (see section 5) makes it 03 = 61¢.

2 Mother functions

To understand the notion of mother function, one should begin from the case of
Schur polynomials. In z-variables, they are extremely simple, for the Young diagram
R={Ri >Ry >...}

oTIn Ro(1)+n—1
ZO‘ESn(_) Hi:lxi W

Schurg[zy,...,z,] = (2.1)
Hi<j(xi — )
For the one-row Young diagrams, we get just
- Ri+1-R>
Ri+1, R Ry Ri+1 — (%=
xll $22 7$12$21 — g R (‘731) (2 2)
1 — T L2 1— %2 '

1
An obvious analytic continuation from integer to arbitrary R; is provided by just the same

expression, and there is an explicit symmetry log z; and R; = logy; + ¢ — n: after division
by an R-dependent factor (2.1) becomes

ZO’GSn (_)0' H;l:1 elog z;-logy;

Schurplwr, ..., @n] ~ icj(@i —2)(yi — ;)

(2.3)

However, with this continuation the powers of z-variables can be non-integer. An alter-
native continuation, which is assumed in the definition of mother function leaves all the
powers integer, but converts a finite polynomial into an infinite series. The idea is to take

1-gf & . [ T(k—R) T(-R+e)
11—z :kzlxk - hﬂo{kzo ['(—R) F(k—R+e)xk (24)

The r.h.s. is a hypergeometric function ;F;, which can be bosonised by the method
of [61, 62], but we do not need these details here. What is important, at integer R, only the
first R+ 1 items in the sum are non-vanishing, while, at non-integer R, one gets an infinite
sum with R-independent unit coefficients. Note that the function becomes a symmetric
Ri+1

function of x; only at integer R; and with the common factor [];-; x; inserted.

This singular-looking construction gets automatically regularized already in the case
of Macdonald polynomials, where € is no-longer vanishing, but is rather equal to log(q/t),
thus no limits are needed, and the coefficients, while still vanishing at appropriate integer
R;, become smooth functions of R;. This continues to work nicely when the Macdon-
ald polynomials are further deformed to elliptic Shiraishi series and their double-elliptic

generalizations.



3 Noumi-Shiraishi representation of Macdonald polynomials

We continue with the simplest healthy example of the mother function: the case of ordinary
Macdonald polynomials. This example was described in detail in [33].

Suppose t¥ ¢ ¢% for k=1,...,n — 1. Fori,j = 1,...,n define a power series
€y mij
mij 1<i<j<n 70

where m;; = 0 for i > j, my; € Z>o,
Cn(mij, yilq, t) =
ﬁ H (qza>k(mia7mja)tyj/yi; q)m (qfﬁl]k+2a>k(mza7mja)qyj/tyz; q)

k2 1<i<j<k (q2a>k(mw—mja)qyj/yi; q>m he 1<i<j<k (q—mjk+za>k(mia—mja)yj/yi; q>

ik

Mk

Mik

(3.2)
This P, (z;,yi|q,t) solves the eigenvalue problem
n
D(u) - 2 Po(i,yilg, t) = [ [ = uys) - 2 Po (i, wil g, t) (3.3)
i=1

where \ is a set of complex parameters defined through ¢ := 3;#*~" and

D(u) :=> (~u)"H, (3.4)

r

is the generating function of the Ruijsenaars Hamiltonians H,,

=02 3 ] it; e | (3.5)
-4y

\I|=ricl;j¢l =" el

where quif(a;l, ey Ty ey Tp) = [T, QT Ty).
With the choice y; = ¢®t" %, the infinite series (3.1) becomes a Laurent, polynomial
proportional to the Macdonald polynomial for the partition R with g = n,

Mac,, (z;q,t) = ®. Pz, ¢t g, t) (3.6)

Limit to the Schur polynomials. As already mentioned, the limit of this represen-
tation of the Macdonald polynomials to the Schur polynomials is not naive, since naively
the mother function at ¢ = ¢ does not depend on y; at all. The role of the numerator of
the first factor in (3.2) is that, when specializing to the Macdonald point y; = ¢fit" =, it
selects out the domain of values of variables m;;: the factor

[T IT (a%e+memmodiy /i) -~ (3.7)

k=21<i<j<k ik



is non-vanishing iff non-vanishing is the factor with j =i+ 1, i.e. 0 < my, < R; — Rjy1 —
Y oasi(Mia — Miy1,a) for all 1 < i < k, 1 < k < n. However, if one immediately puts
t = ¢ in (3.2), this numerator does not work this way any longer. Hence, in contrast to
the Macdonald case, when one can ascribe arbitrary complex values to the variables y;,
one can not consider the Schur polynomial outside the values associated with a concrete
Young diagram. In this case, one has to restrict the admissible values of m;; by hands,
and only after this put ¢ = ¢, what leads to Cy,(mj,v:|q,t) = 1. Thus, one obtains in the
Schur limit, instead of (3.6), the expression

N\ Mg
Schur, (z;) : Z H (?) (3.8)
mi;€EAR 1<i<j<n v

where Ap is a set of mp : 0 < mg < Ry — Rig1 — Y 4o (Mia — Miy1,4) for all 1 <i <k,
1<k <n.

Parameterizing m;; by Young diagrams. The formulas for Ag in the previous para-
graph suggest to introduce, instead of m;;,

V=R =Y ma,  i=1,..k (3.9)

a>k
Then, the conditions defining Ag are nothing that a requirement for xU) to be a set of
Young diagrams (with j lines, 7 = 1,...,n). In fact, formula (3.9) follows from the equation

mij = p — ™Y (3.10)

(n)

and the initial conditions p; ’ = R;, which one additionally imposes when associating

P(x;,yilq,t) with the Macdonald polynomial. Generally, it is sufficient to define ,ul(j )
with (3.10).
In particular, with this definition (3.10), the z-dependent factor in (3.1) can be rewrit-

ten in the form o
)

mij Sl
l-] J I’L-‘rl a=1
II i ::II 11

1<i<j<n N 1<i<n t

(n)

Choosing the initial conditions p;

)oY s

1<i<j<n N7t 1<i<n 1<i<n a=1

= 0, one arrives at
(%)

> ’ (3.12)

Note that one can define Agj) = —ugi) so that m;; = Ag? — A( ), and the condition of
non-negativity of m;; would just mean that A is a Young dlagram However, there is still
an additional condition for Agj ) that J < (see (3.9)). In order to remove it for having an
unconstrained set of the Young diagrams, we define, for future convenience, )\gi) = Al@j_l
so that the additional condition becomes just j > 1. With this definition, the previous
factor can be rewritten as

1 (%) - ffff( e )w (313)

X
1<i<j<n b=1a=1 \Tatb—1



(n)

Note that the initial conditions p; ’ = 0 reads that the number of lines of the Young

diagram [,y < n — 4. Note also that Ag in these variables is:
Ar: A< R R+ A 1<i<n—i (3.14)

Examples

n = 2. The coefficient (3.2) is

(ty2/y1; Omiz (& Qmis <q>m12

(qv2/Y1; @)y (@ Qs Nt (3.15)

Ca(mi2, Y1, y2lq,t) = t

The Macdonald polynomial associated with the 2-line Young diagrams is

(@2 B q) (tQ)m <q5”2>m (3.16)

(qfe= Bt 1/t q) (¢35 @)m \ 21

Ri—R>
. Ry, Ry
Mac, (21, %2;¢,1) = @1 a5 g

m=0

and the corresponding Schur polynomial is

Ri—Ry 2o\
R, R
Schur ;o (21, 22) = 27" 25? Z <331> (3.17)
m=0

n = 3. The coefficient (3.2) is (notice a misprint in [33])

C3(mig, mi3, ma3, Y1, Y2, y3lq, t)

_ (@™t [y Qs (BY2/Y15 Dmas (EY3/Y15 Dmas (EY3/Y25 @ mas
(q™3=™m2qys /Y13 Q)mrs (QY2/Y15 Omas (QY3/Y1; Qs (QY3/Y25 Omas

(q_m23qy2/ty1;q)m13 (t Q)mlz (t Q)mls (t q)mzs (g)m12+m13+m23 (3 18)
(q*m23y2/y1; Q)mm (q )WL12 ( Q)mla (Qa Q)m23 t
The Macdonald polynomial associated with the 3-line Young diagrams is
Ma'C[Rl Rg,R3] (xza q, t)
—Ry —R3 Ri—Ra+maz—mi3
S Z Z > Ca(mag, miz, mas, °q™ 1™, ¢™|q, 1)
m13=0 mg3=0 m12=0

mi2 mi3 ma23
)G @) e
T T i)
and the corresponding Schur polynomial is

—Ra —R3 Ri—Ro+ma3—mis3 mia mi3 ma3
Schur (z;) = afrgl2plt Z g Z e 3 ]
COUL (R, Ry, Ry \ i L2 3 T T )

mi13=0 mao3=0 mi12=0
(3.20)
This same expression in the A()-variables is

Ro—Ry Ri—R; Ri—Ro+A{ AWM PYREBNSY

g () = 20w Y Y Y (z?) 1 (2) 1 (3.21)

2 1 1 1
AP=0 AM=0  AP=afY

Schur



4 Shiraishi functions

Now we are ready to describe the double deformation of the Noumi-Shiraishi representation
of the Macdonald polynomials, which was proposed by J. Shiraishi [50], who constructed
it as an average of the product of screened vertex operators made of the affine screening

operators.
Define
(b)
(ty;/vila,s) Aa
(Z) ( ) j1Yild, S PTa1b
Pou (s plyis slg, 1) ==Y H N “ H IT(—= (4.1)
NYL Wi /vl tatp-1
A dg=1 Na@ ) \Yi/Yild>8)  b=1a>1
where {/\(i)}, i=1,...,nis a set of n partitions, we assume that z;y,, = z;, and
N§ (ulg, s) = (wgetnsiesq) ()
" ﬁzlj[le As=Ag41 [321:[21 HB—1B+1
B—a=k mod n B—a=—k—1 mod n
(4.2)

This is what has to do with an eigenfunction of the quantum Dell Hamiltonian [32].
B(zi; plyi; s|g,t) is a symmetric function w.r.t. simultaneous permutations of the pairs
(x4,v;), however, it is not a symmetric function of x; only. In order to give rise to a
symmetric function of x;, one has to choose this time y; = ¢ (ts)"~%. Then, the function

i . i q
Mr(wilp, slg,t) := =™ - P (0" "wis plg"™ (ts)" " 5lq, 7 (4.3)
is a symmetric function.

Dualities. J. Shiraishi has conjectured [50] two duality formulas generalizing the corre-
sponding duality formulas for the ordinary Macdonald polynomials: pg-duality

P (@is plyis sla,t) _ Falyis slwi; plg, t) (4.4)
B (@i plyis 0lg, 1) Bn(yi; slzi; 0lg, )

and Poincare duality
n(@i; plyis sla, $)
n(@i;plyis 0lg, 1)

n(Tisplyis slg, t) P
Py

m p—
B (zi; plyi; 0[q, t)

Note that

11 (P "qzj/2i4,7" ) oo 1T Coltidc Tl (4.6)

B (@i plyi; 0lg, 1) = — —
n(@is Plyis Olg. 1) (pI="txj ) mi; 4, D)oo (p"—Ititx; /i3 ¢, P ) oo

1<i<j<n 1<i<j<n

The limit to the elliptic Ruijsenaars system. Another important conjecture by
J. Shiraishi deals with the limit to the elliptic Ruijsenaars system. That is, let £(ply;; s|q, t)
be the constant term of P, (z; p|yi; s|g, t) w.r.t. z;:

N(
Eplyislg.t) = ) H
A() i,j=1 N,\(,)W)(yj/y@\q, s)

mi=...=mn=0

J—

)\<J ty]/yz’% ) ) (£>|)\| (4 7)
, .



where we have introduced the notation: |A| := 37, [A®)|, m; : Z Z (AL) — \(b+1))y

a>1
a+b=1 mod n

(i.e. |A| = 0 mod n). Then, the elliptic counterpart of the Macdonald polynomial is the
function (the naive limit of (4.1) at s = 1 is singular)

Po (i plyila,t) = &(plyi; sla,t) '%(wi;plyi;S\qvt)L ) (4.8)

It is conjectured [50] to be the eigenfunction of the elliptic Ruijsenaars Hamiltonian:

PP (5" i pluila ):A<yz~rp|q,t>-x*7?n( "aplyle, 7).

t"/QZHg g, (49)

1=1 j#i 331/1’]
Here again, \ is a set of complex parameters defined through ¢ := y;t~™. Note that
A(yilplg,t) is a power series in p, A(y;[0]q,t) = > i vs-

5 Quantum Dell Hamiltonians [32]
A quantum counterpart of the Dell Hamiltonians proposed in [32] is

Ha(w, ulg, t) := bal(w,u\q,t) - Da(w,ulg, t), a=1...n—-1 (5.1)
where ba is read from

|fw u|q7 ZDk w u|q, : Z ZZl kzwzl ki(kﬁi*l)/QHHU‘z (tkq,*k]xl/m]) ﬁjﬂ;}
=1

keZ k1o kn €2 i<j
(5.2)

The Hamiltonians ), are conjectured to commute with each other (it was checked in [32]
for the first terms with the computer checks). The Hamiltonians depend on two parameters
w and v that are associated with the double elliptic deformation. There is also a trivial
Hamiltonian at a = n:

Hn(w, plg, t) H . (5.3)

Shiraishi functions are trivially its elgenfunctlons, since they are graded symmetric
functions.
We conjecture that (an extension of) the Shiraishi master function (4.1)—(4.2) solves
the eigenvalue problem of the Dell Hamiltonians (5.1)—(5.2):
)
t

5%@(W,U|qat) . l')\mn (pn leap ‘ Yi; s z) = Aa(yi|p7S|Q)t) : ‘T)W'Bn( i Z[L‘lap
(5.4)

with some identification of parameters (w,u) — (s,p). In particular, the limit s — 1

Yis S

corresponds to w — 0. Note that $4(w,u|1,1) become functions at the ¢ = ¢ = 1 point,
and these eigenvalues are dictated by the general rules of [11-13]. In fact, in the next
section, we consider the case of n = 2 and demonstrate that the Shiraishi function provides
an eigenfunction of the Dell Hamiltonian in the case of simplest partition [1], while higher
partitions may require an extension.



Now we briefly consider various limits of this formula.

w — 0 limit. In this limit, the Hamiltonians (5.1) reduce to the elliptic Ruijsenaars
Hamiltonians, in particular, the first one is D in (4.9), and, in accordance with (4.9), the
Shiraishi function is an eigenfunction of this Hamiltonian provided the w — 0 is associated
with s — 1. A typical exact formula is (6.17).

uw — 0 limit. This limit is dual to the w — 0 limit. Hence, one has to expect that it
should correspond to the Shiraishi functions in the p — 1 limit. On the other hand, the
Dell Hamiltonians are reduced in this case to the Hamiltonians of the system dual to the
elliptic Ruijsenaars one. Its eigenvalues can be explicitly constructed as we discuss in the
next section in the two-particle case, the extension to arbitrary number of particles being
immediate. As for the p — 1 limit of the Shiraishi function, there are some problems with it.

p — 1 limit. Indeed, the Shiraishi function is defined as a formal power series in p.
One may think that it is possible to use the duality (4.4) in order to deal with this limit.

However, as follows from (4.4), the limit of Pa(p" " xs; ply1, y2; slg, §) at p — 1 is given by

—b . . q
n—i o g‘ _ (Bnl" e plyi Ola. ) B S
B (p acz,plyz,SIq,t)]H1 (‘Bn(yi;slp”‘ixi;()lq,‘j) P yis slp™ " zispla, ) -
(5.5)
Ve

Here the z-dependent factor B, (p" “a;; plyi; Olg, 4) is given by (4.6) (note that, in accor-
dance with (4.6), B (ys; s|p™ "2 0|q, 4) does not depend on z; and can be removed by

changing the normalization) and requires a regularization in the p — 1 limit:

n—2j+2i

. L. T . . n
B (" w45 plyi; Ol %) = ] ((qx,]/x’l’,q’pn)“’ I1 (pn72 o qm'f/mf’.q’pn)oo
1<isgen (T 02509 oo | i (PR qE [ 6, ") oo
(5.6)
is divergent at p — 1. Hence, dealing with the Shiraishi function in the limit p — 1 is not
immediate.

p — 0 limit. The limit p — 0 in the Shiraishi functions is the limit to the ordinary
Macdonald functions. We discuss it in detail in appendix A. Note that, in this limit, the
f-functions in (5.1)—(5.2) become just

(e = (5.7)

The Dell Hamiltonians (5.2) have to reduce in this case to the ordinary Macdonald Hamil-
tonians, i.e. p — 0 limit corresponds to both w — 0 and u — 0.

In the next section, we discuss our conjecture very explicitly in the case of n = 2.

~10 -



6 Two particle n = 2 case

6.1 Shiraishi functions

Consider the simplest case of n = 2. In this case,

PBa (1, 223 ply1, y2; slq, )

0 0 1 1
_ Z NE\<)1))\(1) (tlg,s) Ng\()z)A(z) (tlg,s) Ng\()n)\(z) (ty2/y1lq, s) N(A()le) (ty1/v2lq, s) «
0 0 1 1
A @) Ng\()l))\(l)(1|q7 5) N;()z))\(z)(lma 5) Ng\()1))\(2)(y2/yl|% 5) N(A()2>A<1>(y1/y2!q,8)

1 1 2 2
P |/\<1)H‘|)\<2)\ x9 Zi21(/\;¢)—1*)‘g¢)+)‘éi)*)‘;z‘)—ﬂ
< (%) o oy
X1
Here
(0) . —AitA; j—1i. Ai—Aj gi—j—1,
N)\)\(u’qjs) = H uq J+18] Z,q H uq Jsl J i q
i1 Aimditn 55, A Ag+
j—i=even j—i=odd
1 ) . R S
Ng\/z (U|q7 S) = H (uq ,U'1+>\J+18.7 Z; q> H (quz Mg S’L J 1; q> (62)
j>iz1 AL S5 HimHi+1
j—i=odd j—i=even

Note that potentially there could be factors that vanish at some values of A(1:2): NE&) (1lg, s).
However, the both factors that could restrict the admissible values of A(1?)| i.e. when the
degree of s is zero, have the form (¢~";q),, which is non-vanishing. The sum (6.1) giving
the Dell polynomial is a power series in p, which one can manifestly construct term by
term. For instance, the constant term is just 1, and the linear term gets contributions
when only one of )\gl) and )\§2) is non-vanishing and equal to 1. The first terms in p in this
expression are

1—qt™t [(qsy1—tya 21 qsya—tyr xo
PBa(z1,22;p|y1,y255]q,t) = 1+p- ( TR T SRTILT )
1—q \ gqsy1—Yy2 T2 qsy2—y1 11

ey (1—q2t—1 1—qt™" ¢*sy1 —tya gsyr —tya 7
1-¢2  1-q ¢sy1—y2 asy1—y2 73
1—¢*t 1 1—qt7! ¢*sya—ty1 qsya—ty1 23

2 3
“=+4const | +O0(p
1—¢>  1-q @*sy2—y1 qsy2—y1 o7 ) v

Now, in accordance with (4.3), in order to make a reduction to the symmetric function
corresponding to the Young diagram one has, first of all, to make the substitution 1 — px1,
q.
t— 2
. . q
‘]32 p-21,22;P|\Y1,Y2;5 |4, E
ql—tstyy—yixa  ¢°1—qt 1 —tqstys —y stya —y1 23

= — = +. 0P =
tl—qgsya—y1 o1 21 —q%1—qq?sya —y1qsy2 — y1 23 ")
E+1 k11 i i
x ¢ 1—=q't q'stys — 2
=1+ 2 : SR +p-0+0(p 6.3
kzox]f+1 P tH—ll_qH—l qz—i-lsyz_y1 ( ) ( )
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Now one can restrict this function to particular Young diagram R. For instance, for
R = [1] = [1,0] we put y1 = gts, y2 = 1 and the series in (6.3) is truncated so that only
the first two terms survive, and one obtains

937%?])(561,332|p,8|q,t) =T 'q32 (p c X1, T2 P ‘ qté’, 175 ‘ q, %) =x1+ 22+ O(pQ) (64)

Similarly, in the case of R = [2] = [2,0], one puts y; = ¢°*ts, yo = 1, the series (6.3) is
truncated with only the three first terms remaining, and one obtains

(1-t)(1+q)

2
— x122+0(p”)

(6.5)
In the case of R = [1,1], one puts y1 = gts, y2 = g, only the first term in (6.3) remains,

0.9) =af+al+

0
m[(z])(ﬂﬁhwﬂpas\qat) =22 P (p-a:l,xg;p‘q%s, Lis|q.]

and one obtains
imfﬁ)u (1, 22|p, 5lq, ) = w122 - P2 ((p ST, L3P ‘ qts, q; s ‘ g, %) =z122+0(p?)  (6.6)

and so on.

R = [1,0]. Let us consider the simplest Young diagram R = [1] = [J in more detail. We

0?) -
Tt
2

1—t q1—qs?t? (w1+x2)? 8% q—t 4
= — 2qt t+2 O
1—q2s%t <t 1—q 122 + t 1—52( gt+a+t+2) |1 +0()
(6.7)

collect more terms, the answer looks like

0
i)f’f(g)(ﬂﬁl,fmlp,Slq,t) =z1-Ps (p-xl,xz;p‘qts,l;s

= (z1+22) [1+p2

Note that one can also expand around the point s = 1. The function s (p - 1, X9

b,
proper normalization factor in order to have a smooth limit: one has just to extract the

qts,1,s ‘ q, %) is singular at this point, and we explained in section 4 how to choose the
constant term in the brackets in (6.7). Then, after rescaling, the answer has the form

2 9)
"t

] +0(pY) (6.8)

q -1
q,;) -‘ﬁ(p'xl,xz;p‘qts,l;s

o1-tq 1—qs*t? (22 — 2129+ 23)
1—qt1—qg3%s%t 19

Mes(21,@alp, sla. 1) = 216 (pats. 1:s

= (21 +m2) [H—p
which, indeed, has a smooth limit at s = 1. Note that it can be written in the form

Mo (z1,22|p, s|q,t)

q 1 1—q/t 1—¢?s°t? q—s°t?
= Ppo+no01 (p2*> : [7714277122 +p2 (771427712277222771211772211 - / P+

t 1—q? 1—¢q2s%t 1—qs?t
24 2 9] 6
+i001 (P75 ) motmizanzez-pat (r°) (6.9)
2k+1 ey
where the time variables are defined as py := Zﬁfixk and 7 = 1_1(1;‘1172;::_1.
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6.2 Shiraishi function for the one-box Young diagram as an eigenfunction

Consider the Dell Hamiltonian in the two-particle, n = 2 case. In this case,

= w0, (t%x1>T'“ Tk = e, (t% 1361):/1’c Th+L (6.10)

4,217 ¢,x27 q,%17 4,72
kEZ keZ

and one has to check that Mp(z1, x2|p, s|q, t) solves the equation

O1(u, wlg, )Mp (21, z2|p, wlg, t) — Ar(p,w|q,t) - Oo(u, w|g, )Mp (21, z2|p, wlg,t) = 0
(6.11)
with some eigenvalue Ar(p,w|q,t). For the one-box Young diagram, it looks so that one
can put u = p so that the p — 0 limit is equivalent to the p — 1 limit (which could be
the case if there exists a kind of modular invariance relating p — 0 and p = 1 points). We
checked this with the computer, here we list just a few first terms of the (w), p)-expansion:
qt+1 (gt+1)(*t*+1) 4 (qt+1)(q 4t4+q3t3+q2t2+qt+1)
+1/2 w- t3/2¢ —w G215/
t+1)(*2+1) (¢t + B33+ 2 +qt+1 t—1)(qt+1)(q—1)?
Ll (e )(q3 +@+g*t +qt+ )+O(w4)—p2~ (t=1(gt+1)(g—1)"
q +7/2 t3/2(qt2—1)
(t—1)(gt+1)(q—t)*(t'¢" — B + PP+ P13 +2¢3t+2¢* 2+ 2t3q+ ¢*t+qt — t+1) )
w- +0(w?)
(P (Pt—1)

AD(an)M7t) =

(6.12)

The parameters s and w are related in non-trivial way:
_ 2 2,2 2 w \F
s —1=2(¢t> ~ 1)(¢** ~ 1)(q t—”z(mz) Gi(a,1) (6.13)

k=1
with
b1(q,t) = qt +1
$2(q,t) = 37" + 6¢5° + 5% + 1% — 267" — 2¢M° — 3¢™Mt! + 4g™tP + 4gPt!
— ¢33+ 2¢°% + 2¢%8° + 3%t + 3qt* + 2qt + 1
d3(q,t) = 2(qt + 1)2(5¢"2t*2 +...)

Note that the transformation gets a little bit simpler for the combination s? — 1:

2 2,2 2, w
2o lat 1)(qtt 1)(g”t UZ(—)k@k(q,t)

242
q Nt

Then

Di(q,t) =qt+1
Do(q,t) = ¢*1° +2¢°° — ¢ — Pt - PP + PP+ PP + P+ gt g+t
D3(q,t) = (gt + 1)(¢"°t" +..)
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It looks like this relation between s and w does not depend on p and, hopefully, on the
Young diagram: hence, it is sufficient to calculate it in the first non-vanishing order in p
for the simplest one-box Young diagram. Thus, one can just substitute into (6.11) the first
terms of expansion

R —pPzl 4 22p?

NE

and use only the terms written down in (6.8). In this way, one obtains a series of relations

0,2(2) +0(p*) (6.14)

that are satisfied with using the properties (1.6) of the f-function and

©) (gt /0
An(p,wlg,t) = \2% + O(p?) (6.15)

from the p’-terms and then

_ 1 6% (gt /w) 4. 1 .[:(—tl) LTl =(-D)
e 2 ‘_‘(L —
PO Vilg-1) (08 @) S

2 (6.17)
at =)=V
=0 (w) = (g=1) (100 (at/w)0) (")~ =26 (1)) (" ) (6.18)

from the p?-terms.

Thus, the relations that guarantee that (6.11) is correct for the one-box Young diagram
and in the first two non-vanishing orders in p fix not only the first terms of p-expansion of
the eigenvalues (6.16) but also the exact relation (6.17) between w and s.

6.3 Dual to the elliptic Ruijsenaars system, v — 0

Formula (6.15) can be easily generalized to an arbitrary partition:

0@ w) oy 04 (1 / (wys))
=0 VE 9Dty VE 0 (/)

Ay o) (P, wlg, 1) (6.19)

where y; = ¢"'t, y» = ¢"?. This formula is consistent with (1.4), since, in accordance
with the general rule (1.4), one has just to substitute in (5.2) T} ,, for y; and remove the
x-dependent factor.

Note that, say, in the case of the first non-trivial partition R = [2], the eigenvalue is
given by this formula, but the eigenfunction should be slightly corrected, i.e. the p — 0
limit does not work in this case, and one has probably to consider p — 1:

\Il[n}(xlax2’p75|Qat)
—t —qt t—1 —t +
= My (@1, v2l,t) — wanzy L W20 =at) CZD @ w2yt 0yt
t Y1—qy2 q—1 Y1

+O0(w*)+0(p?) (6.20)
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These expressions should be compared with
Wpyy(21, 22lp, slg, t) = My (21, 22]q,t) + O(p?) (6.21)

since there is no x1xy term by grading. This explains why, for the simplest one-box Young
diagram, the Shiraishi function is an eigenfunction even at p = 0: in all these cases, the
answer is just the ordinary fundamental Macdonald polynomial.

The general eigenfunction can be realized as a finite sum

Wiy (z1, 22[0, 8lg, 1) = Z By, y2|wlq, t) My _op (w1, 22| q, ¢"t) (w122)" (6.22)
k=0

with the coefficients B (y1, y2|wlq, t) ~ w* + O(w**1). For y; = ¢"t, yo = 1 they look like
C)

1
wl, )
1
1wl )
RO (_1>i @7y — by, ﬁ Ryt Ty tgh T —1
’ qt q'y1 — tg*yo Py — by ¢ -1

k —i
Br(y1, y2|wlg, t) = Zagk) ' (%)k .
=0

(6.23)

where we have introduced the #-function of genus 2:

1/4
O(w|z1, 2) == ;1”\/5 (055>(zl)9$>(:) - Z.efﬁ(zz)eg)(z)) (6.24)

In the notation of [1], the genus 2 #-function defined in formula (53) of [1] is associated

with this one upon the identification

s=0, w= 627rir 2 = 62m(£1+€2), o — 627ri(§17§2)

2

Now, using formula (6.3), one can lift these formulas up to the mother function:

anrlJrk n qi+1 1— qk:-i-’bt q3k+isty2 -y
v X1, T2 ylayQ)wCLt = /8143 ylvaU}Q7t 2 i i i
( | | ) Z ( | ’ ):L‘;Lkarl Zl_‘([) (qkt)ZJrl 1— q2+1 q2k)+’t+18y2 — 11

k,n=0
(6.25)

such that

Dty 0% w
9501 'xx‘l’(ffl,$2|yl,y2,w|q,t)—QM.

A
= x \Il(x17$2|y17y2aw|Q7t) (626)
p=0 VE 05 (41 /)

which solves the eigenfunction problem for the n = 2 dual Ruijsenaars Hamiltonian. These
formulas can be straightforwardly generalized to n > 2.

6.4 A way to construct the eigenfunctions

Let us explain one of the ways to construct the eigenfunctions of the Dell Hamiltonian
in the two-particle case that gives the answer immediately in terms of the genus two
f-functions. It also avoids re-expansion in terms of Macdonald polynomials, which was
attempted in (6.20).
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Expanding Hamiltonians (6.10) in powers of w and u,
Z IR I(ESY) ((] )7 O, = Z wrE=1),, 10— 1)@&1@,1) (6.27)
k>0 kJi>1

one obtains very simple and instructive recurrent formulas for their action on arbitrary
symmetric functions of two x-variables:

7“+1 Ll
Vrire D(()’f 1) (73:2 (961332)m)

Tl — T2 xr1 — T2
-1 r+1 r+1 201 21—1
(—) _ T -z o -z _
_ _Sym(qu k(2 1)> ! 2 1 2 (zyag)™ g
1+ k0 Tl — X2 T1— X2

+ Z aSym( k) . asym(q(r+1—2j)k: tk(21—1)>

r+1 —J xg—&-l—j :L’?l_j_l —Jigl_j_l

- 1 — T2 T — T2 . (xlm)mﬂﬂ_l (6.28)
+1 +1
e -é““’”(i’“{ 0 () -
Tr1 — T2 1 Ir1 — T2
. gLl 201 211
_ (_)lflqm+§ .Sym(qr(k%)t(k%)(zzq)) a! 5 (11 5 ) ) (361932)m+14+
Tr1 — T2 Tr1 — T2
T
i Z(_)z gt ,asym<qk—%> .asym< (r4+1-27)(k—3) 4 (h—5)(21— 1))
j=1
r+1—j r+l—j  20—j—1 2—j—1
Zq — Ty ) Tq — X9y . (x1$2)m+2—l

xr1 — T2 r1 — X2

where sym(z) = z + 1 and asym(z) = « — . This is true for all integer 7, k,! > 0 and for
all integer m, not obligatory positive. Thus, one gets a general description of bi-triangular
action in the case of two x-variables, which is easy to sum over k£ and [ and express the

answer in terms of genus two #-functions. For m > 0, the 1.h.s. can be considered as action
r+1 r+1

of D-operators on an arbitrary two-line Schury, ., (1, z2] = = ml:ii

can be straightforwardly generalized from two to an arbitrary number of z-variables. The

- (z122)™, which

Hamiltonians are the ratios of these triangular matrices, but most interesting properties
should be seen already at the level of (6.28). The x <> y symmetry is not yet explicit and
should be revealed at further stages.

7 Conclusion

To summarize, in this paper, we discussed the appealing possibility that the self-dual Shi-
raishi series provide eigenfunctions of the Dell systems. We modelled the latter by the ver-
sion recently advocated by P. Koroteev and Sh. Shakirov based on the old suggestion to use
higher genus theta-functions with a constant period matrix. Conjecturally, the dynamical
period matrix, reflecting the Seiberg-Witten symplectic structure can arise after projection
from genus n to n—1, which is a standard step in the study of the Calogero-Ruijsenaars fam-
ily systems, but this remains to be explicitly worked out. Anyhow, the Hamiltonians (5.1)
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have a nice triangular structure, which allows a straightforward construction of eigenfunc-
tions through peculiar recurrent relations. This seems indeed consistent with J. Shiraishi’s
anzatz, though some details remain to be clarified. In two appendices below, we further
comment on the relation of the entire construction to network DIM-based models, which
are widely used to build Nekrasov functions from Dotsenko-Fateev integrals. Once again,
some effort is still needed to “close the circle” and fully reveal the symplectic structures and
rich symmetries of the theory in the Dell case. Hamiltonians and their eigenfunctions arise
from Nekrasov functions in the ea = 0 (Nekrasov-Shatashvili) limit, but the Shiraishi func-
tions can appear applicable even beyond it. In the forthcoming paper [63], we discuss an
improved version of our claim, with an additional elliptic deformation of the Shiraishi series.
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A p — 0 limit of the Shiraishi function and T[U(n)] theory

In the limit of p — 0, the Shiraishi function reduces to

q N(]< Z)< Gl [/ QA - A
. 7 +
i 3 (37 apls” ole. 4) = 3 [T 20— Hn(xa )
b T ii=1 N (5795 a, 8) 5o acy \dTatp-1

(A1)

where we have made a change of parameter ¢ to ¢ for the consistency with the function

n—1

Py(z|ylq,t) defined by (3.1). Note that we made the scaling p’xz = (p" a1, , pTn_1,2n)
and similarly for the dual variables (y;,s), which gives an additional factor s'~7. Due
the scaling of z-variables, the power (pxa+g/t$a+ﬁ_1)>‘&6> appearing in B, (z; ply; s|q, t) is
scaled to (p”xa+g/txa+5_1)Agﬁ), if a+ 5 =1 mod n and (a:a+g/txa+5_1)’\£¥5) otherwise.
Hence to obtain a non-vanishing result in the limit p — 0 we have to impose /\((f ) = 0 for
a4+ =n+1. Thus the length of the partition AB) is at most n— 8, which is the restriction
on « in (A.1). As we will see later by examining the selection rule in (4.2), the right hand

17 -



side of (A.1) is actually independent of the dual elliptic parameter s. In [50], it is pointed
out that the Shiraishi function in the limit of p — 0 agrees with the function P,(z|y|q,t)
introduced in [33] as a solution to the bispectral problem for the Ruijsenaars-Macdonald
g-difference operators.

As we demonstrate in appendix B, B, (x;ply; s|¢,t) is identified with the Nekrasov
partition function of N/ = 2* SU(n) gauge theory with the maximal monodromy defect
which breaks SU(n) completely to U(1)"~!. In the four dimensional case, the surface
defect has another description by N' = (2, 2) gauged linear sigma model coupled to the bulk
theory [64]. The coupling is achieved by gauging the flavor symmetry and the (twisted)
mass parameters are identified with the Coulomb moduli of the bulk theory. When the
bulk theory is five dimensional, we should consider S lift of the two dimensional A" = (2, 2)
theory. In the limit of p — 0, only the “perturbative” sector (the zero instanton number
sector) survives. From the viewpoint of 3d theory on the codimension two defect, this means
the bulk contribution decouples. Hence, we expect that the function B, (z; ply; s|g, t) in the
limit of p — 0 is identified with the vortex partition function of 3d theory. In the following
we show this is indeed the case. Namely, the function P, (x|y|q,t) agrees with the vortex
counting partition function for the holomorphic block of 3d A" = 4 T[U(n)] theory, where
the identification of the parameters are:

P,(z|ylg,t) | 3d T[U(n)] theory
T FI parameters
Yy real mass parameters
q 2d 2 background
t axial (adjoint) mass

Note that T[U(n)] theory is self-mirror where the 3-dimensional mirror symmetry exchanges
the FI parameters and the chiral mass parameters. This is consistent with the fact that
P,(z|ylg,t) is a solution to the bispectral problem [33].

T[U(n)] theory is a 3 dimensional ' = 4 quiver gauge theory with gauge group U(1) x
U(2) x --- x U(n —1). Originally it was introduced as a boundary theory of 4 dimensional
N = 4 supersymmetric Yang-Mills theory [65]. The theory has bifundamental matters
connecting the adjacent nodes and n hypermultiplets at the final node. Thus the flavor
symmetry is U(n). In [66] the vortex counting partition function for the holomorphic block
of 3D N =4 T[U(n)| theory is computed as follows (see also [67, 68]):

. L@ api . ) (ﬂ- )
) i1 k; a (tuj 3 q kga)_kﬁa) a a+l TR q kga)_kj(_a+1)

1| o 7 ,

i#j (M ’ q) kga)ikyl) i=1j=1 ( 10 ’q) kia)f,ﬂj(aﬂ)
(A.2)

which is related to the Poincaré

)= > I (2

ZVOI‘ (ﬁ? 7_: tT
pya=t N

q
t

duality of P,(z|y|g,t) [33]. The parameters 7 and /i are the (exponentiated) FI and mass

where we have replaced t in the original formula with

parameters, respectively. Under the 3-dimensional mirror symmetry which exchanges the
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Coulomb branch and the Higgs branch, we have [66]:
5, - q
T > [, t <> E (A.3)

(a)

The set of non-negative integers &k, (1 < i < a) comes from the positions of poles in the

contour integral of screening currents and satisfies the condition:

N
K >k > > kY,
- o (A1)
n—2 n—
s = k),
k n—ll)

The upper label (a) of the integers k,ga) stands for the color (or the Z, orbifold charge)
from the defect and each row of the inequalities above corresponds to the Young diagram
A9 with height E()\(i)) = n — 1. Note that the genuine holomorphic block has also classical

and one-loop contributions [66]:

2, @l oL q oL q o
B:,Q[UX(TSL)] = Zy (M, T ’ q, Z) Z1-100p (M,T ’ q, ;) Zvor (/iﬂ'

q
0.1). (4.5)
where

Zictoop (7| 0, 9) = H Eqﬁq)m (A.6)

The classical part contains the theta function

Za (7] 0. 9) ~ Heq(iﬁ) (A7)

which implies some cancellations of g-shifted factorials between Z;_joop and Zg. The
perturbative contribution Z - Z1_jo0p corresponds to the normalization factor of the func-
tion (3.1), which is inevitable for the bispectral duality [33]. It is quite remarkable that
the vortex counting function Zyo(f, T|q,t) is obtained from the “Higgsed” network model

A~

of DIM (quantum toroidal) algebra Uq,t(gﬂ) [69]. See also the computation in appendix A
of [70]. Hence it is natural to expect the Shiraishi function B, (z;p|y; slg,t) for p # 0 can
be obtained by compactifying the “Higgsed” network [71, 72]. We can associate the elliptic
modulus p with the compactified edge, while the appearance of the dual elliptic parameter
s seems rather tricky.

We can check that P,(x|s|q,t) agrees with Zyo.(fi, T|q, ) with the relation

mij =\, — Aﬁ'i—)m = k7D — (A.8)

J—1
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Substituting this relation, we obtain

Co (5 ylg, 1)

(a+1) _j(a+1) 4, . (a) _p.(a+1) ..
k, —k: ty; . —k; —k; ay; .
= (¢™ P Dy e (g™ T D _yler)
=11 1l — 11 T :
=11<i<j<a+1 [, k, i qy. 1<i<;< VTR
TR (¢ B Dy e == (g 3 Do) _gletn
(A.9)
where we have set a = k — 1. We see that the factors in C), with 1 <i=j < a are
—0;1 4. (a) _z.(a+1) (t: a a
(@ 0% % q), g\ KO ( 7q)k§ ) _gletD AL
—0;, - - ; -~ ( . )
(g% q)e,,

(€ 9) o) o)

i

We find up to the power of %, the corresponding factors in Zy., are exactly the same as
above. When i < j, we use the formula

(u§ Q)m—i-n

, m,n € 7 A1l
(u; q)m (A11)

(¢"u; @)n =
which is valid also for negative integers. Then we find the following factors:
ty; . ay; .
<?j’ q) k(a)_k(_a"'l) ( yij ) q> k€a+1)_k(_a+1)
[3 J K J

ay; . ;.
vi 14 K@ gl v 4 B et

. 1<i<j<a+1, (A.12)

and

aY; . Y5.
ty; ? q kga)_k;a) yi’ q k§a+l)_k§a)

(yi ’ q) K@ (tyi ’ q) B

In each case we see the first factor agrees with the factors in Z,,, with ¢ < j by substituting

., 1<i<j<a (A.13)

Y = ui_l, where we have taken the condition kgn) = 0 into account. To obtain the missing
factors with j < 4, we exchange i and j in the second factors of (A.12) and (A.13). If we
employ the formula:

(5 Q) = (—u)"q2" "D (qu~rs q) 7L, n € Zxo.m (A.14)

the second factor gives

ay; .
k§“+1Lk§““> (ty,- "1) R D gt o
(7) ; l1<j<i<a+l (A.15)

t Yi.
y; q k£a+1)*k§a+1)

and
a a tﬁ
; k; +1)_kz( ) (yi 7q>k<a)—k(.a+1)
<> ————, 1<j<i<a (A.16)
q i
(yi 4 kl(a)ik;au)
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respectively. Taking the condition k:gn)

= 0 into account again, we can see these factors
indeed give the missing factors for j < i in Zyor, up to the power of {. Finally for

completeness let us count the total power of ¢ that arose during the above computations:

a

n—1 n—1
Zz(kz(a)_kz(aﬂ))"'z Z (k](a+1) a+1 +Z Z a . a+1))
a=1

=1 i=1 a=1 1<j<i<a+1 a=11<j5<i<a
n—1 a n—1
_ Z k: + Z Z %( (a+1) Z Z kZ(aH) + Z Z kz-(a)
a=1 j=1 a=11<j<i<a+1 a=2 1<j<i<a
n—1 a
=53k (A.17)
a=1i=1

(n)

where we have used k;’ = 0. Hence the power is exactly the same as that of (A.1).
Armed with the agreement of the Noumi-Shiraishi representation of the Macdonald
function P, (z|y|q,t) and the vortex partition function of T'[U(n)] theory, we can show that
they also agree with (A.1). We first have to examine the selection rule in the Nekrasov
factor (4.2). Since 1 < o < 8 < n — 1 in the limit p — 0, when k£ > 0, there is no solution
to the selection rule in the second factor of (4.2) and there is a unique solution 8 = a + k
to the selection rule in the first factor. On the other hand when k < 0, it is the second
factor that has a unique solution 8 = « — k — 1 and the first factor has no solution to

(i) _ p(ei-1)

the selection rule. Hence, substituting the relation A, we obtain the following

three contributions:

1. i=j
n N(O) n—1n—i tq (i+a—1) (i+a) (i+a—=1) 4 (it+a)
H (zu(z) R A —k; (A18)
(0) t )
i=1 N)\(z) A (1‘% i=1 a:l kzwra D k(Ha) t
2. i<
(3—1) z ]qyj
H N6 AW Iq,
i o
1<i<j<n N(m )m (32 ]*J-’qu)
Yj .
(555 a) KD gt (555 @) et _plati-n
= I H : : ! : (A.19)
(£2:9), @+ _(ati-v (Z59) (a+i-1)_, (a+s-1)
1<i<j<n a=1 tyz’ ko™ ka I yi ) g0 —k:]-a J
3. 1>7

i— ]qu
)\()/\ ( ‘(L )

[I

1<j<i<n M ) )\(] < ?Iq, 5)
= ] nﬁl (s @pterion _pterion (G5 Oorion_yoio (A.20)
(% Q)k<a+1 1) k(a+z 2)( v Q)k(a+z 1) k<a+z 1) ‘

1<j<i<n a=1

- 21 —



In the first case, setting a =i+ a —1, we have 1 <a <n—1and 1 <i¢ < a. Hence the
contribution becomes

k(a)—k(a+1)

n—1 a_(t;q) (@) _pfa+D) (a) _ g
a=1i= 1 (a) k(a+1) t

In the second case, setting a = j+a — 1 implies 2 <a<n—1and 1 <i< j <a. Hence
we obtain

n—1 (qz ’Q)k(a) k(a) (t%7 q)k(.a)—k@'*'l)
J 7

I

(a) _p(a+1)
O
Y5 .
a=2 1<i<j<a ( yj ) Q)k;a)_k§a+l) (yi ’ Q)kl(a)_k§a) t

, (A.22)

where we have used (A.14). Finally in the last case, setting a = i+a—2 implies 1 < a < n—1
and 1 <j<i<a+1

o I

a=11<j<i<a+1 (q Yj ) q)kj(a)fkfa*'l) (yl ) q)k£a+1)7k;a+1)

;. ui. I
(tyi7Q)kz(a+1)_k§a+1) (tyj,Q)k;@_kZ(aH) AN s

(¥>’ o (A.23)

where we have used (A.14) again. Then by the same change of variables y; = 1/u; as before
we can find an agreement with (A.2) up to the power of %. Note that we have to exchange
7 and j for the factors with k](-a) — kgaﬂ). Finally one can check the total power of % is
correct by a similar counting to (A.17).

B Shiraishi function and maximal monodromy defect

Let us note that the power of the series expansion (4.1) can also be rewritten as

[LIT (2 )Agﬁ):( ) T B.1)

B=1a>1 tmaJrﬁ 1

where m; = dz‘ — di+1 with

| ::iwmy, di(X) ::i > AP (B.2)
B=1

a=1 a+B=i

(mod n)

The integer m; with Zmz = 0 corresponds to the magnetic flux associated with the
i=1

monodromy defect which breaks SU(n) to U(1)"~! [73]. In [50] it was pointed out
B (x5 p|yi; slg, t) is identified with the equivariant Euler characteristic of the affine Lau-
mon space [74], while in [32] it was argued that the eigenfunction of elliptic integrable
system is related to the instanton partition function with monodromy defect, which in
turn is obtained from the ordinary instanton partition function by introducing appropriate
Zn-orbifold action on the equivariant parameters [68, 73, 75-78].

In the following we summarize how the orbifold action correctly reproduces the equiv-
ariant Euler characteristic of the affine Laumon space derived in [74]. In fact, at the level
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of the equivariant character to be discussed later, the selection rules j —i = k (mod n) and
f—a=—k—1 (mod n) mean taking the terms with the charge k/n, if we assign the frac-
tional charge 1/n for the orbifold action of Z, to the parameter s. Hence if we define the
charge of the Coulomb moduli parameter y; to be —i/n, then the function B, (z;; p|yi; s|q, t)
corresponds to the neutral (integral) charge sector of the equivariant character.

Let us first confirm the Nekrasov factor (4.2) without the selection rules

Noau(ulg,1/s)= [ (g #57959)5 a0 [ (e85 0) sy (B3)
§>i>1 Bza>1

agrees with the standard one (see e.g. [79]). Using (1.8), we obtain

Ny (ulg, 1/s) = H (ug i+ Hi 7T ) oo ' H (w1 i+ )
S ) j>i>1 (uq)\jflu‘isl_‘]; q)OO 731 (quj*“iHsZ—H—l; q)oo

- ﬁ (ug s 7 g)oe (us™73q)o

oy (g s ) (ust It g)oo

:exp< unl_sn[n<q%s-ﬂ'>pn<q-ﬂis">—pn<s-f'>pn<s">}> (B.4)

—n 1—qgn

where p,(e) is the power sum function. Thus we can see Ny ,(u|g,1/s) agrees with the
standard Nekrasov factor in terms of the power sum functions. We note that the equivariant
parameters for the € background is ¢; = ¢ = ¢ and ¢ = e = s~ ! and t does not
correspond to the € background: physical meaning of the parameter t is the mass of
the adjoint matter ¢ = e™™. On the other hand when we drive the Macdonald function
from B, (x;; plyi; slg, t) the deformation parameters are actually (g,t). Thus there is “a
mismatch” between the deformation parameters of the Macdonald function and the
background.

Geometrically the Nekrasov factor Ny ,(u|q, s) is derived from the equivariant character
of the tangent space of the instanton moduli space T M at the isolzited fixed points of the
torus action, which are labelled by n-tuples of Young diagrams A = {A“}. According
to [80, 81], the relevant equivariant character is given by:

X(ta;¢i) = N*K + 1o K*'N — (1 —q1)(1 — o) K* K, (B.5)

where!

n n
N = Zua, K = ZUO‘ . Z q g (B.6)
a=1 a=1 (3,7)EA
N* and K* denote dual characters. wu, are coordinates of the Cartan torus of the gauge
group U(n) and ¢; are equivariant parameters of the torus action on C2.
The equivariant character of the tangent space at the fixed points of the affine Laumon
space is given by Z, invariant part of the character by introducing the orbifold action

!Compared with the standard formula, we have exchanged ¢1 and go, or take the transpose of the
Young diagram.
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on the equivariant parameters (uq,q;). Thus the denominator of the Shiraishi function
B (zi; plyi; slg, t) is related to the equivariant character of the affine Laumon space [50],
which is identified with the instanton moduli space with the maximal monodromy defect
corresponding to the partition N = (1"), which breaks U(n) completely to U(1)". The
CFT side of the AGT relation in this case is supposed to be the conformal block of the
affine algebra sl,, [82, 83].

Let us show Z, invariant part of the equivariant character (B.5) actually gives the
character formula [74]

Ch( )[(a b) q,q2] =

(k ) )\(kfeqtl)

n (LHthéfkfl My ¢ -
=gy Y Y e i Tt Z at Y e+
k=11</4 1<i 2
k-
—l—quZeak bke LZ kl_|-k ez
k=11<i v
n e pi1—b, (LZir],iilJ—l_H%lJ) gk—Z-H) )\(kffﬂ) .
_ (1—Q1)ZZZ€ —0+ AARE/A Z Z ¥
k=11<l1<7 2
(k 241)
T Zn:Ze“kJJrrbkqu ,Lk - k 1] Z (Bj)
k=1 1<t 2

where we have made a change of variables ¢ — k—/¢+1 and ¢ — k—/ (but { — k—{+1only
for the third term) in the original formula (Prop. 4.15 in [74]). Multiplied with e™™, (B.9)
gives the character for a bifundamental matter with mass m. To get an adjoint matter we
specialize a = b and A = u. The character for the vector multiplet is obtained from that
of adjoint matter by setting m = 0 and reversing the overall sign.

Replacing ¢ — mn + ¢ and ? — mn+¢ with 0 < m,m and 1 < ¢, < n, we can rewrite
the character as follows:

—,

Chis o [(@0); a1,42] = (1= 1) D Vi s (b, B)Vie(@, X) + @1 Y Vi y (b, 1) Wi (@)~

k=1 k=1
n n
= (= q)VE (b, D)Vil@, X) + > Wi (b)Vi(a, X), (B.8)
k=1 k=1
where Wy (d) := e** ¢y and
Vio(@, X) (B.9)
\(F—+1)
n mn+€
=X ey S
0<m /=1
B DI S I T I
0<m \ /(=1 (i,mn-+L)eXk—E+1) l=k+1 (i,mn+L)exF—E+1)
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To eliminate the floor function in the formula (B.9) we use that fact that when 1 < k, £, ¢ <
n the arguments X in the floor function appearing the formula satisfies —1 < X < 1.
Therefore we have either | X| = 0 for 0 < X < lor |[X|] = -1 for -1 < X < 0,
respectively. Then we can see that (B.8) is nothing but the Z, invariant (the charge zero)

part of?
1
X(X,7) (aasba;qi) = —(1 —q1)(1 — )V* ® Vaj + Wg* ® Vd’,X + 41499 VI;ﬁ ® Wz, (B.10)
namely
n n
Zn, . _ *
X(E (a0 bai i) = —(1 — @1 ) (v Vit +(1=a1) ) (Vi k-1@ (Va3)k
k=1 k=1
n
+ Z(Wg)k ® (VE,X)k +q ;(ngﬁ)kl ® (Wz)k, (B.11)
where W,, = Wy and V,, = Vj with
1—k
(Wa)k = €e™gy ™, (B.12)
and
ap_— [ 7kT 1—12 7(‘771)7%
(Vax)ke = Ze Z 91 9o +
(i,n(F—1)+L+1)eXE=0)
= — kL 1—i —(G-1)-%
+ ) etmting, " > 0 ey "l = (B.13)
=k (i,n(j—1)+L+1) ek —Lt+n)
k 1—k .
=) eMtrigy > e
£=1 (4,mnA4-L)EX(E—L+1)
" _k :
+ Z eak7£+n+1q2 n Z q%—zq2—m
l=k+1 (i7mn+f)e)\(k7£+n+l)
Note that the Z,, fractional charge of W}, and Vj, defined by (B.12) and (B.13) is (1 —k/n)

and we have rescaled them by multiplying qg/ "

so that they have unit charge.

It is known that there are two ways of computing the instanton partition function with
a monodromy (surface) defect [84-87]. One is the orbifold construction described above
and the other is the degenerate gauge vertex construction in the quiver gauge theory, where
we tune the Coulomb moduli and mass parameters® [88-92]. It was argued that the two
constructions are related by the brane transition in M theory so that they are dual in
IR [93]. The fact that the Shiraishi function B, (x;; p|yi; s|¢, t) agrees with the holomorphic
block of T[U(n)] theory in p — 0 limit is in accord with the second description in terms
of the quiver gauge theory. Note that the network diagram for T'[U(n)] theory is what is

called Higgsed network in [69].

2Compare it with (B.5).
3In the AGT dictionary, this corresponds to the insertion of a fully degenerate primary field.
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