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ABSTRACT: We show that at 1PN all four-dimensional black hole solutions in asymptoti-
cally flat spacetimes can be derived from leading singularities involving minimally coupled
three-particle amplitudes. Furthermore, we show that the rotating solutions can be derived
from their non-rotating counterparts by a spin-factor deformation of the relevant minimally
coupled amplitudes. To show this, we compute the tree-level and one-loop leading singu-
larities for a heavy charged source with generic spin s. We compute the metrics both with
and without a spin factor and show that we get both the Kerr-Newman and Reissner-
Nordstrom solutions respectively. We then go on to compute the impulse imparted to the
probe particle in the infinite spin limit and show that the spin factor induces a complex
deformation of the impact parameter, as was recently observed for Kerr black holes in [1].
We interpret these observations as being the on-shell avatar of the Janis-Newman algorithm
for charged black holes.
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1 Introduction

Extracting classical gravitational physics from quantum field theories has a long his-
tory [2-4]. More recently the modern on-shell scattering amplitudes program has provided
a number of tools that can be used to greatly simplify calculations of gravitational quan-
tities, notably the KLT relations and the BCJ double copy [5-9], as well as those related
specifically to classical observables [10-12]. While the original aim of the double copy
program was to simplify loop computations in gravity, it has found many uses in classical
gravity, from metric reconstruction [13—-20] to gravitational wave physics [21-24]. In partic-
ular, the introduction of a formalism to compute amplitudes of arbitrary mass and spin [25]
has provided a powerful way to investigate spin effects in classical observables [24, 26-29].
Calculations involving spin effects in gravity are often computed in the post-Newtonian
(small velocities v < ¢) or post-Minkowskian (expansion in G) frameworks [30-38], how-
ever there have also been calculations involving loop amplitudes via standard Feynman
diagram techniques and form factors [39, 40]. Moreover, recent work by a number of au-
thors have shown that such calculations can be efficiently streamlined by using modern
amplitude techniques, often combined with the tools of effective field theory [34, 41-46].
In four dimensions, black holes are classically described only by their mass, angular
momentum and charge by the no hair theorem. In particular, the unique stationary,
asymptotically flat black hole with all of these properties (with non-degenerate horizons)



Figure 1. Gravitational probe of charged, spinning particles.

is the Kerr-Newman black hole [47, 48], making it the most general black hole in our
universe. From far enough away, any black hole can be treated as a point particle, and as
such can be given an effective one-body description. The proposed on-shell avatar of the
no-hair theorem is that black hole solutions should be obtainable from minimal coupling,
with deviations describing finite-size effects given by non-minimal deformations [1, 27].
The construction of classical and quantum black hole metrics using loop amplitudes has
been a fruitful endeavour, using everything from form factors [49, 50] to unitarity based
methods [13] and more recently with leading singularities [27, 51, 52]. In this paper, we show
that all four-dimensional black hole solutions at order G and charge « are obtainable from
minimal coupling via the tree-level and one-loop triangle leading singularities. Furthermore,
we show explicitly that the relevant amplitudes themselves factorise into a spin-independent
piece and a spin factor, as was demonstrated in the case of Kerr black holes in refs. [1,
27, 52]. Very recently, it was shown that this factorization, in the infinite spin limit, is
the on-shell avatar of the Janis-Newman algorithm [1], which utilises a complex coordinate
transformation of the Schwarzchild (Riessner-Nordstrom) solution leading directly to the
Kerr (Kerr-Newman) solution [53, 54]. We will show that the Kerr-Newman solution can
be derived in precisely this way from Reissner-Nordstréom by simply attaching a spin-factor
to the relevant minimally coupled three-point amplitudes.

We will consider a scalar test particle p; gravitationally probing a heavy, charged,
spinning source with momentum ps3, as in figure 1. We will take particles pi,p2 to be
massive particles with mass m 4, and particles ps, p4 to be spinning with mass mp and spin
s.

2 Scattering amplitudes and spin operators

In the textbook formulation of quantum field theory, the familiar Gordon decomposition
identity is given by

P+ N o (p — ph)

o AP o) 1)

a(p1)y" u(p2) = u(p1)

This identity has many uses, e.g. expressing the vertex function of a massless photon
interacting with two massive fermions in terms of form factors, one corresponding to spin-



independent and spin-dependent parts. In [25], it was shown that the on-shell avatar of
this identity is that one can expose the spin-dependence of an on-shell ‘vertex’ by choosing
a purely chiral spinor basis.

Suppose we want to express everything in an anti-chiral basis. Using the formalism
of [25], we find that the three particle amplitude in the undotted frame is given by

Mg, = Urggvg = 2™, (2.2)

Converting between bases is done with the operator p/m, which means that for this am-
plitude in the dotted frame we find

M P 1016, P2004 Asan Asa

Mgy = 2™ =2 :rllgl 2% = edan + a;n =, (2.3)

where we have used the identities

_ mdpsa A3aA33 _ 1 A3, M3do
Oaﬁ —T —Eaﬂ_x m y Oaﬁ _8615 7T (24)
To see how this relates to the spin, we consider the Pauli-Lubanski pseudo-vector
St = —ﬁe“”p"pyam, where
i _ g i, -

(Uuu)aﬁ = i(a[uau})aﬁa (Uuu)a[g = _i(a[uou])aﬁ" (25)

For chiral SL(2, C) representations of massive states, we can write a general spin-s generator
0, in a simpler form, due to the fact that the external polarization tensors are always
built from symmetrized massive spinors, meaning we can write

(@) 5 =D (0w)™, b, (2.6)

(2

where [; = 5;1 . __5;}1;15;#1 ---52‘28, with o, and [; given analogously. We can there-
1 i—1 Bit1 2s

fore write
a i AN
(S0 5 = —pu(e™)?
1 ~ .
= 1 [P 0)3u —ou(p- )% 5, (2.7)
where we have used the identity o = —%e’“’ P90 ,,. We can generalise this for any spin s

by noting that Zi(&HV)diB I; = 23(6W)dlﬂ.1ﬁ1 to find, in spinor helicity notation,

7

(S)*752 = 5 ((ploylp] + [Pl [p)) T (2:8)

Contracting this with an external massless momentum ps, we then find

& 13](3]
. L= — 2.
where we have used (p- 0)aa = — |p), [Pla and (p- )% = —|p]* (p|.
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Figure 2. Tree Level Diagram.

We can now establish the spin-dependence of a three particle amplitude with two
spinning particles coupled to a massless particle of (positive) helicity h

ME" = glmay B2 ey 1/ (1= 220 2] (2.10)

m2s max

We will be interested in computing leading singularities (LS) throughout the rest of this
paper and as such we will strip off the external spinors, expressing amplitudes in a basis
of un-contracted purely anti-chiral indices, as is suited for LS calculations [10, 55]. While
there can be additional spin-dependence coming from these external wavefunctions, we
will see that these can be restored after the fact by considering the contributions from the
non-chiral or ‘polarization tensor’ basis.

3 Tree-level leading singularity

At tree level, the only possible diagram that we can consider is that of figure 2. Since there
is no electromagnetic interaction, this will simply produce a purely gravitational interaction
at order GG, and has been calculated many times in the literature [1, 27, 28]. However for
completeness, and in order to set notation, we will briefly review the calculation of this
piece here.

In this paper, we are only going to concern ourselves with the classical effects, and as
such to greatly simplify calculations we will appeal to the Holomorphic Classical Limit [10].
This allows us to parametrise our scattering amplitudes in such a way that the classical
limit can be taken cleanly. While we will not require much of the technical machinery of
the holomorphic classical limit in this section, we will implicitly drop any terms that don’t
survive in the holomorphic classical limit.

The minimal coupling two spin-s one graviton amplitude is given by

421 _ K 2<12>2S —2y _ kK[ M ? [12]>
M3[1,2,K ] = 2(m:c12) m2s M3[1,2,K ] = 9 1o m2s (3.1)



Stripping off the external wavefunctions and bearing in mind the discussion in the last
section, we can rewrite the three-point amplitudes as

K K-a\* k[ m\> K- -a\%*
M[1,2, K2 = Z(mx1o)? <11 + ) . O Mgp[1,2, K% =< () <]1 — ) ,
2 s 2 \ 112 s
(3.2)
where we have defined the anti-chiral, spin-s mass-rescaled Pauli-Lubanski pseudovec-
tors as' 0
(@) 5%% = =5 (PYu) ", T (3.3)

7
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and where x;; is defined via

TN = NaPfe X sy (3.4)
R m Tij m

Choosing to work in the anti-chiral basis means we only consider the spin factor of positive
helicity amplitudes. Making this choice, we can glue together two three-points in the t
channel to find

2 02 2 2 K- 2s 2

2
2 t 19 S T3

where any other pieces that contribute to the amplitude vanish in the holomorphic classical

limit. We note that we have stripped off the Kronecker deltas that carry the explicit anti-

chiral indices, following the conventions of the holomorphic classical limit set out in [10].
We now define the variables

_ T34 _ T12
U=mampg—, v =mamp—. (3.6)
12 X34

Using these definitions, we can derive the following useful identities
uww =mimy,  u+v=2p-ps. (3.7)

We can use this system of equations to derive the individual expressions for u and v

2u=s5—m%4 —m%+/((ma—mp)? —s) (ma+mp)? — s)

=2mamp(p+ v p?>—1) (3.8)

20 =s5—m%4 —m% —/((ma—mp)?—5) ((ma+mp)? —s)

=2mamp(p—/p?—1), (3.9)

P1-pP3
mamp

coincides with taking p — 1. However, taking this limit naively typically obscures the

where we have defined p := . With this notation, taking the non-relativistic limit

"We note that the classical value of the spin is obtained by taking s — oo while keeping sk fixed,
meaning we take the spin vector to contain a factor of 2sh.



spin dependence, and hence we will need to consider higher orders, expanded around p = 1.
In the classical potential, the spin dependence is expected to show up as [40]

€upoP D5 KPS =mp(Ea+ Ep)(a-p x q). (3.10)

We note that here in the centre of mass frame, p; = —p;s =p+ %q, meaning we can freely
exchange p with p; or —p3 in the above expression.
Expressing the Gram determinant above in terms of more familiar variables, we find

- 14 ag 1
ienpoPi Py KPS = DK - 81/ ((ma — mp)? = 5) (ma +mp)? — )

=mampy p?>— 1K - S. (3.11)

Thus, as promised, we will need to keep up to at least O(4/p? — 1) in the expansion of u, v
and make the above identification before taking the p — 1 limit. The strategy to obtain
spin-dependence at all orders is to expand wu,v in powers of /p? — 1, matching order by
order with eq. (3.11).

With this in mind, the tree-level leading singularity is

s \21 [, K-a\*
M4_(§) t(u <1+ - ) —|—v>, (3.12)

where we have defined a = 2sa.

4 One-loop leading singularity

So far we have only considered a purely gravitational interaction, but ultimately we wish
to consider black holes that carry charge, and as such we require there to be both a
gravitational and an electromagnetic interaction between the scattered objects. There
is no tree-level scattering amplitude that can achieve this, and so we must consider at
minimum a one-loop process. Since we are not interested in quantum effects at this stage,
we consider only the triangle leading singularity (LS) which is expected to give us a multiple
discontinuity in the ¢-channel leading to classical effects [55]. The only diagram we need
consider is the one in figure 3, where the two massless exchange particles are photons with
opposite helicity? coupled to a graviton. The LS is then given by

1= Z% m2 kaQMSLP:Ss;_Lakg]M:S[L,piak;; ]M4[ k4aplap2] (41)

where ks = —L + p3 and k4 = L — pg4.
We define the exchanged momentum as

K = ’)‘] <A‘ = (O7q>7 K?=t= _’q’27 (42)

2Two same-helicity photons do not contribute to the LS as they have zero residue.
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Figure 3. LS Triangle Diagram.

which, along with the results and notation from [10, 25, 56], allow us to express the required
tree-level amplitudes as

2s
M3[1%,25, K™Y = V2ema o <1 + K a) . M3[1%,25 K71 = V2e <m> . (4.3)

S Z12
_ K\ 2 T K\ 2 2 Thap
Mk kL 1,2) = — (f) <m23p2> . (7) (m Thspy (4.4)
s 4 2 Lkap: 2 Lkypo
_ 2 T K\ 2 T
Malk k1,2 = = (5) <m2“’2> --(5) <m24p1) 45
4[ s * ] 2 Lk3p 2 Lk3pa ( )

To make this problem tractable, we work in a parametrisation that makes the classical
pieces explicit, e.g. the one given in [10]:

p3 = [nl(Al + [Al(nl

pa = Blnl(A + ;w + N

o (B-1)° (46)
m% 15} ’
(An) = [An] =mp.
In addition, we parametrise the loop momentum L as
L =20+ wkK, |4] = |n] + B|A], (| =(n|+A. (4.7)
Demanding the on-shell cut conditions k§,4 = L* — m¥% fixes w = —% with A = —B =
—%% This fixes the integration to become
d 1 d
% 7{ v__ 1 4 (4.8)
8(82—=1)mp Jr y  16y/—tmp Jr y

where we have taken the § — 1 limit.



The chosen parameters also induces a convenient parametrisation for k34

ol = 5 (52 = Dy + L+ 80)

(= g (G2 =1 = S0+ 6m)

] = 5 (=18 = 1+ N1 = 57)).

kil = 37 (5016 - D+ Sl - ). (19)

When required, we can also evaluate these directly in the holomorphic classical limit g — 1,
finding

1 1 1 1
= —|AJ(1 = — 1 = —|A|(1— =—— 1—y).
bl = SN +D), Ol = 5 A1) i) = N-0), Gl = =5 (1 (1=)
(4.10)
In order to perform the contour integral we need to make all factors of y explicit. Conve-
niantly, in this parametrisation, we find that
(Alpjln] 1L 1{nlplAl

l’ki . = — s = s 4.11
P Y m;mpg Th;p, Yy mjmp ( )

meaning that zp,,, = Tr,p, = —V.
With this set of parameters in place, we can express the product of three particle
amplitudes as

1:|: 2 2s
Ms[ps, — L%, =k Ms[—pi, L, —kT'] = 2¢*m?, <1j:( 2yy) K~a> ) (4.12)

The four particle amplitude is given by

E)Q (a| p1|ks]?
2 t

(&) <(1 Y 4);” R 1)) (4.13)

“(5)'ma (1- )

M4[k51)k41+17p17p2] = - (

where € = /p2 — 1.

We find the LS that we need to evaluate is then

2 d 1+1)2\° 1+y)2K-a\*
16/—t Jr vy 2y 4y S

where the sign difference that would come from the spin factor being attached to the oppo-
site vertex is account for by evaluating the residue at both y = 0 and y = co. This explicit
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Figure 4. Diagrams contributing to the classical potential at order G and «.

form makes it obvious that one has to evaluate u, v beyond the simple non-relativistic limit
(for finite spin s) in order to observe spin effects, as discussed previously.

5 Classical potential

Now that we have computed the order O(G) and order O(e?) leading singularities, we
can proceed to compute the classical potential from the holomorphic classical limit. This
will allow us to compute the spin-dependent parts of the potential from the sum of the
two LS’s, diagrammatically given by figure 4. At this point, it is pertinent to explain how
working in the chiral basis obscures certain factors that would be observed otherwise, e.g.
if we were to work in the non-chiral (polarisation) basis. In ref. [28] it was proposed that
these additional terms could be exposed by considering the Generalised Ezxpectation Value,
which amounts to normalising the LS in such a way that the information is restored. It was
shown that the normalisation that one needs to take into account is given by the product
of massive polarization tensors of the external particles. For our purposes, since we have
stripped external spinors, we will simply use the perturbative exponential normalisation
given in [28], namely that we need to include a factor of e~ for each positive helicity
particle. Purturbatively expanding this exponential (for small transfer momentum K) to
the required order and matching with /p? — 1 to determine the spin contributions will
restore the information obscured by working in the purely chiral basis. We note that we
drop all terms not linear in K - a after the spin identification has been made. This was also
shown in [52] as being the factor that one picks up when comparing the residue calculated
in the polarization tensor basis with one in the anti-chiral basis. Furthermore, we note
that an additional spin-dependent term can be picked up from the product of polarisation
tensor contractions that we are missing working in an unpolarised expansion. This was
calculated in [27] and found, to first order, to be

i
€ (p3)e(pa) = €*(p) |1~ 5——(a- (p x q))| e(p), (5.1)
mp
where p = %(pg + p4) is the average momentum.
We need to consider this additional term at each order, however it mostly does not
contribute beyond the leading term.



With this in mind, the fully normalised contribution to the classical potential is then
given by

(M®) = — (g)2 6_?& <u2 <1 + KS a)2s + qﬂ') (5.2)

where the brackets signify that we have taken the expectation value.

With this in hand, we can now compute various pieces of the classical potential, match-
ing to the literature where possible.
The classical potential V (r) for a gravitomagnetic system is of the form

Vir)=m(®(r)+ ¢(r)a-B), (5.3)

where ® is the gravitational potential and B is gravitomagnetic field B = eijkajwk. We
note that to identify w;, it will enter the momentum space potential with a factor of p/m.

In order to construct the potential from the scattering amplitudes, we construct the
momentum space potential as a function of transfer momentum q and then Fourier trans-
form to find

. o M
— 3~ iqr — 3 iqr
V(r) /d qe" 4"V (aq) /d e

We can also construct the metric by relating its components with the potential. The

(5.4)

standard decomposition of the metric into its component representations is given by
hoo = 2(I>, hOi = —W;g, hij == 2@(51']', (55)

where we have assumed that the scalar components are equal to one another since we are
interested in the non-relativistic limit. To identify the scalar part of the metric from the
potential with probe mass m, we can take

&= lim —V(r). (5.6)

5.1 Spin-independent potential

The simplest place we can start is with the spin-independent contribution to the momentum
space potential, from which we can derive the Reissner-Nordstrom metric. We begin by
noting that the spinless limit is arrived at easily, taking the limit of u,v — mamp and
s — 0 in eq. (5.2), finding

/i2 m2 m2 m2 m
(M%) = — (2) —E - (He)Qimfi/_Et. (5.7)

We can now compute the momentum space potential for a given spin.

_ M) ArGmamp Gmamia
V(q)=0 = - = -~ 5.8
(a) p— & ol (5.8)

~10 -



where the first term is nothing more than the standard Newtownian potential in momen-
tum space.
In position space, this is given by

Gmamp Gmao

V(r) . 52 (5.9)
from which we identify a metric of the form
2G G
go=1-"""8 —S +O(G?,0?)
r r
90i = 0, (5.10)
2G G
gij = (5@' — (51']'7?3 + 5@?3 + O(GQ, a2)

which is precisely the Reissner-Nordstréom metric.

5.2 Spin-orbit potential

We now consider a non-zero spin s external particle in order to extract a spin-dependent
piece of the potential. While the universality of gravity dictates that the potential be
the same for any spin s, for simplicity we choose s = 1. We have checked explicitly that
universality of this piece of the potential holds at least up to s = 8. We find that for s = 1
the expectation value of the amplitude is

_ (mAmB)2 m2 mp
MY =g ) g
N <K2mAmB(v:2A +mp) (”6)2W> (ia- (p x q)), (5.11)

where we have taken the p — 1 limit after identifying the relevant spin interactions.

The first thing to note is that the first two terms are the universal spin-independent
pieces, as anticipated due to the equivalence principle. The second two terms are the first-
order in spin-orbit corrections. However, while this amplitude is correct, at this order we
will also need to include the additional piece that comes from eq. (5.1). This effectively
means we need to add the following term to the potential

ArGmamp

21Gmy
63 - €4 —
o2

o (ia- (p x q)). (5.12)

~

spin

Putting this all together, the momentum space potential is then given by

_ 4nGmamp T2 Gmaa n <27TG(3mA +4mp) m2Ga(ma +mp)

V=" a = g ) (o),

(5.13)
Performing the Fourier transforms, we then find

V(r)

r 2r2

_ Gmamgp B Gma B G(3ma +4mp) n Ga(ma +mp)
- 2r3 mprt

)@ o xn). G11)

- 11 -



from which we can identify the components of the metric

2Gmp Ga

goo = 1-— + 7’72 + O(G27a2>
2Gmp Ga 9 9
goi = < 5 7“4> (axr); +0(G* o), (5.15)
2
g” = 6” — 5” G:fLB + 5@]% + O(G27 a2)7

which is the Kerr-Newman metric at order O(G, «). We see then that the relation between
the Reissner-Nordstrom metric and the Kerr-Newman metric at this order is precisely given
by exposing the spin dependence of the minimally coupled three-point amplitudes of the
spinning particles, specifically giving rise to the go; terms in the metric. In order to sharpen
this point, in the next section we will take the infinite spin limit and compute the classical
impulse imparted to the probe particle.

5.3 Infinite spin limit

While we could continue to compute higher order in spin corrections, if we were so inclined,
we will instead take a slightly different path in this section, and simply take the infinite
spin limit. The intrinsic angular momentum of a spin s particle scales like (a#) o sh.
This means that, when considering spin, a fully consistent classical limit is only reached
by taking s — oo as h — 0 keeping sh (and therefore (a*)) finite [12]. We now make a
further identification for the variables u and v as being

w

u=muampy(l+v) =mampe®, v=mampy(l —v) =mampe ", (5.16)

where w is the rapidity and ~ the usual Lorentz factor. Plugging this into the four-point
amplitude eq. (4.13) and taking the infinite spin limit we find

16v—t Jr y

and therefore

2 d 1 2 2 >
T = gmama Y [(coshw — (;—y) sinh w) efa Z I(K-a)y"|, (5.17)
Yy

n=—0oo

_ gm,%;’mB

T V=2 ATB

Too) =6
1 1

X [2 (2cosh? w—sinh?w) In(K -a) —2coshwsinhwl; (K-a)+§ sinh? wIQ(Ka)]

(5.18)

where we recognise the generating function e2*(+1/y) — > I,(2)y", where I,, is the modi-
fied Bessel function.
Similarly, we can do the same for eq. (3.12) which gives

2
(MS°) = (g) % (uQeK'“ + UQefK'“) (5.19)
2,2
_ (g)Q % (2oeaa 4 ¢~2woday (5.20)

- 12 —



This allows us to cast the infinite-spin amplitude into the form

2
gmymp
M®) =—=L—
< ) 16—t
1 1
X [2 (2(:osh2w—sinh2 w) Ip(K -a)—2coshwsinhwly (K-a)—|—§ sinh?wly (K -a)
K\ZmEmy 2
+ (5) — (e*Ved2qe e AR, (5.21)

We now move on to compute the impulse of our scalar probe particle as a result its inter-
action with the spinning particle. A very careful analysis of the classical impulse in terms
of scattering amplitudes was carried out in [11], however for our purposes we simply need
the formula

1 .

Apf = / d*q(q - u1)d(q - ug)e ™ Tligh (M) . (5.22)

dmamp

The impulse is given in terms the incoming probe particle momentum p; = mauy and its
colliding partner ps = mpug, and is simply a measure of the total change in momentum of
particle 1 as a result of the collision.

The pure gravity minimally-coupled piece was computed in ref. [1] and found to be

e . it (b=illa) ‘
Aplf,ﬁ2 = /d (jé(cj-ulﬁ((j-u:s)lq“T(cj“cosh2w+2zcoshwem,pgcj”uﬁ’ug).

(5.23)

In order to derive the piece of the impulse that corresponds to the charged solution, we
first note a useful identity [1]

sinh wq, = i€,1p0q" ujug. (5.24)

Defining dq = d*qd(q - u1)d(q - us), we find

Ap’l‘,(m)2 = gm%gn]g |dq| e iab [( H + smh wC“) Iy — i2coshw(H 1 + ;sinhwg““lg]
_ 9m,24mB / / dBe i@ (b+iacos )
167 lq|
[q + = ! sinh wC” — 12 coshw(" cos 6 + 5 Slnh w(" cos 29] (5.25)
_ gmAmB

16 / ] / dfe i@ (b+iacost) [q“ + i sinh w(* cos? @ — i2 cosh wCH cos 9]
™ q

where (H = e""P? q,u1 U3,
The full impulse for the Kerr-Newman system, at order O(G, «), is therefore given by

Apf =R

—( 4nG . ,
/dq( Lfm(q“costh—i—choshwewpgq u1u3)> e_Zq'(bJ”Ha)] (5.26)
q

+47TGOémAmB/ / do q“—}—zsmhw(“cos §—i2coshw(* cosb] e —i (b+iacosf)

~13 -



We see then that we can identify the shift in the Kerr-Newman solution as arising from
the exponentiation of minimal coupling amplitudes, as was pointed out in the Kerr case in
ref. [1]. We observe specifically that the impulse for Kerr-Newman is obtained when the
impact factor undergoes a complex shift.

Evaluating the Fourier and Elliptical integrals as in appendix A, we then find that the
impulse is

At — 2Gmamp - Bi cosh 2w + 24 cosh ’LUG‘U‘VPUZN)J_Z,UlpU?,U
P1 sinh w b, ]2
47rGam?4mB l;’i + ¢ sinh we““p"l;l,,ulpuga (5.27)
sinh w b, |2 ’ '

where we have used the relation |3v| = sinhw and b, = b, + illa = II(b + ia), and the
hats indicate unit vectors.

6 Discussion

In this paper we have demonstrated that the leading singularity together with minimal
coupling can efficiently characterize all asymptotically flat four dimensional black hole
solutions at 1PN. Furthermore, we have shown that the exponentiation of minimally
coupled amplitudes (in the infinite spin limit) is the on-shell avatar of the Newman-Janis
algorithm that relates the Reissner-Nordstom and Kerr-Newman solutions. Moreover, we
find that the spin-independent and spin-dependent parts of all black hole solutions factorise,
reflecting the universal nature of gravity.

In this work we have only considered a scalar probe particle, however it is almost trivial
to couple a spinning particle to a charged black hole using this formalism: we simply include
a spin factor for the gravitational three-point. Furthermore, giving the probe particle both
spin and charge would mean the scattering of two Kerr-Newman black holes could be
considered, as was done recently in the Kerr case [28, 29]. It would also be interesting to
derive the all order in spin potential using the holomorphic classical limit [52].

While we have focused on a conservative system here, the general formalism for ex-
tracting spin dependence in observables can be used for non-conservative systems [24]. One
could for example consider electromagnetic or gravitational radiation being emitted by the
charged /spinning particles during a scattering event and the results in this paper could be
adapted easily to such a situation. It is expected that nearly all realistic black holes in
the universe will be spinning, therefore these kinds of calculations would provide impor-
tant theoretical predictions that could then be compared with data from both current and
future gravitational wave experiments, along with their optical counterparts.

Another natural follow-up to this work is to explore higher order in G black hole
solutions that arise from non-minimal coupling, such as those that arise in Finsteinian
Cubic Gravity (ECG) [51, 57-59]. Intriguingly, no spinning solution currently exists in
ECG and in principle such a solution could easily be found via the leading singularity (as
was done in [51] for the static case). A compelling reason to carry out this study is to

— 14 —



see whether or not deriving a solution via amplitudes will lead to a Newman-Janis type
complex coordinate deformation that relates the spinning and static cases. We leave these
explorations for the future.
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A Integral transforms

We collect here some useful integral transforms that were used throughout this paper.

[ o = (e () o
[ty
J s
/ ((;j:;s eiq'r% = é k0(r) + #(5% - 3%) (A.4)

/ <§j:>13 il = O~ o

" g eIt o5 g — i, (1plir]), (A.6)

-7
where J; is a Bessel function of the first kind.

The Hankel transform of r™ is given by

2" T (3(2+v +n))
k2T (G )

H,[r"] = /0 Tt ) = (A7)

A.1 Impulse Fourier transform

To compute the Fourier transform needed for the Kerr-Newman impulse, we need to eval-
uate the following integrals

1% PN N M Lz ~

T [m = / d465(ci-m)&@w)%e"q'b, b=0b+illa (A.8)
1% A “ 1l 3

5|5 = [ i Lo, (A.9)

We can evaluate these following ref. [11] by working in the rest frame of particle 1, meaning
we take
u; = (1,0,0,0), us = (7,0,0,70). (A.10)
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In this frame, we find that the delta functions enforce ¢° = ¢ = 0 and that the integral
reduces to a two dimensional integral over the components orthogonal to u; and us, e.g.

R0 &= " _igh AR ONR 30" _igh
/d4q5(q-U1)5(q-U3)m_|6 ™= /d4q5(q°)5('7q1 ~P) e a0
1 /n- —ig, b 1"
= d q, e L e — A]_l
4m2| B . ] (811
Evaluating these (in polar coordinates) we find
q" 1 o i b @
§ [} = —/d q e ‘P A12
[ 4m?| | . la A1z
1 > " —ix|b| cos 6~
1 e LA
=—Cc—7 A4
s L donb (A14)
i .
=———H1l]b Al
27T\B'Y|H1[ | (4.15)
i b
= Al
2|87 b2 (A.16)
i b
= = AT
27|By| (b3’ (A-17)
and
qu/ 1 _ —id 7 qﬂ
S |:q2:| - —E dAQqJ_e qL ba (A18)
o / Tax [ dpemixieoss L (A.19)
m2(Bv] Jo —n X
] & ~ A
=— dx J1(x|b|)b A .20
s L i (A20)
7; —113
=05 A21
2ely] AP (A.21)
i b
= - = A.22
27| 8] |b] (A.22)
i b
= = A.23
2789 [5]2 (A.23)

A.2 Elliptical integrals

After Fourier transforming the impulse, we are left with the following integral to evaluate

i 1 .. 2 .
/0 d927T Snbwlh, T iacosd] [/ + isinhw(! cos” 6 — 2i coshw(! cos )] . (A.24)

The 6 dependence resides in the class of elliptical integrals

i cos™ 6
L" = _— A2
/0 d0|bl+iacos.9]3 (A.25)
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To compute this, we make the substitution u = cosf to find

1 n

u
L" = du ,
1 V1I—u?(B? + a?u?)3/?

which is an elliptical integral with well known solutions. Computing this for large impact

(A.26)

parameter (i.e. b>> a), we find the asymptotic forms of the integrals are

O S S s L'=0 (A.27)
= T oolbL + ial? b2 ) e '

Plugging this in, we then find

2 TR I

gmymp b’ + isinhw(’
Apt = A.28
P = Sor?sinhw ( b1 ||bL + ial? ( )
_ 47TG'am?4mB I;’j_ +1 sin'h wg:ﬁ (A.20)

sinh w |b) + ial?
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