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wedge and verify the newly proposed quantum extremization method. Our model clarifies

that double holography with gravity in two higher dimensions can be realized in a concrete
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before the Page time, which is related to the emergence of new matter degrees of freedom

on the branes.
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1 Introduction

There has, for a long time, been a riddle in black hole physics named the black hole

information paradox, which was embarked on by Hawking’s semi-classical computation on

the particle creation in the black hole background [1, 2]. This issue was initially incurred by

the apparent result that black holes behave as thermal objects with the erased information

of in-falling matter forming the black holes. Though there have been numerous attempts

to resolve this issue, the complete settlement of the paradox has not yet been achieved and

the consensus of the status of the problem has not even been reached. In fact, opposite
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opinions have been made on whether the information can be destroyed or not. See [4–10]

for a review.

Even though some physicists [7, 11, 12] argue that gravity or the curved spacetime

allows the evolution of the pure state to the mixed one, most string theorists and AdS/CFT

practitioners prefer the preservation of unitarity of quantum mechanics. Based on the

validity of the AdS/CFT correspondence, the bulk physics is argued to be unitary since it

is equivalent to a unitary boundary theory. However, this statement does not provide a

clear picture of what happens with the locality assumption in field theory, which is taken as

a valid approximation near the horizon far from the black hole singularity. In other words,

the present understanding of the AdS/CFT correspondence does not provide an answer to

what is going wrong in Hawking’s results nor how the bulk locality can be realized in the

AdS/CFT context.

From time to time, this information problem is reincarnated in disguise. One of the

recent reformulation is based on the entanglement characteristic of the Hawking radiation.

Roughly speaking, the clash between unitarity and the semi-classical approximation in the

near horizon region may be phrased as the seeming bigamy of the late Hawking radiation

with the behind the horizon degrees of freedom and with the early Hawking radiation, which

violates the monogamy of the entanglement in quantum mechanics. Proposed resolutions

of this problem are to either abandon the semi-classical features by introducing a high

energy curtain (firewall) [14, 15], or to preserve the semi-classical picture but to make a

bit bold and clever identification between the behind horizon degrees of freedom and the

emitted Hawking radiation (ER=EPR) [16]. Though these proposals evade the apparent

contradiction, the information loss problem is still far from understood. For instance,

the Page curve [17] for the entanglement evolution of the Hawking radiation needs to be

explained in an appropriate way.

Very recently, an explicit computation for the entanglement of the Hawking radiation

in the Jackiw-Teitelboim (JT) model [18, 19] was performed and the entanglement evolu-

tion was shown to follow the Page curve by using the quantum extremal surface (QES)

prescription [22–24] for the entanglement wedge [20] (see also [21]). In a more recent

work [25], the missing ingredient in gravity theory to the entanglement computation was

clearly identified and called as the island of the entanglement wedge. A new prescription

was proposed to extremize the generalized entropy including the contribution of islands.

Furthermore, the QES was argued to become the ordinary Ryu-Takayanagi surface [26, 27]

in one-higher-dimensional holographic setup.

In this paper, we take a consistent top-down approach to a one-higher-dimensional

holographic model, known as the holographic dual to interface CFT (ICFT) [28]. This

model contains solutions known as the Janus black holes [29], which is our main concern

in the following. Since this model may be embedded consistently into string/M-theory

as a low energy limit, our analysis might be extended to the full string theory level. We

describe the low dimensional gravity coupled to the thermal radiation from the viewpoint

of an effective reduction of a higher dimensional gravity in the limit of a large number of

interface degrees of freedom. Our effective 2d gravity description is realized by introducing

a boundary action of a surface in the deep interior and by replacing its behind-the-interior

– 2 –



J
H
E
P
0
1
(
2
0
2
1
)
1
5
5

region, coined the shadow region, by a brane-like boundary surface. Our model provides

a different perspective compared to the bottom-up brane models [31–35] in the sense that

the usual holography method is applied with some additional machinery.

Our paper is organized as follows. In section 2, we provide some details of our model

and of Janus black hole solutions. Especially, various coordinates in our setup are intro-

duced for later convenience. In section 3, the entanglement entropy is briefly reviewed

and the holographic entanglement entropy (HEE) is computed for RR/LL geodesics. In

section 4, we compute the HEE for RL geodesics. We present the Page curve of our black

hole model and the unitarity of the entanglement in section 5. In this section, we also com-

ment on the evolution of the mutual information of the Hawking radiation in our setup. In

section 6, we provide the two-dimensional gravity interpretation and reproduce our results

from the generalized entropy extremization procedure. In section 7, we provide another

perspective on our results by using ICFT, which is the boundary viewpoint of our model.

In section 8, we provide interesting new aspects to the entanglement island picture by

using our model. In this section, we provide clues to a slope change behavior of the Page

curve before the Page time and interpret our computation as the emergence of new matter

degrees of freedom on the branes or the appearance of its corresponding boundary opera-

tors in ICFT. We also provide another computation supporting this interpretation. In the

conclusion, we summarize our results and present some future directions. In appendices A

and B, we provide some detailed formulae and explain the effective CFT2 viewpoint, re-

spectively. Some details of our 2d effective gravity description of the shadow region are

relegated to appendix C.

2 Janus black holes in three dimensions

In this section, we shall investigate holography of thermo-field double (TFD) of Janus

ICFT2, whose gravity dual is the two-sided version of a 3d Janus black hole. It is known

that the Janus geometry arises as a classical solution to the system of Einstein gravity with

a negative cosmological constant coupled to a minimal massless scalar field whose action

is given by

Igravity =
1

16πG

∫
Md+1

dd+1x

[
R− gab∂aφ∂bφ+

d(d− 1)

`2

]
. (2.1)

The Janus geometry can be found for arbitrary dimensions. For (d + 1) = 3 and 5,

this system can be consistently embedded into Type IIB supergravity and hence, via the

AdS/CFT correspondence, the microscopic understanding of the dual ICFTd system can

be obtained [28, 38]. The scalar field here originates from the dilaton field of the underlying

Type IIB supergavity and hence it is holographically dual to the CFTd Lagrangian density.

The equations of motion read

gab∇a∇bφ = 0 ,

Rab = − d
`2
gab + ∂aφ∂bφ . (2.2)

The vacuum solution is AdSd+1 space with curvature radius ` and an everywhere constant

scalar field. The Janus geometry is a nontrivial domain-wall solution in which the scalar
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field and metric approach those of the vacuum solutions. Below, we specialize to three

dimensions for simplicity.

The three-dimensional Janus solution is given by [38]

ds2 = `2
[
dy2 + f(y) ds2

AdS2

]
,

φ(y) =
1√
2

ln

(
1 +

√
1− 2γ2 +

√
2γ tanh y

1 +
√

1− 2γ2 −
√

2γ tanh y

)
, (2.3)

where

f(y) =
1

2

(
1 +

√
1− 2γ2 cosh 2y

)
with γ <

1√
2
. (2.4)

As y → ±∞, the value of the scalar field approaches ±φas where φas = 1√
2
arctanh

√
2γ.

For our two-sided Janus black hole, we choose the AdS2 part as the global AdS2

ds2
AdS2

=
dλ2 − dτ2

cos2 λ
= dq2 − cosh2 q dτ2 ,

1

cosλ
= cosh q , (2.5)

where λ ∈ (−λ∞, λ∞) with λ∞ ranged over [0, π2 ) and q ∈ (−q∞, q∞) with q∞ over [0,∞).

The R and L boundaries are at |y| =∞ with R/L boundary coordinates (τ,+/− λ∞) (see

below for the details). One may introduce the coordinate µ defined by

dµ =
dy√
f(y)

, (2.6)

which is ranged over [−µ0, µ0] with the boundary value µ0 =
∫∞

0
dy√
f(y)

. One can evaluate

the integral exactly to

µ0 =
1

κ+
K

(
κ2
−
κ2

+

)
=
π

2

(
1 +

3

8
γ2 +O(γ4)

)
, (2.7)

where K(x) is the first kind of complete elliptic integral and κ2
± = 1

2

(
1±

√
1− 2γ2

)
.

In the last equality, we presented its Taylor expansion with respect to the deformation

parameter γ. From this, one finds µ0 ≥ π
2 , which is a consequence of the deformation. In

this coordinate system, the metric becomes

ds2 = `2f(µ)
[
dµ2 + ds2

AdS2

]
. (2.8)

For the Rindler-type solution for the right/left wedge, we perform a coordinate trans-

formation

w =
cos τ

cosλ
, tanh

Lt

`2
=

sin τ

sinλ
, (2.9)

and then the AdS2 metric is replaced by the Rindler metric

ds2
AdS2

= −(w2 − 1)L2

`4
dt2 +

dw2

w2 − 1
. (2.10)
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Figure 1. We draw the constant t section of the BTZ spacetime where we show (µ,w) together

with (r, x) coordinates. The middle line with w = 1 and r = L represents the horizon. The red

lines are representing constant µ surfaces whereas the blue lines are constant w surfaces. The top/

bottom line represents the spatial direction of the R/L boundary respectively.

This leads to the Rindler-type Janus black hole solution [29] where the horizon is located

at w = 1 with the horizon size L and w ∈ [1,∞) describes the region outside horizon.

Without deformation, γ = 0, one has the standard planar BTZ black hole [39], given

by the geometry

ds2 = `2
[
dy2 + cosh2 y ds2

AdS2

]
, (2.11)

and, by integrating (2.6), one has

cosµ =
1

cosh y
. (2.12)

Indeed, through the coordinate transformation

L

r
=

cosµ√
w2 − sin2 µ

, sinh
Lx

`2
=

sinµ√
w2 − sin2 µ

, (2.13)

the γ = 0 geometry is reduced to the conventional form of the planar BTZ metric

ds2 = −(r2 − L2)

`2
dt2 +

`2

r2 − L2
dr2 +

r2

`2
dx2. (2.14)

One finds that both coordinates τ and µ are ranged over [−π
2 ,

π
2 ] and x can be compactified

as x ∼ x+Ls since the system possesses a translational symmetry in the x direction. With

the Janus deformation breaking the translational symmetry, we shall be concerned with

the planar Janus black holes where the spatial extent is noncompact as the size Ls goes to

infinity.

In figure 1, we depict the shape of a constant t slice of the undeformed BTZ geometry

where we show (µ,w) together with (r, x) coordinates. The top/bottom line represents the
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Figure 2. We draw the constant t section of the two-sided Janus black hole where we show

(µ,w) together with (r, x) coordinates. The middle line with w = 1 represents the horizon. The

red lines are representing constant µ surfaces whereas the blue lines are constant w surfaces. The

µ coordinate is ranged over [−µ0, µ0] with µ0 > π/2. This leads to the x = 0 angled-joints of the

R-L boundaries.

spatial direction of the R/L boundary spacetime. The R/L boundaries are parametrized

either by (t, x) or by (τ,±λ∞) where the two coordinate systems are related by

tanh
Lx

`2
=
ε(x)

w
= ε(x)

cosλ∞
cos τ

,

tanh
Lt

`2
= ± sin τ

sinλ∞
, (2.15)

where ε(x) denotes the sign function of x and the two signs +/− refer to the R/L boundary

spacetime, respectively. These relations may be inverted as

tanλ∞ =
cosh Lt

`2

sinh L|x|
`2

, tan τ =
sinh Lt

`2

cosh Lx
`2

, (2.16)

which will be useful in the following. The middle line corresponds to the horizon location

with w = 1 (or r = L). The red lines are denoting constant µ trajectory where the µ

coordinate runs over [−π/2, π/2] for the BTZ geometry. The blue curves represent constant

w surfaces. A few comments are in order. The first is the well-known time translation

isometry of the BTZ geometry. This leads to the boundary time translational symmetry

t → t + dt with tR/L = ±t where tR/L denotes the time coordinate of R/L boundary

respectively, and both go in the positive direction in our choice. Secondly, the region of

x→∞ merges to a point at the spatial section of the boundary of global AdS3 geometry

and the same is true for the region of x → −∞. Hence the R and L boundaries form a

single boundary that is the boundary of the global AdS3 spacetime [40]. Nonetheless, the

R and L boundary theories are causally disconnected from each other completely.

In figure 2, we draw also a constant t spatial section of the Janus black hole spacetime.

This geometry is asymptotically AdS; one may map its asymptotic region to that of the

– 6 –
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BTZ spacetime. The coordinates in this region can be identified as

r

L
'
√

(w2 − 1)f + 1 ,

sinh
Lx

`2
' ε(x)

√
f − 1√

(w2 − 1)f + 1
, (2.17)

with t and w coordinates defined by (2.9). The boundary coordinates (t, x) are defined

by (2.15) from which the inverse in (2.16) follows. In figure 2, the red lines are for the

constant µ surface where µ is ranged over [−µ0, µ0] with µ0 > π/2 as a result of deformation.

This leads to the angled-joints at x = 0 of figure 2, where each interface of ICFTR/L is

located respectively [29, 38].

The Gibbons-Hawking temperature of the Janus black hole can be identified from the

Euclidean version of the solution obtained by Wick rotation t = −itE . By requiring the

regularity of this Euclidean geometry at w = 1, one finds

T =
L

2π`2
, (2.18)

which agrees with that of the undeformed BTZ black hole. The mass of the system can be

obtained by studying the holographic stress-energy tensor leading to [29]

E =
c

6
πT 2Ls , (2.19)

where c = 3`
2G is the central charge of the boundary ICFT and we take the system size Ls

large enough. For simplicity, we take an interval x ∈ [−Ls/2, Ls/2] with x = 0 the place

where the interface is located. Similarly, the Bekenstein-Hawking entropy of the system

can be obtained as [29]

S =
c

3
πTLs + SI , (2.20)

where the interface contribution SI is

SI =
c

6
lnA . (2.21)

Here, A denotes a bulk parameter defined by

A ≡ 1√
1− 2γ2

= cosh
√

2φas . (2.22)

This interface entropy is a measure of the interface QM degrees of freedom and the corre-

sponding number of ground states is given by eSI [29].

Let us now describe the dual field-theory side. The bulk scalar field is dual to an

exactly marginal scalar operator O(x, t). The boundary value of the scalar field implies

turning on the operator O with a source term: the CFT2 is deformed by the perturbation∫
d2x g(ε(x)φas)O(x, t) which breaks x translation invariance explicitly. One has in general

g(z) = z + O(z2), which can be identified to all orders in our AdS/CFT correspondence.

This basically leads to an ICFT

ICFT = CFT− ×QM0 × CFT+ , (2.23)
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Figure 3. We draw ICFT× ICFT living on the L and R boundaries of our two-sided Janus

black hole. Each ICFT consists of three components of CFT− ×QM0 ×CFT+, which preserves 1d

conformal symmetries of SO(1, 2).

where QM0 denotes the quantum mechanical system of the interface degrees of freedom.

This system preserves the one dimensional conformal symmetries of SO(1, 2). See figure 3.

For our two-sided Janus black hole, one has R and L ICFT theories at the same time

ICFT× ICFT, which are initially entangled in a particular manner. Following the Hartle-

Hawking construction of the wave function [42], one gets a TFD initial state

|ψ(0, 0)〉 =
1√
Z

∑
n

e−
β
2
En |n〉 ⊗ |n〉 , (2.24)

where |n〉 is the energy eigenstate of the ICFT Hamiltonian H with the energy eigenvalue

En. The subsequent Lorentzian time evolution is then given by

|ψ(tL, tR)〉 = e−i(tLH⊗I+tRI⊗H)|ψ(0, 0)〉 . (2.25)

This gives a desired TFD of our ICFT, which will serve as our main framework in the field

theory side. It is clear that the state with tR = −tL = t is t-independent which is consistent

with the time-like Killing symmetry of our black hole geometry. In this work we shall be

interested in the time evolution with tL = tR = t which indeed becomes nontrivial.

Finally let us briefly comment upon a shadow region of interfaces in the bulk. Note

that, in our Janus black hole system, the x-translational symmetry is broken by the in-

terfaces and the “entropy density” becomes x-dependent. In our geometrical setup, the

entropy is defined on the horizon side and, hence, one needs a map which relates the

boundary coordinate x to the horizon coordinate. We use here the boundary horizon map

based on null geodesics emanating from the boundary in a hypersurface-orthogonal manner,

whose details are described in [29]. For a given boundary point x, the horizon coordinate

can be identified as [29]

µH =
(
µ0 −

π

2

)
ε(x) + arctan sinh

2πx

β
. (2.26)

With this boundary horizon map, one finds there is an excluded region specified by −µI ≤
µ ≤ µI where µI equals to µ0 − π

2 = 3π
16γ

2 +O(γ4). This excluded region may be regarded

– 8 –



J
H
E
P
0
1
(
2
0
2
1
)
1
5
5

R

L

horizon
−µI µI

Figure 4. We draw the shadow region specified by µ = constant slices ranged over µ ∈ [−µI , µI ].

One may integrate out the bulk degrees of freedom in this shadow region and view the resulting 2d

gravity theories as living on the two slices at µ = ±µI , respectively.

as an extra bulk space created and affected by the interfaces, which shall be dubbed as the

shadow of the interfaces. However, this shadow region is not sharply defined as we shall

discuss further below. For our later purpose, we shall choose µI (and the corresponding

shadow) as1

µI = µ0 −
[π

2
+
(√

2 ln(e+
√
e2 − 1)− π

2

)
tanh2(A− 1)

]
, (2.27)

instead of µ0 − π
2 . We depict this shadow in figure 4.

One may integrate out the bulk degrees of freedom in this shadow to get 2d gravity

theories Grav± defined on µ = ±µI slices whose dual quantum mechanical systems may

be denoted by QM± respectively. Therefore, one may alternatively view our ICFT as

ICFT = CFT− ×QM− ×QM+ × CFT+ . (2.28)

In this manner, one may get a picture of 2d gravities coupled to 2d CFT’s. As will be

clarified later on, the separation of Grav+ and Grav− becomes apparent only in the limit

where A becomes large.

3 Entanglement of an interval

3.1 Review: entanglement entropy

In this section, we shortly review the entanglement entropy. Let us consider a bi-partite

system H = HA ⊗HB. From the reduced density matrix ρA = trBρ of the subsystem A,

the entanglement entropy of the subsystem A is given by

SEE = − ln
(
ρA ln ρA

)
. (3.1)

In general, it is difficult to evaluate this entanglement entropy because of the logarithm

of the density matrix. Instead, we evaluate trρnA and take a limit to get the entanglement

1This choice will be used in later sections where we are mainly interested in the regime A� 1. Especially

in section 6, we shall compare the 3d off-shell description of extremal curves with the 2d one and have a

good agreement of two results in the large A limit with this particular choice.
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entropy

SEE = − lim
n→1

∂

∂n
tr(ρnA) . (3.2)

The trace of the nth power of the density matrix can be evaluated by n replicas of the

original system [30]. The boundary condition of the replica trick for the subsystem A can

be incorporated by twist operators Φ±n (z), and trρnA can be computed by inserting twist

operators at the end of the interval IA with length L0

trρnA = 〈Φ+
n (z)Φ−n (w)〉 =

1[
β

2πε sinh
(
πL0
β

)]2∆n
, (3.3)

where ∆n is the conformal dimension of the twist operator Φn
±

∆n =
c

12

(
n− 1

n

)
. (3.4)

Thus the entanglement entropy of the interval IA is found to be

SEE = Sε +
c

3
ln

[
2 sinh

(
πL0

β

)]
, (3.5)

where Sε corresponds to the contribution of the short distance degrees of freedom with the

cutoff scale ε as

Sε ≡
c

3
ln

[
β

4πε

]
. (3.6)

In a boundary CFT (BCFT) or ICFT, the degrees of freedom living on the boundary or

the interface give a contribution to the entanglement entropy as

SEE = Sε +
c

3
ln

[
2 sinh

(
πL0

β

)]
+ ln g , (3.7)

where ln g is the boundary entropy [41]. In the Janus ICFT, the boundary entropy can be

evaluated from the two point function of the twist operators by the conformal perturbation

〈Φ+(z)Φ−(w)〉γ = 〈Φ+(z)Φ−(w)〉+ γ

∫
d2x ε(x1)〈Φ+(z)Φ−(w)O(x)〉+O(γ2) . (3.8)

The leading contribution of order O(γ) is universal up to OPE coefficient because of the

universal form of three point function

γ

∫
d2x ε(x1)〈Φ+(z)Φ−(w)O(x)〉 = γ

∫
d2x ε(x1)CΦ+Φ−O

(z − w)2∆n−2(z − x)2(w − x)2
. (3.9)

However, this gives a correction of order O(c0) to the conformal dimension and the nor-

malization of the two point function of the twist operators. Hence, in large c limit, the

non-zero correction to the entanglement entropy is of order O(γ2).

SEE = Sε +
c

3
ln

[
2 sinh

(
πL0

β

)]
+O(γ2c) . (3.10)
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Though the O(γ2) correction is not universal, one can deduce it from the conformal per-

turbation of the free energy of the Janus ICFT

βF = − lnZ = βF − ln g = βF0 + γ2βF2 + · · · . (3.11)

The O(γ2) correction is found to be [29]

γ2βF2 =
1

2
γ2

∫
d2xd2y ε(x1)ε(x1)〈O(x)O(y)〉 = − `

4G
γ2 = − c

6
γ2 , (3.12)

and, this leads to

ln g =
c

6
γ2 +O(cγ4) . (3.13)

Therefore, we have

SEE = Sε +
c

3
ln

[
2 sinh

(
πL0

β

)]
+
c

6
γ2 +O(γ4) . (3.14)

3.2 Holographic entanglement entropy

Now, we will study the entanglement entropy of a single interval I from the bulk geometry

by using the AdS/CFT correspondence. Holographically, the entanglement entropy can

be evaluated from the area of the Ryu-Takayanagi surface [26] whose boundary is the

interval I
SEE =

Area

4G
. (3.15)

In AdS3/CFT2, the area of the Ryu-Takayanagi surface corresponds to the distance of the

geodesic connecting to both ends of the interval I. For this, we consider the metric in (2.8)

of the three-dimensional Janus black hole solution [29] with the coordinate transformation

w = cosh ρ in (2.3)

ds2 = `2

[
dy2 + f(y)

(
− L2

`4
sinh2 ρ dt2 + dρ2

)]
. (3.16)

For simplicity, let us consider a geodesic on the constant time slice

t = constant . (3.17)

The rest of the geodesic equations are given by

f(y)
dρ

ds
=
E
`
,

(
dy

ds

)2

+
E2

`2f(y)
=

1

`2
, (3.18)

where E is a constant. Let us consider the simplest case

E = 0 . (3.19)

This corresponds to a geodesic with constant t and ρ

t = constant , ρ = constant . (3.20)
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Note that such a geodesic is presented as a blue line2 in figure 2. Now, one can easily

integrate (3.18) to obtain the geodesic distance between two points corresponding to y∞
and −y∞ on the boundary

s = 2ly∞ . (3.21)

Note that because y∞ goes to infinity as we approach the boundary, the geodesic dis-

tance between these two points on the boundary diverges. To obtain the HEE, we need

appropriate variables in the bulk to match the boundary values, which would be the so-

called Fefferman-Graham coordinates or simply the Poincarè ones in our case. Hence, we

introduce cut-off 1
ε along the radial direction in the bulk in terms of the coordinates r as

r

L
=

1

ε
. (3.22)

From (2.17), one can also obtain the asymptotic behavior of y∞

sinh
Lx

`2
' ε
√
f(y∞)− 1 ' ε(1− 2γ2)

1
4

2
ey∞ . (3.23)

This gives

y∞ = ln
1

ε
+ ln

[
2 sinh

2πx

β

]
+

1

2
ln

1√
1− 2γ2

+O(ε) , (3.24)

where we used (2.18). Note that the geodesic distance has 2` ln 1
ε divergence as ε → 0.

Hence, we subtract this divergence to define the renormalized geodesic distance sR. Then,

the entanglement entropy of the interval [−x, x] on the boundary is found to be

SHEE =
sR
4G

=
c

3
ln

[
2 sinh

2πx

β

]
+
c

6
lnA , (3.25)

where we used c = 3`
2G together with A given in (2.22). Note that the last term corresponds

to the contribution of the boundary entropy, and its small γ expansion reads

SHEE '
c

3
ln

[
2 sinh

2πx

β

]
+
cγ2

6
+O(cγ4) , (3.26)

which agrees with (3.14).

4 Entanglement of double RL intervals

In this section, we provide some details about the HEE of (double) RL intervals on the

two-sided Janus black holes reviewed in section 2. As is done in the previous section,

the HEE can be obtained by the geodesic distance in this case, too. For the geodesics

connecting the R and L sides of Janus black holes, we will focus on the constant time slice

τ = constant using the following form of the metric

ds2 = `2
[
dy2 + f(y)

(
dq2 − cosh2 qdτ2

)]
, (4.1)

2Recall that figure 2 is a constant t slice and the blue line denotes the constant µ curve which is identical

with the constant ρ curve.
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where f(y) was introduced in (2.4) and the AdS2 part is taken by the metric form given

in (2.5). In the following, we consider a single geodesic whose boundary position is taken

by the same coordinate values as (x, t) with x > 0 on the R and L sides, first (see figure 5).

And then the double geodesics will be taken into consideration to obtain the relevant HEE.

For simplicity, the boundary locations of these double geodesics are taken symmetrically

as (x, t) and (−x, t) and they will be called the doubled geodesic.

The geodesic equation in the above (y, q, τ) coordinate system3 may be integrated as

ẏ2 + f =
f2

E2
, ˙ ≡ d

dq
, (4.2)

where E is an integration constant that turns out to be related to the boundary position

of the geodesic. This form of the geodesic equation can be integrated in terms of the

incomplete elliptic integral of the first kind, as

q − q0 = A+B
E

∫ ymax

ymin

dy√
cosh 2y +A

√
cosh 2y −B =

√
A
√
mF (ϕ |m) , (4.3)

where q0 is another integration constant4 and ymin = 1
2arccoshB. Here, the constant A has

been introduced before in (2.22) and the constants B and m are defined, respectively, by

B ≡ 2E2 − 1√
1− 2γ2

, m ≡ 2(A+B)
(A+1)(B+1) , (4.4)

while the so-called amplitude ϕ denotes

sinϕ ≡
√

A+1
2(A+B)

√
cosh 2ymax−B

sinh ymax
. (4.5)

Eventually, we will take ymax to infinity which corresponds to the position of the AdS

boundary in these coordinates (see figure 2 for the R/L boundaries, which may also be

interpreted as denoting constant τ surface with (y, q) coordinates). As usual in the holo-

graphic computation, this infinity may be controlled by an appropriate cutoff in the AdS

space as in the previous section.

In terms of the geodesic distance s, the geodesic equation may also be written as

ṡ =
√
ẏ2 + f =

f

E
. (4.6)

Using (4.2) in the above geodesic distance expression and integrating with respect to the

y-coordinate, one can deduce that the geodesic distance may be written in terms of the

y-coordinate as

s− s0 =

∫ ymax

ymin

dy

√
cosh 2y +A√
cosh 2y −B , (4.7)

3One easy way to deduce this expression may utilize the Hamiltonian conservation of the Lagrangian

L =
√
ẏ2 + f(y).

4This constant q0 will be dropped in the following, since it may be set to zero by shifting the origin of

the coordinates.
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where s0 is an integration constant.5 We would like to emphasize that the geodesic dis-

tance between the R and L boundaries should be twice of the above geodesic distance s

with ymax = y∞, since ymin may be understood as located in the middle of the R and L

boundaries. To see this, recall that the coordinate y is related directly to µ by (2.6).

It is straightforward to integrate the above equation to the form of

s =
1√

A+ 1
√
B + 1

[
(A+ 1)F (ϕ |m) + (B − 1)Π(ν ; ϕ |m)

]
, ν ≡ A+B

A+1 , (4.8)

where Π is the incomplete elliptic integral of the third kind, whose properties are summa-

rized in appendix A. To proceed to the HEE computation, one needs to introduce the cutoff

as in the previous sections. By introducing the cutoff as in (3.22) and using the relation

in (3.23) and (3.24), the renormalized geodesic distance can be obtained by removing the

cutoff part. To this purpose, consider the behavior of the large ymax(= y∞) limit as in the

previous section. It is straightforward to check, from the integral expression in (4.7), that

s∞ = y∞ + finite as ε→ 0. Hence, it is useful to introduce Q(A,B) as follows:

Q(A,B) = s∞ − y∞ +O
(

1

y∞

)
, (4.9)

which should be a finite quantity by construction and independent of the cutoff in the limit

of ε → 0 (or y∞ → ∞). Then the renormalized geodesic distance, sR is taken in this case

to be6

sR ≡
[
s∞ − ` ln 1

ε

]
ε→0

= ln 2 sinh
2πx

β
+

1

2
lnA+Q(A,B) , (4.10)

= ln 2 cosh
2πt

β
+

1

2
lnA+Q(A,B)− P (A,B) , (4.11)

where P is defined by

P (A,B) ≡ ln
cosh 2πt

β

sinh 2πx
β

. (4.12)

At this stage, one may be perplexed by our notation where P depends on the constants

A and B. This notation is related to our choice of the q-coordinate in (2.5) and its value

q∞ for the emanating position of the geodesic at the boundary. To see this, recall that the

coordinate ymax = y∞ →∞ is related to the q∞ coordinate as in (4.3) for the RL geodesics

and that the q∞ (or λ∞) coordinate is one of the boundary coordinates (see (2.16)). By

using the relation in the asymptotic region given by (2.17), one may set

P (A,B) ≡ ln sinh q∞ = ln
cosh 2πt

β

sinh 2πx
β

, q∞ = q∞(A,B) , (4.13)

where q∞(A,B) denotes the boundary end point position of the RL geodesic. Then one

can see that the q∞ value itself depends on the constant A and B and so does P (A,B). As

5By taking the origin of the proper distance in such a way that s = 0 when ymax = ymin, we set s0 = 0

in the following.
6Here, s∞ corresponds to the half of the (unrenormalized) proper distance of the RL geodesic, since we

are taking the integration range of y from ymin = 1
2
arccoshB to ymax = y∞.
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will be clear in the following, P (A,B) characterizes the approximation for the matching of

the bulk expression to the boundary results.

Now, we present some steps leading to the elliptic integral representation of Q(A,B).

First, note that the argument, sinϕ of the incomplete elliptic integrals in (4.8), becomes

in the large y∞ limit

sinϕ
y∞→∞−→

√
A+1
A+B ≡ sinϕ∞ = 1√

ν
. (4.14)

In this large y∞ limit, by using the asymptotic expansion in (A.11), one can also see that

RJ(cos2 ϕ, 1−m sin2 ϕ, 1, 1− ν sin2 ϕ)

=
3
√

(A+B)(B+1)

B−1 yε +
[

3
2

1√
xyz ln 2xyz

(B−1)σ2 + 2RJ(x+ σ, y + σ, z + σ, σ)
]

+O(y∞e
−y∞) ,

(4.15)

where x, y, z and σ are defined as

x ≡ B−1
A+B , y ≡ B−1

B+1 , z ≡ 1 , σ ≡ √xy +
√
yz +

√
zx . (4.16)

Finally, using the symmetric elliptic integral,7 one can see that

Q(A,B) =
√

A+B
2

√
m F (ϕ∞ |m)− ln

[√
B−1

2 +
√

A+B
2 +

√
B+1

2

]
+

2

3

√
xyzRJ(x+ σ, y + σ, z + σ, σ) , (4.17)

which is indeed a finite expression. Note also that

q∞(A,B) =
√
A
√
mF (ϕ∞ |m) =

√
A
√
mRF

(
B−1
A+1 ,

A+B
A+1

B−1
B+1 ,

A+B
A+1

)
, (4.18)

which justifies our notation P (A,B) in the above since this reveals the dependence on A

and B, explicitly.

Though we have obtained the closed form of the relevant quantities in terms of the bulk

constants8 A and B (or equivalently constants γ and E), it is quite involved to compute

the HEE in this form. Rather than the bulk constants, the HEE needs to be described

by the renormalized geodesic distance related to the appropriate boundary position or the

end points of geodesics. In our case, the relevant boundary position needs to be written

in terms of boundary coordinates (t, x) in (2.15), not in terms of A and B. In order

to represent q∞ and Q(A,B) in terms of these boundary quantities, it is quite useful to

consider some limiting regimes. To this end, let us consider two regimes q∞ � 1 and

q∞ � 1 respectively, depending on the influence of the interface. By using (4.13), these

regimes can be represented in terms of boundary variables x and t. In these regimes, one

can rewrite the expressions, for instance Q(A,B), in terms of q∞ instead of B. In later

sections, one will encounter the same regimes from the boundary ICFT consideration. On

the other hand, from the asymptotic expansion of the symmetric elliptic integrals, the

useful limiting regimes correspond to the cases of B � A − 1 and A � B − 1. In the

following, we show that the appropriate regimes may be obtained from the limiting cases

in the symmetric elliptic integral expressions.

7See appendix A for some details of symmetric elliptic integrals.
8Recall that A is the parameter for the Janus background geometry and B is the one for the geodesic.
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• Regime 1: q∞ � 1

This regime will turn out to be related to the case of bulk constants B � A − 1. This

limit corresponds to the case where any effect of the interface degrees of freedom becomes

negligible. For example, the RT surface lies far away from the shadow region (i.e. E � 1),

or the number of interface degrees of freedom is small enough (i.e. γ � 1). First, note that

F (ϕ∞|m) reduces, in this bulk limit, to

F (ϕ∞|m) =
√

A+1
B+1RF

(
B−1
B+1 ,

B−1
B+1 , 1

)
+O

(
A−1
B+1

)
=
√

A+1
2 ln

[√
B+1
B−1 +

√
2

B−1

]
+O

(
A−1
B+1

)
,

(4.19)

where we used (A.6) and (A.7). Secondly, by using (A.9) and (A.7), the RJ expression

reduces to

2

3

√
xyzRJ(x+ σ, y + σ, z + σ, σ) = ln

[
1 + 2

√
B+1
B−1

]
−
√

B+1
2 ln

[√
B+1+

√
2

B−1

]
+O

(
A−1
B+1

)
.

(4.20)

As a result, Q(A,B) becomes

Q(A,B) = ln
√

2
B−1 +O

(
A−1
B+1

)
. (4.21)

And, the expression of q∞, given by y∞ →∞ in (4.3), reduces to

q∞ =
√
A ln

[√
B+1
B−1 +

√
2

B−1

]
+O

(
A−1
B+1

)
, (4.22)

which leads to

sinh
q∞√
A

=
√

2
B−1 + · · · , (4.23)

where · · · denotes small correction terms. It is clear that the q∞ � 1 regime corresponds

to the B � 1 case. In the case of B � A − 1, together with P (A,B) = ln sinh q∞, one

obtains

Q(A,B)− P (A,B) = ln
sinh q∞√

A

sinh q∞
+ · · · . (4.24)

As a result, one can see, through (4.11), that the renormalized geodesic distance becomes

sR = ln 2 cosh
2πt

β
for q∞ � 1 . (4.25)

• Regime 2: q∞ � 1

This regime turns out to be correspondent to the case of A� B−1. In this bulk limit, one

may notice that m → 2
B+1 + O

(
B−1
A+1

)
and sinϕ∞ = 1 + O

(
B−1
A+1

)
and so the expression

of q∞ becomes

q∞ =
√

2A
B+1

K
(√

2
B+1

)
+O

(
B−1
A+1

)
. (4.26)

Since the RJ expression reduces to

2

3

√
xyzRJ(x+ σ, y + σ, z + σ, σ) = O

(
B−1√
A+1

)
, (4.27)
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one can see that

Q(A,B) =
√

A+1
B+1

K
(√

2
B+1

)
− ln

[√
B+1
2

+
√
B−1
2

+
√
A+1
2

]
+O

(
B−1√
A+1

)
. (4.28)

More useful information may be obtained by taking a more specific case as A � 1 or

B → 1. In these cases, one can see that q∞ � 1 and so P (A,B) = ln sinh q∞ ' q∞ − ln 2.

In each case of A� 1 and B → 1, the renormalized proper distance is given by

sR =


1√
2

ln 2 cosh 2πt
β +

(
1− 1√

2

)
ln sinh 2πx

β + 3
2 ln 2 , for A� 1

√
A+1
2A

ln 2 cosh 2πt
β + 1

2 lnA+
(

1−
√
A+1
2A

)
ln sinh 2πx

β − ln
1+

√
A+1
2

2 , for B → 1
.

(4.29)

It is interesting to observe that the above two regimes might be approached in a simple

way by taking B = Aα & A� 1. In this special case, one may note that the parameter m

in (4.4) reduces as m→ 1+α
α

2
A . Using (4.3), (A.7) and (A.12), one can see that

q∞ =
√

2
√

1+α
α arcsin 1√

1+α
. (4.30)

Note also that (4.17), (A.9) and (A.7) lead to

Q(A,B) =
1√
α

arcsin 1√
1+α
− ln

√
1+α

2 A . (4.31)

In each case of α � 1 (regime 1) and 1
A � α � 1 (regime 2), one can obtain the

sR expression in terms of the boundary variables by using the above expressions, which

reproduce the same forms of the expression in (4.25) and the upper line expression in (4.29),

respectively. It is amusing to observe that the final results remain the same, although

apparently different-looking functions appear through the different limiting procedures.

Before going ahead, one may consider the case of A→ 1, which may also be analyzed

in a definite analytic form by using (4.11) and (4.24). In this case, the renormalized proper

distance is given by

sR = ln 2 cosh
2πt

β
+

1

2
lnA+ · · · , for A→ 1 . (4.32)

In fact, one may obtain some analytic form beyond this A→ 1 limit. From (4.7), one may

notice that

∂
∂AQ(A,B) =

∫ y∞

ymin

dy√
cosh 2y +A

√
cosh 2y −B

∣∣∣∣
y∞→∞

=
1

2

√
m

2(A+B) F (ϕ∞ |m) . (4.33)

Then, the next order of A = 1 + γ2 +O(γ4) in the expansion of Q(A,B) may be obtained

explicitly as

Q(A,B) = Q(1, B) + γ2

2

√
m

2(A+B) F (ϕ∞ |m) +O(γ4) , Q(1, B) = ln
√

2
B−1 , (4.34)

and the expression of q∞ in (4.3) becomes

q∞ = arctanh
√

2
B+1

+ γ2

8

[√
2

B+1
+
(
4− B−1

B+1

)
arctanh

√
2

B+1

]
+O(γ4) . (4.35)
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R

L

horizon

x

−µI

x

µI

τ = 0 slice

R

L

horizon

horizon

x

−µI

x

µI

τ > 0 slice

Figure 5. We have depicted the RL geodesic at τ = 0 and at a later time τ > 0 with a shadow

region. Though we have depicted a constant τ slice, the curve µ = ±µI takes nearly the same form

as in figure 2.

As before, one may see that P (A,B) = ln sinh q∞ = ln
√

2
B−1

+ O(γ2) from the above

expression and then one obtains

Q(A,B)− P (A,B) = γ2

8

[
− 1 +

(√
2

B+1
− 3

√
B+1
2

)
arctanh

√
2

B+1

]
+O(γ4) . (4.36)

Hence, the renormalized geodesic distance is given by

sR = ln 2 cosh 2πt
β + γ2

8

[
3 +

(√
2

B+1
− 3

√
B+1
2

)
arctanh

√
2

B+1

]
+O(γ4) ,

= ln 2 cosh 2πt
β + γ2

8

[
3 + 1

2

(
cosh 2πt

β√
sinh2 2πx

β
+cosh2 2πt

β

− 3

√
sinh2 2πx

β
+cosh2 2πt

β

cosh 2πt
β

)
ln

√
sinh2 2πx

β
+cosh2 2πt

β
+cosh 2πt

β√
sinh2 2πx

β
+cosh2 2πt

β
−cosh 2πt

β

]
+O(γ4) , (4.37)

where we used P (A,B) = ln
√

2
B−1

+O(γ2).

In the limit of x � β
2π , the RL geodesic may be drawn as a straight line, since the

interface does not deform the shape of the geodesic significantly away from the BTZ limit.

It is instructive to observe that the coordinate (y, q) grid or equivalently (µ,w) grid expands

as time τ goes on. The growth of the shadow region, as time goes on, may be understood

by the behavior of the coordinates in conjunction with the shadow region determination

formula in (2.27). Of course, this growth of the shadow region is reminiscent of the growth

of the spatial region inside the horizon along the time evolution. See figure 5. The physical

position in the boundary is denoted by x in this figure. At the initial time τ = 0 with

x � β
2π , the straight line geodesic resides outside the shadow region. However, as the

time goes on, the shadow region becomes larger and so the geodesic crosses eventually the

boundary of the shadow region, which is specified by µ = µI .

As was explained in the previous section, HEE may be read simply from the renormal-

ized geodesic distance and the expression of HEE in the RL geodesic case becomes

SHEE =
c

6
× 2sR =

c

3
sR , (4.38)
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where the factor of 2 comes from the fact that the geodesic distance between the R and

L boundaries is twice of our expression of s in (4.7). Furthermore, the final expression

of the HEE for the region BL ∪ BR (see figure 7) should be multiplied by another factor

of 2, since we have considered the symmetric doubled geodesic of the same length in the

+ and − sides. See the next section for a further interpretation of this doubled geodesic

for the HEE.

5 Unitarity, Page curve and mutual information

As is well-known, unitarity is one of the fundamental ingredients in quantum mechanics

and the famous information loss problem of black hole physics is the clash between the

unitarity requirement and a semi-classical computation in the black hole geometry. Some

time ago, Page has sharpened the clash by showing that the entanglement entropy of

Hawking radiation (or that of black hole) should follow the so-called Page curve. On the

other hand, Hawking’s semi-classical computation tells us that the radiation is thermal

so that it cannot follow the Page curve. An interesting picture on the behavior of the

entanglement entropy for eternal black holes was given in [40]. Furthermore, very recent

developments in this story [20, 21] are to explain the Page curve by unveiling missing parts

in the previous semi-classical reasoning and computation. In particular, the island picture

has been constructed [25] and explicitly checked in the case of eternal black holes [43].

In this section, we provide an interpretation of the results in the previous sections

on the entanglement entropy for the three-dimensional Janus black holes. Basically, our

interpretation is similar to that of [40], but there are complications and new aspects,

because of the Janus deformation or the ICFT. The RR or LL geodesics correspond to

the entanglement entropy viewed from one side when we trace out the other side, which

is time-independent as given in (3.25). The additional term depending on γ in these

expressions, which turns out to be temperature-independent, corresponds to the additional

entanglement entropy from the interface QM degrees of freedom.

On the other hand, the RL geodesic corresponds to time-dependent entanglement en-

tropy of the radiation. The late time behavior of this entropy in (4.25), (4.29) and (4.38)

becomes linear and corresponds to the usual deviation from the Page curve. As was ex-

plored and explained in [40], the prescription in HEE tells us that the actual entanglement

entropy should be chosen to be the minimum among the extremal ones in the bulk. There-

fore, the time-dependent part (or the RL geodesic) dominates at the initial stage of the

black hole evaporation while the time-independent one (or the RR/LL geodesics) becomes

dominant after the Page time. This transition of the HEE configuration in the bulk is

interpreted as the consequence of the existence of entanglement islands in eternal black

holes [25, 43–45]. In the case of our Janus black holes, there are some additional features

which are related to the Janus deformation given by the parameter γ. As shown in (4.29),

there is a term (third term in the second line), which vanishes in the BTZ limit of A→ 1.

This term depends on the end point x of the geodesic on the R/L boundary, while it is

independent of time t. We would like to interpret this γ-dependent contribution as the en-

tanglement between the interface degrees of freedom and the radiation degrees of freedom
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Figure 6. We have depicted the Page curves for the parameters 0 < γ1 < γ2 < γ3 < 1/
√

2. γ0
here refers to the γ = 0 Page curve in the BTZ limit.

living outside the location x in our ICFT.9 This entanglement shows us the interplay of

the interface degrees of freedom with the radiation ones. At the end of this section, we

provide some details on this interpretation, which uses a mutual information represented

by the RL geodesic expression.

It is also interesting to observe that the behavior of the entanglement entropy before

the Page time depends on the parameter γ. In figure 6, we have depicted schematically

the Page curves for various values of γ.

According to the minimum choice prescription in the HEE, the Page time may be

determined to be the time when the RR/LL HEE in (3.25) and the RL HEE in (4.10)

with (4.38) become equal. Note also that the integration constant B is related to the

boundary time t (and the position x = L0/2 in our setup) through (4.13). This tells us

that one may write B = B(t). This consideration leads to the following expression for the

Page time:

Q
(
A,B(tP )

)
= 0 . (5.1)

To obtain an explicit expression of the Page time, let us first consider the case of γ � 1.

In this regime we use the results in (4.34), (4.36), and (5.1), which leads to

P (A,B(tP )) = ln
cosh 2πtP

β

sinh πL0
β

=
γ2

8

[
1 +

5√
2

ln
(
1 +
√

2
)]

+O(γ4). (5.2)

For L0 � β
2π , this becomes

tP =
L0

2
+
βγ2

16π

[
1 +

5√
2

ln
(
1 +
√

2
)]

+ · · · . (5.3)

9There are two outsides in CFT− and CFT+.
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Figure 7. In this figure, our entanglement configuration is illustrated.

When A becomes large, we use the result in (4.29) with (4.10) to obtain

ln
cosh 2πtP

β

sinh πL0
β

=
1√
2

ln
A

2
− ln 2 +O(A−1) . (5.4)

Again taking L0 � β
2π , we are led to

tP =
L0

2
+

β

2π

[
1√
2

ln
A

2
− ln 2

]
+ · · · , (5.5)

which tells us that the Page time becomes larger as γ (or A) gets bigger. This aspect is

also depicted in figure 6.

Before going ahead, let us consider the information transfer from black holes to ra-

diations in our setup. Basically, this discussion is similar to the information transfer in

eternal BTZ black holes [40, 43] but there are additional features because of the interface

degrees of freedom. For a concrete discussion, let us denote the interval of our interest as

B and its complement B̄, which correspond to the black holes and radiations, respectively

from the two-dimensional gravity viewpoint. Our setup corresponds to the two-sided black

holes, and therefore it becomes a quadripartite system, BR ∪ BL ∪ B̄R ∪ B̄L. The radiation

parts may be further decomposed into the ± part as B̄R/L = B̄+
R/L ∪ B̄

−
R/L in each R/L

side, respectively, in this two dimensional case (see figure 7). For simplicity, we consider

the +/− symmetric case with a R/L symmetric evolution.

The initial TFD state in (2.24), which exhibits the maximal entanglement between the

R and L sides, is pure. In our setup, we begin with large entanglement between BR and

BL and also between B̄R and B̄L.10 This may be achieved by taking a large length limit

of the interval B as 2π
β L0 � 1. In this limit, the initial entanglement between BR and B̄R

(BL and B̄L) becomes very small, so we may ignore it. This initial setup may be phrased

in terms of the mutual information as

I(BR, B̄R)(t = 0) = I(BL, B̄L)(t = 0) ' 0 . (5.6)

10For another initial entanglement case, see ref. [46].
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Recall that the entanglement entropy S(BR) = S(BL) of the interval of length L0

can be obtained holographically by the RR or LL geodesics as given in (3.25), which are

time-independent. In order to determine the entropy 2S(B̄+
R ∪ B̄+

L ) = 2S(B̄−R ∪ B̄−L ) =

S(B̄R ∪ B̄L) = S(BR ∪ BL) holographically, some care is needed since the correct HEE

should be taken as the minimum among the geodesics. In this regard, one may rephrase

one version of the information paradox [40, 49] for eternal black holes in terms of the

mutual information. The mutual information of BR and BL is given by

I(BR,BL) = S(BR) + S(BL)− S(BR ∪ BL) . (5.7)

If S(BR ∪ BL) is blindly taken as the doubled RL geodesic, the mutual information would

become negative after the Page time, which is a contradiction to the subadditivity. In

other words, the non-negativity of the mutual information implies that it should be zero

after the Page time and so the initial large entanglement between BR and BL disappears

after the Page time. In fact, we know that the correct S(BR∪BL) needs to be taken by the

combination of the RR and LL geodesics, as was done above. Concretely, one can obtain

the explicit expression of I(BR,BL) from our bulk results as

I(BR,BL)(t) = −2c

3
Q
(
A,B(t)

)
. (5.8)

Indeed, since we have taken L0 � β, one can see that the large initial mutual information

is given by

I(BR,BL)(t = 0) = −2c

3
Q
(
A,B(t = 0)

)
=

2c

3
ln sinh

πL0

β
+
c

3
lnA . (5.9)

Now, one may wonder where the large initial entanglement goes after the Page time.

To see this, note that S(B̄R/L) may also be obtained by the RR or LL geodesic and that it

would be time-independent. Then, in conjunction with the RL symmetry, which denotes

symmetry between the R and L system, one may see that I(BR, B̄R) = I(BL, B̄L) is also

time-independent, since the entanglement entropy of one side to the other, S(BR ∪ B̄R) =

S(BL ∪ B̄L), is time-independent in the TFD construction. Recalling that I(BR, B̄R) =

I(BL, B̄L) was initially close to zero (see (5.6)), one may note that BR/L would be nearly

disentangled from B̄R/L at any time. By dividing the quadripartite state to bipartite ones,

we can see that

S(B̄R) = S(BL ∪ B̄L ∪ BR) = S(BR) + S(BL ∪ B̄L)− I(BR,BL ∪ B̄L)

= S(BR) + S(BL) + S(B̄L)− I(BL, B̄L)− I(BR,BL ∪ B̄L) , (5.10)

which, together with the RL symmetry, leads to

2S(BR) = 2S(BL) = I(BL, B̄L) + I(BR,BL ∪ B̄L) ' I(BR,BL ∪ B̄L) . (5.11)

Due to the purity of the whole state BR ∪ B̄R ∪ BL ∪ B̄L, nearly vanishing entanglement

of BR with B̄R would lead to nearly maximal entanglement of BR with BL ∪ B̄L. Together
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with this, we assume that the entanglement structure of our system has a property that

the strong subadditivity of the following form is nearly saturated11

S(BR ∪ BL) + S(BR ∪ B̄L) ≥ S(BR) + S(BR ∪ BL ∪ B̄L) . (5.12)

This means that S(BR ∪ BL) + S(BR ∪ B̄L) ' S(BR) + S(B̄R) = S(BL) + S(B̄L) in our

setup. By using these relations, we deduce that

I(BR,BL ∪ B̄L) ' I(BR,BL) + I(BR, B̄L) ' 2S(BR) = 2S(BL) . (5.13)

Now, one can see that the decrease of I(BR,BL) leads to the increase of I(BR, B̄L)

while their sum remains constant. As a result, the large initial entanglement between BR
and BL is transferred to that between BR and B̄L (or R ↔ L vice versa). This tells us in

our setup the entanglement or information transfer between B and B̄.

6 Outside-horizon description of 2d gravities

In this section, we would like to provide a 2d effective description for our 3d bulk dynamics.

This description should be equivalent to the 3d bulk counterpart by definition. Except for

the bulk CFT2 part of our ICFT, all the remaining degrees of freedom (that are mostly

associated with the interface) are described by effective 2d gravities. For this purpose, we

propose the following procedure to obtain the effective 2d gravities. First, we assume the

separation of + and − sides in the large lnA limit (see figures 3 and 5), which will be

justified further later on. In this limit, let us note that the shadow region, specified by

−µI < µ < µI , becomes large. We shall remove this shadow region and, instead, introduce

two branes at µ = ±µI . We then obtain the 2d actions by following the standard Randall-

Sundrum scenario [47] where the corresponding brane dynamics play the role of replacing

that of the shadow region. Some details of this procedure are presented in appendix C.

As a summary of appendix C, we obtain the 2d gravities Grav±, whose solutions are

given by the AdS2 metrics

ds2
± =

[
−(w2

± − 1)
(2π)2

β2
dt2 +

dw2
±

w2
± − 1

]
`22 , (6.1)

where `2 = `
√
f(±µI). One also notes that the Grav± actions imply that some CFT’s with

central charges c should be present on the µ = ±µI surfaces [35]. We view these CFT’s as

originating from the coupling to the CFT± living on the boundary of our 3d spacetime. The

coupling is made through the AdS2 boundary cut-off surface with a transparent boundary

condition as further specified below. As is given in appendix C, one has a solution of pure

AdS2 with a vanishing dilaton; this can also be checked from our 3d description. Namely in

the 3d description of entropy, for instance, given in (2.20), there is no interface contribution

11Interestingly, this can explicitly be written in terms of the so-called conditional mutual information as

I(BL, B̄L | BR) = I(BR, B̄R | BL) ' 0 in our case. Or it may be rephrased that the density matrix for BR
is decomposed nearly into the direct sum of tensor products in an appropriate way (see [48] for a rigorous

mathematical explanation).
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that is linear in the temperature. Of course, the first term on the right hand side of (2.20)

is linear in the temperature and extensive in the system size Ls, but this has nothing to

do with our interface degrees of freedom.

The key point in our 2d interpretation stems from the fact that our 2d background is

pure AdS2 with a constant dilaton, not nearly AdS2 with so-called Schwarzian dynamics

in [36]. In our case, the reparametrization modes of the AdS2 cutoff surface are fixed by the

cutoff condition of our 3d bulk. This gives us the relation of the AdS2 cutoff surface time τ

to the CFT2 time t. From our 2d perspectives, the transparent coupling between the two

CFT’s does not allow any non-trivial reparametrization modes. Therefore, in our setup

there would be no stability issue [37] of pure AdS2 which arises mainly due to the back-

reaction of a dynamical dilaton. This is then a new type of 2d gravity which is certainly

different from the conventional JT theory.

We note that the AdS2 radius `2 is of the same order as its 3d counterpart ` as is

given in appendix C. Hence the short distance cutoff scale of our 2d description will be

set by the scale `2 ∼ `, which in turn is translated into the length scale β in our ICFT on

R1,1. As depicted in figure 5, there is a non-trivial time evolution of the shadow region.

This 3d bulk phenomenon may be interpreted as an RG flow of the AdS2 dynamics and an

emergence of new degrees of freedom in AdS2 in the low energy regime, whose transitional

behaviors shall be explored in section 8.

In the above, we have taken the large lnA limit in such a way that two branes at

µ = ±µI are treated as separate objects. On the other hand, at the length scale L̃� `2 lnA,

two branes lose their separate identities and act as a single brane, whose behavior shall

be further described in section 8. Especially in this regime of extremely low energies or

t > tP , one finds that only the sum of the +/− topological contributions, in the RR or LL

entanglement entropies, will be fixed to be SI (see sections 7 and 8).

6.1 Comparisons

In this subsection, we reproduce some 3d bulk results from the 2d perspective. Let us

consider a single-sided boundary-to-boundary extremal curve starting from (−x−, t) ending

on (x+, t) where we take x± > 0 such that its trajectory passes through the shadow

region. As drawn in figure 8, this entangling geodesic cuts the ±µI surfaces at (w±, t)

respectively where w± will be a function of x± in general. When γ is small, it is clear that

w+(x±) = w−(x±) +O(γ2), which shows that Grav± are strongly coupled to each other.

When A becomes large, the value w± induced on the ±µI surface approaches w±∞ as

w± = w±∞(x±) +O(1/ lnA) , (6.2)

with the boundary value w±∞(x±) = coth2π
β x±, respectively. To show this, we first note

that the relevant geodesic equations in (3.18) can be integrated to give

ρ(y) = 2E
∫ y

0
dy

A
√

cosh 2y +A
√

cosh 2y +A− 2AE2
,

s(y) =

∫ y

0
dy

√
cosh 2y +A√

cosh 2y +A− 2AE2
, (6.3)
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−x− x+

horizon

−µI µI

w+w−

Figure 8. We draw here a single-sided boundary-to-boundary extremal geodesic curve starting

from (−x−, t) and ending on (x+, t). This entangling geodesic intersects the ±µI surfaces at (w±, t)

respectively.

together with t = constant. In order to make the geodesic stay outside horizon, we will

require E2 < 1
2 (1 + 1/A). Further assuming E � 1, we may expand the above expressions

with respect to E leading to

ρ∞ − ρ−∞ = 4EQ(A) +O(E3) ,

s∞ − s−∞ = y∞ − y−∞ + 2E2Q(A) +O(E4) , (6.4)

where

Q(A) ≡
∫ ∞

0
dy

A

cosh 2y +A
=

1

2
ln 2A+O(A−2) . (6.5)

Therefore, the integration constant E can be fixed as

E =
ρ∞ − ρ−∞

4Q(A)
+O(E3) , (6.6)

and the corresponding renormalized geodesic distance becomes

sR = lnA+ ln 2 sinh
2π

β
x+ + ln 2 sinh

2π

β
x− +

(ρ∞ − ρ−∞)2

8Q(A)
+O(E4) , (6.7)

where cosh ρ±∞ = coth2π
β x±. Thus one finds our assumption E � 1 is fulfilled for any

choice of finite x± since the factor Q(A) in the denominator of (6.6) becomes large when

A becomes large enough. We conclude that the resulting entanglement entropy for the

interval [[−x−,x+]] becomes

S = S(+)(x+) + S(−)(x−) +O(1/ lnA) , (6.8)

where

S(±)(x±) =
c

6
ln 2 sinh

2π

β
x± + S

(±)
I , (6.9)

with S
(+)
I +S

(−)
I = SI . This shows an effective decoupling of the (+) and (−) theories when

lnA� 1. However the decoupling has a subtlety since the interface degrees of freedom will

be shared by the (+) and (−) theories at the same time. At the moment one may regard
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the interface contributions S
(±)
I (≥ 0) to be arbitrary once their sum is fixed to be SI . To

complete our discussion here, we now compute the differences

ρ±∞ − ρ(±yI) = ±ρ∞ − ρ−∞
2Q(A)

QI(A) +O(E3) , (6.10)

where the coordinate values ±yI again referring to the ± surfaces are defined by ±yI =

y(±µI) and

QI(A) ≡
∫ ∞
yI

dy
A

cosh 2y +A
= 1 +O(A−2) . (6.11)

Therefore the differences are of order 1/ lnA, which demonstrates our claim in (6.2). The

resulting value w±(x±) may be considered as on-shell solution of the Grav± theory, respec-

tively. Since Grav± is coupled to CFT± and x± represents coordinate value in CFT±
respectively, the above result strongly suggests that Grav+/Grav− is coupled only to

CFT+/CFT− respectively. Hence we conclude that Grav+×CFT+ and Grav−×CFT− are

effectively decoupled from each other as lnA� 1. Below we shall focus on the nature of the

(±) theories in the limit lnA� 1 safely ignoring any possible interactions between them.

We posit here one possible description of Grav±×CFT± for the region outside horizon,

which is based on straightforward re-interpretation of our 3d bulk computation. We shall

check our proposal in various limiting cases later on. For the (+) theory of Grav+×CFT+,

we choose the following coordinate system. We first introduce spatial coordinate a± > 0

by w± = coth2π
β a± in the gravity side. For the AdS Rindler wedge of the black hole

spacetime, let us introduce coordinates σ±(+) = t∓ a+ with a restriction σ+
(+) < σ−(+). The

metric in (6.1) becomes

ds2
(+) = −

dσ+
(+)dσ

−
(+)

sinh2 π
β

(
σ+

(+) − σ
−
(+)

) (2π`2
β

)2

. (6.12)

For the flat spacetime region of CFT+, we introduce the coordinates σ±(+) = t ± x+ with

the flat metric

ds2
(+) = −dσ+

(+)dσ
−
(+) , (6.13)

with the range σ+
(+) > σ−(+). These two charts are joined through the surface σ+

(+) = σ−(+)

and then the whole coordinate range of (σ+
(+), σ

−
(+)) covers the entire planar region of R2.

For the (−) theory, one has σ±(−) = t± a− for the black hole part with the restriction

σ+
(−) > σ−(−) and σ±(−) = t∓ x− for the flat space of CFT− with σ+

(−) < σ−(−). The metric in

the black hole/the flat region is respectively given by (6.12)/(6.13) with all the subscripts

(+) replaced by (−).

As we described earlier, our original CFT (with the central charge c) on the flat

region of the 2d spacetime is extended into an outside-horizon region of the black hole

spacetime.12 This determines basically the coupling between Grav± and CFT±. Recall that

our pure gravity part is solely given by the topological contribution. The total topological

12As will be clarified in section 8, they may be further extended into the behind-horizon region excluding

any such region where extra AdS2 matter is excited.

– 26 –



J
H
E
P
0
1
(
2
0
2
1
)
1
5
5

−x− x+

horizon
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Figure 9. In this figure, we depict an off-shell configuration where one connects (x+, t) to (a+, t),

(a+, t) to (a−, t), and (a−, t) to (−x−, t) with each segment connected extremally.

contribution is non-dynamical and shared by Grav+ and Grav−. In this sense, the (±)

theories are not completely decoupled from each other.

With these preliminaries, the generalized entropy for the interval [−a+, x+]∪[−x−, a−],

which includes quantum matter contribution, can be identified as [43]

Sgen(a±, x±) = S+(a+, x+) + S−(a−, x−) , (6.14)

where

S(±)(a±, x±) =
c

6
ln

2 sinh2 π
β (a± + x±)

sinh 2π
β a±

+ S
(±)
I . (6.15)

Note that each S
(±)
I is from the topological contribution of the pure gravity part.

6.2 Some checks

Let us now justify the above expression of the generalized entropy. First of all, its extrem-

ization with respect to a± leads to the conditions

coth
π

β
(a± + x±) = coth

2π

β
a± . (6.16)

Their solutions are simply given by

a± = x± , (6.17)

which lead to the quantum extremal entropies

S
(±)
ext =

c

6
ln 2 sinh

2π

β
x± + S

(±)
I . (6.18)

The solutions and the resulting extremal entropies perfectly agree with those from the 3d

gravity in (6.2) and (6.8). Thus we have checked the validity of the 2d description at least

on-shell.

We now check the generalized entropy in (6.14) at its off-shell level. For this let us

consider an off-shell configuration where one connects (x+, t) to (a+, t) on the +µI surface,

(a+, t) to (a−, t) on the −µI surface, and (a−, t) to (−x−, t) with each segment connected

extremally. See its illustration in figure 9. The configuration in total will be geodesic

when a± = x± + O(1/ lnA) as mentioned previously. For each segment, we apply the
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solution in (6.3) by matching the starting and the ending values of ρ coordinate, which will

fix the integration constant E uniquely. We first consider the case where 2π
β x± � 1 and

2π
β a± � 1. In this case, one finds that E � 1 for each segment and the solution in (6.3) can

be expanded with respect to E as was done previously. For the extremal curve connecting

(a±, t) to (±x±, t), we note that

ρ±∞ = 2e
−π
β
x± +O

(
e
− 3π
β
x±
)
,

ρ(±yI) = 2e
−π
β
a± +O

(
e
− 3π
β
a±
)
, (6.19)

and then

E =
e
−π
β
x± − e−

π
β
a±

QI(A)
+O

[(
e
−π
β
x±+e

−π
β
a±
)3
]
. (6.20)

The resulting renormalized extremal distance becomes

sa±→x± =
1

2
lnA− yI + ln 2 sinh

2π

β
x± +

(
e
−π
β
x± − e−

π
β
a±
)2

QI(A)
+O

[(
e
−π
β
x±+e

−π
β
a±
)4
]
.

(6.21)

The extremal distance from (a−, t) to (a+, t) can also be computed in a similar way lead-

ing to

sa−→a+ = 2yI +

(
e
−π
β
a+ − e−

π
β
a−
)2

Q−+(A)
+O

[(
e
−π
β
a+ +e

−π
β
a−
)4
]
, (6.22)

where

Q−+(A) ≡
∫ +yI

−yI
dy

A

cosh 2y +A
. (6.23)

The first term in this expression is independent of a± and gives the topological contribution

of SI if one includes the constant terms of the remaining segments. Noting

Q−+(A) = lnA+ · · · , (6.24)

one may ignore the second term of (6.22) in the limit lnA � 1. Therefore one finds the

total contribution to the generalized entropy becomes

Stot = Sgen(a±, x±) +O
[(
e
−π
β
a+ +e

−π
β
a−
)2
/ lnA

]
+O

[(
e
−π
β
a+ +e

−π
β
a−+e

−π
β
x±
)4]

.

(6.25)

Hence we have an agreement with (6.14) ignoring the higher order correction terms. Finally

we consider the off-shell configuration where a± = x±+δa± but with no further assumption

on x± > 0. It is straightforward to show that

Stot = Sgen(x± + δa±, x±) +O(δa2
±/ lnA) +O(δa4

±) . (6.26)

Hence, one has again a perfect agreement with (6.14) up to the order of δa2
±.
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7 ICFT description of entanglement entropy

Before going on, we would like to explain the ICFT computation of the entanglement

entropy and its relation to our HEE in the previous sections rather schematically.13 The

main object we are interested in is the reduced density matrix ρII of the Janus TFD

state (2.25) over the RL intervals II ≡ IL ∪ IR = [[−x−,x+]]L ∪ [[−x−,x+]]R at time tL =

tR = t ≥ 0. As before, the trace of its n-th power can be computed using the R/L twist

operators Φ±nR/L(t, x) by

trρnII = 〈Φ+
nR(t, x+)Φ−nR(t,−x−)Φ+

nL(t,−x−)Φ−nL(t, x+)〉JTFD . (7.1)

Then the corresponding entanglement entropy is given by

SEEII (t) = − lim
n→1

∂

∂n
trρnII . (7.2)

The above four-point function on the Janus TFD can be mapped to a four-point correlation

function on a single R2 by the exponential map [40]

±X± = e
± 2π
β
x±
R/L . (7.3)

where

x±R = t± x ,
x±L = −

(
t+

β

2
i

)
± x . (7.4)

Namely the trace in (7.1) can be mapped to

trρnII = 〈Φ+
n (X±1 )Φ−n (X±2 )Φ+

n (X±3 )Φ−n (X±4 )〉ICFT . (7.5)

with

x±1 = t ± x+ ,

x±2 = t± (−x−) ,

x±3 = −
(
t+

β

2
i

)
± (−x−) ,

x±4 = −
(
t+

β

2
i

)
± x+ , (7.6)

where the expectation value of operators is taken over the ICFT vacuum state on R1,1.

Hence the HEE computation of sections 4 and 5 should be understood as the above four-

point function with the choice x+ = x− = x > 0. In this case, the remaining SO(2, 1)

symmetry of the ICFT dictates the general form of the four-point function to be

trρnII |x±=x =
1(

2 sinh 2π
β x
)4∆n

(
Gn(ξ)

)2
, (7.7)

13We are working with our Janus ICFT which has the corresponding dual gravity description. There-

fore, note that some results in this section depend on the microscopic details of underlying AdS/CFT

correspondence.
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where ξ is the cross ratio given by

ξ =
cosh2 2π

β t

sinh2 2π
β x

. (7.8)

Note that the holographic counterpart of ln
√
ξ is the function P (A,B).

The function Q(A,B) of HEE side defined over 0 ≤ ξ ≤ ξ(tP ) is then related to Gn by

c

3

[
Q
(
A,B(ξ)

)
+ ln

√
A

]
= − lim

n→1

∂

∂n
Gn(ξ) , (7.9)

where B(ξ) is defined by the relation ξ = sinh2 q∞(A,B) together with q∞(A,B) in (4.18).

The ξ → 0 limit is the so-called bulk OPE limit where the presence of our interface can be

ignored. Namely, when ξ � 1, one has

Gn ' G0 ξ
−∆n , (7.10)

where G0 is a constant independent of n. This basically follows from the bulk OPE limit

since the inserted points are relatively far away from the interface and thus the presence

of the interface can be safely ignored. From this, one may recover the small ξ behavior

SEEII '
2c

3
ln 2 cosh

2π

β
t , (7.11)

which agrees with our HEE result given in (4.25) and (4.38). On the other hand, the

transition occurs at t = tP ; when ξ ≥ ξ(tP ), the corresponding expression of [Gn]2 in the

strongly coupled regime becomes[
Gn(ξ)

]2
= G̃2

0A
c
3

(1−n) , (7.12)

whose n-dependence is determined from the HEE expression in (3.25). The A dependence

comes from the interface identity operator. Namely, e
c
3

(1−n) lnA stems from the degeneracy

factor of the interface ground states in n copies of replicas of the ICFT. In the intermediate

region of 0 ≤ ξ ≤ ξ(tP ), the detailed dynamics of the RL extremal curve plays a role, which

was discussed briefly in sections 4 and 5. In the limit A→ 1, the interface degrees of freedom

disappear completely and one regains the full conformal symmetry out of SO(2, 1). In this

case, the behavior in (7.11) will be valid over the full region of 0 ≤ ξ ≤ ξ(tP ) if one assumes

the large c limit of holographic theories [40].

Below we shall be mainly concerned with the large deformation limit, lnA � 1, with

general x± � β. In this case, we again have an effective (±) separation of the Janus TFD

theory. Namely, one has an effective factorization14

trρnII ' 〈Φ+
nR(t, x+)Φ−nL(t, x+)〉TFD 〈Φ−nR(t,−x−)Φ+

nL(t,−x−)〉TFD . (7.13)

The resulting (±) dynamics has the interpretation of Grav±×CFTR
±×CFTL

± respectively.

Furthermore each (±) theory has a corresponding BCFT interpretation where some part

14This factorization fails in a subtle manner when t ≥ tP because the interface degrees of freedom are

shared by the (±) theories. We shall clarify this subtlety later on.
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of the interface degrees of freedom play the roles of boundary degrees of freedom. Again

the (±) two-point functions have the general forms

〈Φ+
nR(t,±x±)Φ−nL(t,±x±)〉TFD =

1(
2 sinh 2π

β x±

)2∆n
G(±)
n (ξ±) , (7.14)

where the (±) cross ratios are respectively given by

ξ± =
cosh2 2π

β t

sinh2 2π
β x±

. (7.15)

Then, the function Q(A,B) of the HEE side defined over 0 ≤ ξ± ≤ ξ±(tP ) is again related

to G
(±)
n by

c

3

[
Q(A,B(ξ±)) + ln

√
A
]

= − lim
n→1

∂

∂n
G(±)
n (ξ±) . (7.16)

However, as we shall clarify below, there remain some subtle dynamical correlations be-

tween the (±) theories since the interface degrees of freedom are shared by the (±) theories.

8 Islands and behind-horizon dynamics

In this section, we shall be mainly concerned with the behind-horizon dynamics of the

region 0 ≤ ξ± ≤ ξ±(tP ), which is described by the RL extremal curves holographically.

We again assume lnA � 1 such that one may trust our 2d gravity description of the (±)

theories. In this section, we shall omit any possible corrections of order 1/ lnA for the

simplicity of our presentation.

First, let us describe the spacetime picture of Grav± × CFTR
± × CFTL

±. We present

here only the case of the (+) theory as the (−) theory can be treated in a parallel manner.

Below we basically follow the reference [43]. Let us begin by introducing two copies of

R2 coordinates σ±R = tR ± xR and σ±L = −tL ± xL covering R/L AdS2 Rindler wedge for

xR/L < 0 joined to the R/L flat spacetime xR/L > 0. The metric for the R/L Rindler

wedge is given by

ds2
R/L = −

dσ+
R/Ldσ

−
R/L

sinh2 π
β (σ+

R/L − σ
−
R/L)

(
2π`2
β

)2

, (8.1)

for the region σ+
R/L < σ−R/L and the one for the R/L flat region σ+

R/L > σ−R/L by

ds2
R/L = −dσ+

R/Ldσ
−
R/L . (8.2)

Those two regions in each set are joined along σ+
R/L = σ−R/L as described by vertical lines

in figure 10.

The above two copies of R2 can be mapped to a single R2 with coordinates U± by the

exponential map, U± = ±e±
2π
β
σ±R and U± = ∓e±

2π
β
σ±L [43]. The R/L flat regions specified

by U+U− < −1 have the metric

ds2 =
dU+dU−

U+U−
β2

4π2
, (8.3)
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L L R R

Is

Figure 10. We draw the Penrose diagram of the full 2d spacetime. One two-sided AdS2 black

hole spacetime is joined to the R/L flat regions of σ+
R/L > σ−

R/L along σ+
R/L = σ−

R/L. The upper

R/L point has coordinates (tR/L, xR/L) = (t, x+) with our choice. As was shown in section 6, before

extremization, the lower R/L point has coordinates (t,−aR/L), which will be fixed to be (t,−x±)

after extremization. The blue line denoted by “Is” is for the island configuration.

whereas the two-sided black hole spacetime specified by −1 < U+U− has the metric

ds2 = − 4dU+dU−

(1 + U+U−)2
`22 . (8.4)

In this coordinate system, the surface U+U− = −1 is the junction of the black hole and

the R/L flat regions.

As was mentioned already, at t = tP , there will be a transition from the RL connecting

extremal curves to the RR/LL extremal curves in the bulk side. After the transition,

the bulk picture is given in figure 11. The time slice of the configuration is chosen as

follows; except for the island plus its bulk extension which is in the constant τ slice, all the

remaining regions are in constant t slice. The green curves represent the relevant part of

the RR/LL bulk extremal curves. The 2d boundary of the relevant bulk spacetime is given

in figure 10. In this 2d picture, the whole configuration after the Page time consists of

two blue curves connecting (t,∞)R/L and (t, x+)R/L, two red curves connecting (t, x+)R/L
and (t,−aR/L)R/L and the so-called island curve connecting (t,−aR)R and (t,−aL)L. In

section 6, we have shown that the corresponding generalized entropy in (6.14) is minimized

with aR/L = x+. The bulk extremal curves are then represented by the two red curves

connecting (t, x+)R/L and (t,−x+)R/L as depicted in figure 10. Note that, except for the

island which is along the corresponding constant τ slice, all the remaining curves are along

the constant t slice upon extremization. Adding the contribution of the (−) theory, we have

SII = S(+) + S(−) , (8.5)

S(±)(t≥ tP ) =
c

3
ln 2 sinh

2π

β
x± + S

(±)
I , (8.6)
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R

L

Figure 11. The bulk picture is given for t ≥ tP . The time slice of the configuration is chosen as

follows; except the island plus its bulk extension, which is in the constant τ slice, all the remaining

regions are in constant t slice. The green-colored curves represent the bulk extremal curves and the

blue curve denoted by “Is” stands for the island configuration.

where the topological contributions S
(±)
I are constrained by S

(+)
I + S

(−)
I = 2SI as was

explained before. We shall specify the values of S
(±)
I later on.

Since the full two dimensional theories are unitary, one may alternatively obtain S(+)

by the QES including island contribution [43]

S(+) = min ext
[
S

(+)
I + Smatter

[x+,∞)L∪[x+,∞)R∪Is

]
, (8.7)

where the topological term S
(+)
I is the geometric contribution from the end points of the

island and the second term from the 2d matter contribution of the relevant intervals.

(Of course, one has a parallel story for the (−) theory.) Therefore we conclude that the

island is formed after the Page time and the degrees of freedom in the island region are

entangled with radiation of the region [x+,∞)R∪[x+,∞)L. Since the island is connected to

the radiation through the 3d bulk, the development of entanglement between them seems

rather clear. Also note that the island contribution should be included in the original

ICFT computation of the entanglement entropy of the intervals [[x+,∞))L ∪ [[x+,∞))R ∪
((−∞,−x−]]L∪ ((−∞,−x−]]R. Hence, its appearance is solely due to our effective 2d gravity

description.

8.1 3d description and a new phase in entanglement evolution

In this subsection, we explain how the entanglement is developed in time from the view

points of 3d bulk and ICFT. It will be mainly accounted for by the behind-horizon dynamics

of the RL extremal curves in the region 0 ≤ ξ± ≤ ξ±(tP ). As was mentioned, the dynamics

of QES before the transition is rather complicated, whose details are mainly based on our

holographic computation of the RL extremal curves. It basically shows how degrees of

freedom in [[−x−,x+]]L ∪ [[−x−,x+]]R, which in particular include the R/L interface degrees

of freedom, are entangled with the rest (called as radiation) as time goes by. The first is

the so-called bulk OPE limit where ξ+ � 1, i.e. the RL extremal curve is relatively far

away from the surface µ = µI . We depict the corresponding configuration on the left side
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Figure 12. The 3d bulk picture of constant τ slice is given for 0 ≤ ξ+ ≤ ξI . On the left side, we

draw the RL extremal curve with ξ+ � 1. On the right side we depict the RL extremal curve just

touching the µ = µI surface.

of figure 12. In this regime, one has

SII = S(+) + S(−) , (8.8)

where

S(±) =
c

3
ln 2 cosh

2π

β
t+O(ξ±) . (8.9)

For the entire region before the transition 0 ≤ ξ+ < ξ+(tP ), the contribution from the

(green-colored) bulk extremal curve can be recovered from the red-colored region which is

connecting (t, x+)R to (t, x+)L through the black hole spacetime as depicted in figure 12.

The corresponding curve is also depicted in figure 10 by the single red line connecting

(t, x+)R to (t, x+)L. In the bulk OPE limit of ξ+ � 1, the contribution from the interface

degrees of freedom can be ignored and the original CFT with central charge c will be

responsible for the dynamics even including behind-horizon region. This contribution has

been identified in [43], which precisely agrees with the expression in (8.9). See appendix B

for its detailed computation using the two-point function of the twist operators.

In this bulk OPE limit, the form of G
(±)
n is known to have a general form

G(±)
n ' G0 ξ

−∆n
± , (8.10)

which is a straightforward generalization of (7.10). Of course the entanglement entropy

in (8.9) then follows from the formula (7.16) and (8.10).

We now turn to a general holographic expression valid for the region 0 ≤ ξ± ≤ ξ±(tP )

with lnA � 1. The corresponding behaviors are basically described by (4.30) and (4.31).

In terms of ξ±, S(±) is identified as

S(±) =
c

3

(
ln 2 sinh

2π

β
x± +

ln
(√

ξ±+
√
ξ±+1

)
√

2
√

1+α±
− 1

2
ln

1+α±
2

)
, (8.11)

where α± is related to ξ± by

ln
(√

ξ±+
√
ξ±+1

)
=

√
2
√

1+α±√
α±

arcsin
1√

1 + α±
. (8.12)
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Figure 13. The 3d bulk picture of constant τ slice is given for ξI ≤ ξ± ≤ ξ±(tP ). In this

figure, we choose the case x+ > x− for the sake of illustration. The dotted red lines represent the

behind-horizon regions where the induced AdS2 matter is excited. On the remaining part of the 2d

spacetimes, the original CFT matter with central charge c propagates.

The small ξ± behavior of (8.9) is following from the limit α± � 1. Another well known

regime of interest is the so-called boundary (interface in our case) OPE limit, i.e. ξ± � 1.

The transition from the bulk to the interface limit occurs around ξ± = 1, which corresponds

to α±(ξ± = 1) ' 2.83586. In the regime of 0 ≤ ξ± ≤ 1, the radiation of bulk RL

entanglement ln 2 cosh 2π
β t (via the bulk channel of operator Φ±n ) plays a dominant role. Of

course the outgoing and ingoing components are balanced with each other such that the

spacetime outside horizon remains stationary.15

At α± = αI = 1
e2−1

, the extremal curves begin to touch the surface µ = ±µI where our

Grav± is defined respectively. At this point, one has ξ± = ξI ' 18841.1. The corresponding

configuration is drawn on the right hand side of figure 12.

After then one begins to see details of the shadow region. As time goes by, the shadow

region behind horizon is getting bigger and bigger as drawn in figure 13. When ξ± � 1,

the S(±) becomes

S(±) =
c

3

(
ln 2 sinh

2π

β
x± +

1√
2

ln
cosh 2π

β t

sinh 2π
β x±

+
1+
√

2

2
ln 2+O

(
(ln ξ±)−2

))
. (8.13)

As ξ± is getting bigger, one is probing deeper region of the shadow. This implies that

the radiation and the degrees of freedom in the deeper region of the shadow are entangled

more and more as time goes by. It clearly shows an appearance of new phase in our

behind-horizon dynamics. Especially, in this new phase (with A � 1), the slope in our

entanglement time evolution approaches β

2
√

2π
before the Page transition (see figure 6).

Below we shall identify the corresponding boundary operator from the view point of ICFT.

15The outgoing and the ingoing components of radiation are between BL and B̄R or between BR and B̄L
in the notation of section 5.
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Now comparing the above with the entanglement entropy at the Page time in (8.5),

one finds the Page time satisfies

1

2
ln ξ+(tP )ξ−(tP ) =

√
2 ln

A

2
− 2 ln 2 , (8.14)

where we assume ξ±(tP ) � 1 for the simplicity of our presentation. When x± � β and

lnA� |x+−x−|/β, one has a solution

tP =
x+ + x−

2
+

β

2π

[
1√
2

ln
A

2
− ln 2

]
, (8.15)

where we ignore any exponentially small correction.

The entropy S(±) developed up to the Page time reads

S(±)(tP ) =
c

3
ln 2 sinh

2π

β
x± + S

(±)
I , (8.16)

where

S
(±)
I =

c

6

[
∓
√

2 ln
sinh 2π

β x+

sinh 2π
β x−

+ lnA

]
. (8.17)

The first term on the right hand side of (8.16) shows the entanglement between the bulk

CFT degrees of freedom in [−x−, x+]R/L and the (±) radiation. The remaining term S
(±)
I

represents the entanglement between the interface degrees of freedom and the (±) radiation

respectively. Hence for x+ > x−, one can see that the (−) radiation ([−∞,−x−]L ∪
[−∞,−x−]R) is more entangled with the interface degrees of freedom than the (+) radiation

([x+,∞]L ∪ [x+,∞]R), and vice versa. In figure 13, we draw the shape of the configuration

in the regime ξI ≤ ξ± ≤ ξ±(tP ) with x+ > x−. Thus we conclude that the (+) and (−)

theories are dynamically correlated with each other even in the limit lnA� 1.

8.2 ICFT description and extra boundary operators

The behavior for the regime of ξ � 1 in the previous section can be summarized in terms

of the function trρnII by

trρnII '
1(

4 sinh 2π
β x+ sinh 2π

β x−

)2∆n

[
G(±)
n (ξ±)G(±)

n (ξ±) +G2
IA
− c

3
(n−1)

]
, (8.18)

where

G(±)
n (ξ±) = GI

[∑
k

gn,kξ
−∆̂n,k

± + 2−(1+
√

2)δnξ−∆̂n
±

]
, (8.19)

with ∆̂n,k > ∆̂n for n > 1, ∆̂1,k = ∆̂1 = 0 and δ1 = 0. Here, GI is a constant indepen-

dent of n. From the behavior of the entanglement entropy in the previous section, one

finds ∂nδn|n→1 =
√

2∂n∆̂n|n→1 = c
6 . This form is consistent with the boundary OPE limit

in [51, 52]. From this one may find the transition of the entanglement entropy at the Page
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time tP in (8.14). It is also consistent with the requirement tr ρII = 1. To recover (8.13)

in the regime 1� ξ± ≤ ξ±(tP ), we assume the last term in the bracket of (8.19) dominates

over the remaining terms once ξ± � 1. It also gives us the desired form of the entangle-

ment entropy in (8.6). The second term in the bracket of (8.18) comes from the boundary

OPE between bulk and boundary identity operator. The n-dependence of its coefficient

is explained below (7.12). Since the interface degrees of freedom are shared by the (±)

theories, the corresponding interface ground states, on which (±) boundary operators in-

cluding the interface identity are acting, are shared by the (±) theories as well. This is the

reason why the factorization fails with the interface identity operator in (8.18). It is clear

that the assumption of vacuum block dominance in [33] is not respected in our holographic

interface theory.

8.3 Emergence of new AdS2 matter

All the above boundary (interface) operators of dimensions ∆̂n,k and ∆̂n, which are in-

duced by Φ±n , are responsible for the behind-horizon dynamics of generalized entropy. The

corresponding AdS2 matter contribution should be included when we are dealing with the

generalized entropy using the 2d gravity theory. For the illustration, see figures 10 and 13.

The dotted red lines represent regions where the extra AdS2 matter propagates. On the

remaining part of the 2d spacetime, the original CFT matter with central charge c prop-

agates. The transition between them occurs roughly where the bulk extremal curves are

touching the µ = ±µI surfaces.

Based on this observation, we carry out the 2d CFT computation of the generalized en-

tropy Ŝgen in appendix B. In this 2d setup, we consider the causal diamond DRL defined by

the two points PR/L with coordinates U±R = ±e
2π
β

(±t+x)
= tan τ±λ

2 and U±L = ∓e
2π
β

(∓t+x)
=

tan τ∓λ
2 , respectively. The interval with end points PR/L will be denoted by IRL. We take

x > 0 and π > λ > π
2 such that these points lie in the flat region of figure 10. We further

introduce an interval Irl specified by two points Pr/l with coordinates U±r = tan τ0±λ0
2 and

U±l = tan τ0∓λ0
2 , respectively, where we used the RL symmetry of our model. We require

π
2 > λ0 ≥ 0 such that the points Pr/l lie within the AdS2 region (of the diamond DRL).

The induced boundary (interface) operator Ôn of dimension ∆̂n is assumed to be excited

within the interval Irl of the AdS2 region.16 We further denote the interval defined by

{PR, Pr}/{PL, Pl} as IRr/ILl, respectively.

The entanglement entropy ŜRr/ŜLl of the interval IRr/ILl can be evaluated from the

two-point function of the twist operators Φ±n as usual. Similarly the induced contribution

Ŝrl can be computed from the two-point function 〈Ôn(Pr)Ôn(Pl)〉. We then consider the

generalized entropy given by

Ŝgen = ŜRr + ŜLl + Ŝrl = 2ŜRr + Ŝrl , (8.20)

where we set ŜRr = ŜLl using the RL symmetry of our problem. In this computation we

assume that any possible mutual information between the three intervals can be ignored.

16Upon extremization, the two points Pr/l roughly become the end points of each dotted red line in

figures 10 and 13.
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One finds τ0 = τ upon extremization. Hence the extremum is achieved along the constant

τ slice which is in accordance with our holographic computation. Upon further extremizing

with respect to λ0, one finds two solutions in the regime ξ± � 1. Note that the points Pr/l
in these solutions all lie behind the horizon of AdS2. Another relevant configuration for

the entanglement entropy of IRL is the one without any extra AdS2 matter contribution.

This becomes

ŜRL =
c

3
ln 2 cosh

2π

β
t . (8.21)

Choosing the minimum among those three and setting q̂ = 1√
2

(see (B.7) for its definition),

one finds the entanglement entropy from the 2d perspective as

Ŝ(±) =
c

3

[
ln 2 sinh

2π

β
x± +

1√
2

ln
2 cosh 2π

β t

sinh 2π
β x±

+ 2 ln 2−
√

2 ln(1+
√

2)+O
(
ξ−1
±
)]
, (8.22)

for the regime ξ± � 1. The details of the computation will be relegated to appendix B.

Note that the above entropy Ŝ± agrees with our HEE in (8.13) up to constant terms: the

difference reads

S(±) − Ŝ(±) '
c

3

[√
2 ln(1+

√
2)− 3

2
ln 2

]
' 0.069 c . (8.23)

Of course, we do not expect any precise agreement since our discussion is based on a number

of approximations. In particular the transitional region between the original CFT and the

induced AdS2 matter excitation is not so sharply defined in our original HEE configuration

in figure 13.

This behind-horizon matter will be responsible for the outgoing and ingoing compo-

nents of radiation in the regime ξ± � 1. Hence the extra AdS2 matter is contributing to

the entanglement evolution in the behind-horizon region in addition to the original CFT

with central charge c. Further study is required in this direction.

9 Conclusions

In this work, we have investigated the entanglement entropy/information evolution of black

holes surrounded with radiations from three different perspectives and showed that it fol-

lows the anticipated Page curve. Firstly, we have evaluated holographically the entangle-

ment entropy of the boundary intervals by using the geodesic distance in the 3d Janus

black holes. Secondly, we have made the boundary ICFT interpretation of this HEE in

Janus black holes. And then we have provided the effective 2d gravity realization dual to

the interface degrees of freedom, which is coupled to CFT2. In this reduced gravity, we

have also confirmed that the QES with island picture can reproduce the HEE computed

in our 3d gravity. All of these perspectives lead to a consistent picture and confirm the

unitary evolution of entanglement entropy.

In the 3d Janus black hole, the conventional Ryu-Takayanagi surface (geodesic in our

case) can give the entanglement entropy of two intervals located in the left and the right
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boundary, respectively. As usual, the change of the topology of the Ryu-Takayanagi surface

leads to the phase transition of the entanglement at the Page time tP which is increasing as

the number of the interface degrees of freedom, represented by lnA, gets larger. When the

Page time is large enough, we found an additional phase transition before the Page time.

This new phase can naturally be understood from the point of view of the effective 2d

gravity dual to the interface degrees of freedom coupled to CFT2. As the interface degrees

of freedom are mixed with CFT2, the surface where the 2d gravity lives expands. If lnA

is large enough, this surface for the 2d gravity intersects with the Ryu-Takayanagi surface

connecting the left and right intervals before the Page time. And, this is responsible for

the new phase transition.

When lnA is sufficiently large, one can view our system as two nearly decoupled

BCFT’s. From the BCFT point of view, the entanglement entropy can be evaluated by the

two point function of the twist operators. In early time, the bulk OPE channel dominates

to the first phase. As time passes, we consider the boundary OPE channel which is me-

diated by boundary operators in 2d gravity induced by the twist operator. Note that the

broken conformal symmetry to SO(1, 2) in the 2d gravity leads to the effective conformal

dimension of the induced operator. This reproduces the second phase obtained by the 3d

Ryu-Takayanagi surface.

Following the island conjecture, we computed the generalized entropy in the 2d gravity

coupled to a CFT2 system, and its extremization agrees with the 3d gravity calculation.

Also, for given points x+ and −x− on the CFT2, we considered a geodesic connecting

them with a± on the 2d gravity surface (see figure 9), which was found to agree with

the generalized entropy in our 2d system. This explains why we need to extremize the

generalized entropy to get the correct answer because the geodesic connecting ±x± and

a± naturally leads to the Ryu-Takayanagi surface in 3d gravity by its extremization with

respect to a± by definition of the geodesic.

Our top-down approach in this work can give us concrete answers on the 2d gravities.

Starting from the 3d Janus black hole for instance, we obtain the effective 2d gravity

directly by integrating out the bulk degrees of freedom. Also, it is intriguing to investigate

the entanglement wedge reconstruction. From the point of view of 2d effective gravity

coupled to a CFT2, one can study the Petz map which reconstructs operators behind the

horizon [45] to see the effect of the interface degrees of freedom on the reconstruction. And,

one might be able to reinterpret the entanglement wedge reconstruction of the 2d system

from the 3d point of view.

In this work, our study is focused on the entanglement evolution of the 3d Janus

black hole. Its higher dimensional generalization will be of interest. It might also be

interesting to consider higher derivative corrections in the gravity action [53] and the flat

space adaptation [54].

Acknowledgments

We would like to thank Andreas Gustavsson for careful reading of the manuscript. DB

was supported in part by NRF Grant 2020R1A2B5B01001473, by Basic Science Research

– 39 –



J
H
E
P
0
1
(
2
0
2
1
)
1
5
5

Program through National Research Foundation funded by the Ministry of Education

(2018R1A6A1A06024977), and by the 2020 sabbatical year research grant of the University

of Seoul. C.K. was supported by NRF Grant 2019R1F1A1059220. S.-H.Y. was supported

by NRF Grant 2018R1D1A1A09082212 and supported by Basic Science Research Program

through the NRF funded by the Ministry of Education(NRF-2020R1A6A1A03047877). JY

was in part supported by a KIAS Individual Grant (PG070101) at Korea Institute for Ad-

vanced Study, and by the National Research Foundation of Korea(NRF) grant funded by

the Korea government(MSIT) (2019R1F1A1045971).

A Elliptic integrals

In this section, we summarize various formulae about elliptic integrals, which are used

in the main text. (See [55] and references therein for a more detailed information about

elliptic integrals.) The incomplete elliptic integral of the first kind F (ϕ |m) is defined as

F (ϕ |m) =

∫ ϕ

0

dθ√
1−m sin2 θ

, (A.1)

and the incomplete elliptic integral of the third kind is defined as

Π(ν ; ϕ |m) =

∫ ϕ

0

1

1− ν sin2 θ

dθ√
1−m sin2 θ

. (A.2)

These become the complete elliptic integrals in the case of ϕ = π
2 as

K(k) = F
(π

2

∣∣∣ k2
)
, Π(ν ; k) = Π

(
ν ;

π

2

∣∣∣ k2
)
. (A.3)

The symmetric elliptic integrals are defined as

RF (x, y, z) =
1

2

∫ ∞
0

dt√
t+ x

√
t+ y

√
t+ z

, (A.4)

RJ(x, y, z, p) =
3

2

∫ ∞
0

dt

(t+ p)
√
t+ x

√
t+ y

√
t+ z

, (A.5)

and

RC(x, y) ≡ RF (x, y, y) , RD(x, y, z) ≡ RJ(x, y, z, z) . (A.6)

These symmetric forms are more useful for obtaining the asymptotic expansion and for

providing more efficient numerical computation. In particular, the symmetric integral RC
can be written in terms of elementary functions as

RC(x, y) =


1√
y−x arccos

√
x
y , x < y

1√
x−yarccosh

√
x
y = 1√

x−y ln
√
x+
√
x−y√
y , x > y

. (A.7)

The symmetric forms have the following scaling properties:

RF (λx, λy, λz) = λ−
1
2RF (x, y, z) , RJ(λx, λy, λz, λp) = λ−

3
2RJ(x, y, z, p) . (A.8)
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Another useful relation is

RJ(x, y, y, p) =
3

p− y
[
RC(x, y)−RC(x, p)

]
, p 6= y . (A.9)

Asymptotic expansion formulae useful in the main text are

RF (x, y, z) =
1

2
√
z

ln
16z

(
√
x+
√
y)2

+O
(
x+y

2 ,
√
xy
)

for x, y � z . (A.10)

RJ(x, y, z, p) = 3
2

1√
xyz ln 4xyz

pσ2 + 2RJ(x+ σ, y + σ, z + σ, σ)

+O
(
p ln p

)
for p� x, y, z , (A.11)

where σ ≡ √xy +
√
yz +

√
zx.

Note that the incomplete elliptic integrals may be represented by the symmetric

forms as

F (ϕ |m) = RF

(
cos2 ϕ
sin2 ϕ

, 1
sin2 ϕ

− 1, 1
sin2 ϕ

)
, (A.12)

Π(ν ; ϕ |m) = sinϕ RF (cos2 ϕ, 1−m sin2 ϕ, 1)

+
ν

3
sin3 ϕ RJ(cos2 ϕ, 1−m sin2 ϕ, 1, 1− ν sin2 ϕ) . (A.13)

B 2d computation with AdS2 matter contribution

We begin with the entanglement entropy of the interval IRL without any extra AdS2 matter

propagation. The two-point function with the twist operator insertion may be evaluated as

GRLn = 〈Φ+
n (PR)Φ−n (PL)〉CFT =


√
U+
RU
−
RU

+
L U
−
L

(U+
R − U+

L )(U−L − U−R )

∆n

. (B.1)

In this expression, the numerator inside the bracket comes from the Weyl factor at each

point in the Weyl transformation from the trivial flat metric ds2
f = −dU+dU− to our

metric in (8.3). In this appendix we shall omit the discussion involved with the issue of

regularization and renormalization. Once we have two point function Gn, the corresponding

entanglement entropy will be evaluated by

Ŝ = − lim
n→1

∂nGn . (B.2)

Thus one finds that the entanglement entropy is given by ŜRL in (8.21). Similarly, ŜRr can

be evaluated using the two-point function

GRrn = 〈Φ+
n (PR)Φ−n (Pr)〉CFT =

(1 + U+
r U
−
r

)√
−U+

RU
−
R

2(U+
R − U+

r )(U−r − U−R )

∆n

. (B.3)

This leads to

ŜRr =
c

6

[
ln

cos(τ−τ0)− cos(λ−λ0)

cosλ0 cosλ
+ ln 2 sinh

2π

β
x

]
. (B.4)
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By the same way, one may check that ŜRr = ŜLl, which may be understood from the left

right symmetry of our configuration. For the AdS2 matter contribution of the interval Irl,
we use the two-point function of the boundary (interface) operator Ôn

Grln = 〈On(Pr)On(Pl)〉CFT =

[(
1 + U+

r U
−
r

)(
1 + U+

l U
−
l

)
4(U+

r − U+
l )(U−l − U−r )

]∆̂n

. (B.5)

This leads to

Ŝrl =
c q̂

3
ln 2 tanλ0 , (B.6)

where we introduce q̂ by

q̂ =
6

c
∂n∆̂n|n=1 . (B.7)

We assume 0 < q̂ < 1. Then the generalized entropy including the AdS2 matter contribu-

tion is given by

Ŝgen =
c

3

[
q̂ ln 2 tanλ0 + ln

cos(τ−τ0)− cos(λ−λ0)

cosλ0 cosλ
+ ln 2 sinh

2π

β
x

]
. (B.8)

Its extremization with respect to τ0 is solved by τ0 = τ . Then the extremization condition

with respect to λ0 becomes

1 + cos(λ−λ0)

sin(λ−λ0)
= q̂
(

tanλ0 + cotλ0

)
+ tanλ0 . (B.9)

Let us first consider the case where | tanλ|2 = ξ � 1 with ξ defined in (7.8). Then there

are two solutions for the range 0 ≤ λ0 <
π
2 . One is

tanλ
(1)
0 =

1− q̂
1 + q̂

| tanλ|
(
1 +O(ξ−1)

)
, (B.10)

which leads to the extremal value

Ŝ(1) =
c

3

[
q̂ ln

2(1− q̂) cosh 2π
β t

(1 + q̂) sinh 2π
β x

+ ln
4 sinh 2π

β x

1− q̂2
+O(ξ−1)

]
. (B.11)

The other solution is

sinλ
(2)
0 = q̂ +O(ξ−

1
2 ) , (B.12)

and the corresponding extremal value becomes

Ŝ(2) =
c

3

[
q̂

2
ln

4q̂2

1− q̂2
− 1

2
ln

1 + q̂

1− q̂ + ln 2 cosh
2π

β
t+O(ξ−1)

]
. (B.13)

The minimum of (B.11), (B.13) and (8.21) gives us the true entanglement entropy. Note

that in these solutions, the points Pr/l lie in the behind-horizon region. Thus we find, for

ξ � 1, Ŝ = Ŝ(1) which involves the behind-horizon AdS2 matter contribution.

One may also consider ξ � 1. In this case, one finds no solution of the extremal

condition (B.9) within the range 0 ≤ λ0 <
π
2 . Hence, for ξ � 1, Ŝ = ŜRL which does not

involve any extra AdS2 matter contribution.
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C Effective 2d description

In this appendix, we provide some details of an effective two-dimensional ‘theory of gravity’

description presented in sections 6 and 8. Our approach follows the spirit of the Randall-

Sundrum construction [47] and is closely related to the construction given in ref. [35].

However, our construction is simply intended to reproduce our 3d bulk results while keeping

our original 3d bulk intact.

Let us recall that the bulk gravity action of the asymptotically AdS space with a

boundary surface may be written as follows:

I =

∫
z>z0

dd+1x
√−gL(g, ψ) + IB[h, ψ, z = z0] , (C.1)

where ψ is a generic matter field ψ, z is the inverse of AdS-radial coordinate and h is a

boundary metric at a boundary surface, z = z0. Here, IB is a boundary action which gives

us an appropriate boundary condition at z = z0 upon variation. This boundary action IB
satisfies the so-called Hamilton-Jacobi (HJ) equation and may be obtained by integrating

the functional derivative equation appropriately.

In our case, we would like to place the boundary surfaces at µ = ±µI and obtain

the effective description of the shadow region specified by −µI < µ < µI (see figure 5).

To achieve this description in secion 6, we borrow the Randall-Sundrum construction and

replace the bulk part in (C.1) (or the shadow region in the present context) by brane

actions in the form of

I±br = −T2

∫
µ=±µI

d2x
√
−h− S0

∫
µ=±µI

d2x
√
−h(φ− C±) , (C.2)

where C± are constants and would be taken by the value, φ̄I = φ(±µI), of the scalar field

φ bulk solution at µ = ±µI in the following. The brane tension T2 and the scalar source

coefficient S0 should be chosen appropriately to match the boundary condition at µ = ±µI .
Now, the total 2d effective action at each µ = ±µI may be taken as

I±2 = I±br + I±B , (C.3)

where IB is a solution to HJ equation. Since ± branches take the same form, we focus on

the + branch with µ = µI , for simplicity.

Ignoring any 2d derivatives on Rh and φ, a general solution to HJ equation may be

obtained in the form of [56] (see also ref. [57])

IB =
1

8πG3 `

∫
d2x
√
−h
[√

1 +
`2

2
Rh +

γ2`4

8
R2
h +

`2

4
Rh arctanh

(
1 + `2

4 Rh√
1 + `2

2 Rh + γ2`4

8 R2
h

)

− γ`2

2
√

2
Rh arctanh

(√
2γ
√

1 + `2

2 Rh + γ2`4

8 R2
h

1− γ2`2

2 Rh

)
+
`2

2
(γ φ+ α) Rh

]
, (C.4)

where Rh denotes the 2d Ricci scalar on µ = µI and α is an integration constant in the HJ

equation. Further ignoring higher order corrections in 1/A, one can show that the above
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action reduces to the following form

IB =
`

16πG3

∫
d2x
√
−h
[

2

`2
+

1

2
Rh (1 + α+

√
2φ̄I)−

1

2
Rh ln

[
− `2

4
Rh

]
+

1√
2
Rh (φ− φ̄I)

]
+O

(
1

A2

)
. (C.5)

One may fix brane parameters T2 and S0 by using the on-shell solution in (2.3) with

the condition δI2
δhij

= δI2
δφ = 0 at µ = µI , and then one obtains the effective 2d action as

I2 = Ĩtop +
1

16πG2

∫
d2x
√
−h
[

2

`22
−Rh ln

[
− `22

2
Rh

]
+ ϕ

(
Rh +

2

`22

)]
, (C.6)

where G2 ≡ 2G3/` and `22 is defined by −2/`22 ≡ Rh̄I as the 2d Ricci scalar value of the

on-shell solution on µ = µI . It may be useful to recall that the same expression is given in

the form of `2 = `
√
f(±µI) below (6.1). Here, ϕ is defined by ϕ ≡ 1√

2
(φ− φ̄I), while Ĩtop

denotes the topological term in two dimensions defined as

Ĩtop ≡
αI

16πG2

∫
d2x
√
−hRh , (C.7)

where the constant αI is given by αI ≡ 1 + α− `2

4 Rh̄I .

Equations of motion for the 2d metric h and the dilaton ϕ may be written as

0 = Rh +
2

`22
, (C.8)

0 =

(
∇i∇j − hij∇2 +

1

`22
hij

)
ϕ . (C.9)

The solution to the metric equations of motion gives us the anticipated AdS2 space at

µ = µI , which is consistent with the on-shell AdS3 bulk solution, while the dilaton equations

of motion seem to allow some non-trivial solution. However, the boundary condition at

the boundary of AdS3 or our cutoff condition at µ = π
2 − ε in the AdS3 bulk suggests that

this kind of solution is not allowed in our setup. Concretely speaking, our 3d bulk cutoff

implies the reparametrization modes of 2d cutoff trajectory are fixed by

ds2
AdS2

∣∣∣
cut-off

= −dt
2

ε2
, (C.10)

where t is the boundary time matched with the bulk boundary CFT2 time. Though there

are no fluctuating degrees of freedom on the surface µ = µI and the graviton localization to

that surface is obscured, we call this 2d description as a ‘theory of gravity’ in our main text.

Note also that the 3d bulk topological term Itop related to the interface degrees of

freedom is determined by

Itop = Ĩ+
top + Ĩ−top , (C.11)

which tells us that + and − sides are far from the complete disentanglement. It is quite

notable to observe that the separate description in terms of I± would become very good

only when the length scale L̃ of our interest is much smaller than ` lnA ( � `).
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