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1 Introduction

Minimal string (MS) is one of exactly solvable models of non-critical string theory, or two-
dimensional gravity, extensively studied since the 1980s. An interesting thing about it is
a conjectured duality to a double-scaling limit of certain matrix models (see e.g. [1] for
the review). So far, there is a lot of evidence for this conjecture, although it has not been
proven in full since it is difficult to perform analytic calculations on the worldsheet. The dual
description is convenient because calculation of perturbative string correlators is significantly
more streamlined (up to some subtleties concerning the precise matching of correlators [2, 3]).
It also allows to address questions about non-perturbative physics of the theory (see e.g. [4, 5]).

In some sense the minimal string can be regarded as a deformation of Witten-Kontsevich
topological gravity [6], for which there are at least three formulations: using field theory (with
a certain c = −2 worldsheet matter CFT), matrix models or intersection theory of tautological
classes on the moduli space of stable curves. One can not, however, immediately generalize
the methods used in establishing these equivalent formulations to different non-critical
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string theories, including minimal string, for which a matrix model description is lacking
direct worldsheet derivation. Despite that, more recent studies (in particular, studies of the
semiclassical limit of large matter central charge) reveal that in minimal string correlators
also have some interpretation in terms of moduli space geometry ([7, 8]).

Another nontrivial theory was discovered recently; it is the so-called Virasoro minimal
string (VMS, [9]). The worldsheet CFT for this theory consists of Liouville CFT of central
charge c > 25; “timelike”, or “c < 1 Liouville CFT” [10] as “matter” and BRST ghosts.
Exploring previously proposed links with quantization of Teichmuller space, the authors of [9]
managed to find an intersection-theoretic formula for correlators in this theory which serves
as a bridge between worldsheet and double-scaled matrix model descriptions. Attempt on
generalizing this work to better understand the correspondence between worldsheet CFT and
matrix models for minimal string is the main motivation for our study.

An algorithm producing (2, 2p+1) MS correlation numbers was proposed in [3] via matrix
model approach (see also [11]). The proposal passes all available tests from the worldsheet
formulation; namely, it satisfies CFT fusion rules and agrees with direct calculations [12, 13].
The semiclassical limit p → ∞ of these correlators was investigated in [7, 8]. This allows
to elucidate the geometric meaning of correlation numbers in this limit as “moduli space
volumes for cone surfaces”.

The complicated and quite bulky structure of expressions in [3] might cause difficulty
for further analysis. One of the key results of our paper is the relation (3.1)

∂nFg
∂τk1 . . . ∂τkn

∣∣∣∣
τ0=− 1

2 ,τ1...τp−1=0
∼ Vg,n

(
λj =

i

2(2(p− kj)− 1)
)

between correlation numbers proposed in [3] and previously studied “p-deformed volumes” [14].
The benefit is that the latter have a convenient description in terms of a well-studied framework
of topological recursion. In particular this allows us to obtain an expression (3.23)

Vg,n ∼ (8π2b2)3g−3+n
∫

Mg,n

e

c−13
24 κ1−

∑
m≥1

B2m
(2m)(2m)!κ2m+

n∑
k=1

P 2
kψk+

∑
k≥0

b̃kδk,0

for correlation numbers as intersection numbers on moduli spaces of curves. The method
for deriving this formula is essentially the same as for VMS and consists of applying the
machinery of [15]. The feature of our case is in taking a local change of coordinate on spectral
curve before using the formula from [15]. After this change of coordinate, VMS and MS
spectral curve data differ only in bidifferentials.

We believe that this formula might elucidate the geometric definition of MS ampli-
tudes, akin to VMS description or the one available for Polyakov measure for usual critical
(super)string [16, 17]. For now we have not found the definite answer to this question.

This paper is structured as follows. In section 2.1, we introduce notations and give
some background information on the objects of our interest — “correlation numbers” in
minimal string theory, focusing on (2, 2p+ 1) case. In section 2.2, we describe the previously
proposed matrix model analogues of them. Then we come to the main results of this paper: in
section 3.1, we relate several definitions of “correlation numbers” in the “topological recursion”
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language mentioned before. In sections 3.2 and 3.3 we describe how one can obtain an
intersection-theoretic formula for these correlation numbers. Although a general formula for
topological recursion data exists for any double-scaled matrix model, we propose and prove a
different one, which is, interestingly, very close to the VMS answer. We discuss some possible
interpretations of this formula in section 3.4. In section 3.5, we study what form the simplest
“string” and “dilaton” recurrent equations in the topological recursion framework obtain for
correlation numbers and comment on the possible CFT interpretation of these equations. We
finish with some concluding thoughts on further directions to study in section 4.

2 Preliminaries

2.1 Minimal string worldsheet theory

Definition and notations. Worldsheet CFT for minimal string theory (also known as
minimal Liouville gravity) is a CFT of total central charge zero consisting of a CFT minimal
model as “matter” (we will discuss only (2, 2p+1) series), a Liouville CFT and anticommuting
BC-ghosts of cgh = −26

AMLG = AL +AM2,2p+1 +
1
π

∫
d2x

(
C∂B + C∂B

)
︸ ︷︷ ︸

Aghost

; (2.1)

AL =
∫
d2x

√
ĝ

( 1
4π ĝ

ab∂aϕ∂bϕ+ µe2bϕ + Q

4π R̂ϕ
)
, Q ≡ b+ b−1 (2.2)

The condition of zero central charge leads to the relation between p and Liouville parameter
b: b =

√
2/(2p+ 1).

To set up notations, we will describe primary operators in Liouville and matter sectors.
In (2, 2p+ 1) minimal model, the spectrum consists of p primary fields from the Kac table
Φ1,k, k = 1 . . . 2p with the additional identification Φ1,k = Φ1,2p+1−k. Dimension of Φ1,k is
∆M

1,k = α1,k(α1,k − b−1 + b), where α1,k = b
2(k − 1). Virasoro representation, corresponding

to each primary field in minimal model, is doubly degenerate.
In Liouville sector, primary operators are exponentials Va = exp(2aϕ) with an additional

identification Va = R(a)VQ−a. Their (bulk) conformal dimension is ∆L
a = a(Q − a).1

Dependent on circumstances, it may be convenient to parametrize them instead of a via
“Liouville momenta” P : a = Q

2 + iP , or, for special values of a, with a pair of integers (m,n) :
am,n = −(m−1)b−1−(n−1)b

2 (positive m,n correspond to degenerate Virasoro representations).

BRST cohomology. From the requirement of zero total central charge it also follows that
the theory has a nilpotent (Q2

BRST = 0) BRST-symmetry with generator

QBRST ≡ Q+Q; Q ≡
∮
dz
(
C(TL + TM )+ : C∂CB :

)
(2.3)

1If we consider the boundary operator represented by the same exponential, its dimension is ∆L,b
a =

2a(Q − 2a).

– 3 –



J
H
E
P
0
1
(
2
0
2
5
)
1
5
1

and an analogous expression for antiholomorphic charge Q. Equivalently one can write
a mode expansion

Q =
∑
n

cn(L−n − δn,0)−
1
2
∑
n,m

(m− n) : c−mc−nbn+m : (2.4)

String theoretic observables are given by cohomology classes of this BRST operator; these are
additionally graded by their ghost number. In minimal string theory the classes represented
by (bulk) local operators were fully classified by Lian and Zuckerman in [18]. It turns out
that (in (2, 2p+ 1) case) there is one such cohomology class with a definite ghost number for
each Liouville parameter a = a1,−n;n ∈ Z, n mod (2p+ 1) ̸= 0 (these correspond to Liouville
momenta P = ib

4 (2p+ 1− 2n)). Lian and Zuckerman also describe a general procedure of
constructing the corresponding representatives.

Tachyon correlators. The simplest cohomology classes that will be of interest to us are
“tachyon” operators T1,n of ghost number 1, corresponding to n = 1, . . . , p; they are obtained
simply by dressing Φ1,n with Liouville operators V1−n and ghosts CC so that we have a
primary field of total conformal dimension 0. Due to identifications in both sectors, similarly
constructed representatives for n = p+ 1, . . . , 2p are idenified with the ones described above
up to a constant factor: T1,n ∼ T1,2p+1−n.

To obtain a non-vanishing correlator, one should saturate the ghost zero modes in
the functional integral, i.e. have a specific number of ghost insertions; to this end, when
considering correlators of tachyon operators, one may equivalently “strip away” the C-ghosts
and integrate the obtained operator of dimension 1 over its position. Thus, on general surface,
tachyon correlation numbers can be defined as follows:

Zgk1...kn
:=

∫
Mg,n

ZBC ×
〈

n∏
i=1

V1,−ki−1(zi)Φ1,ki+1︸ ︷︷ ︸
∆=∆L

1,−k−1+∆M
1,k+1=1

(zi)
〉
L+MM

(2.5)

with ZBC being a “ghost partition function” (in fact, a certain correlator that saturates the zero
modes) and the integration is over the moduli space of genus g curves with n marked points.

Tachyon correlators are difficult to calculate analytically from worldsheet; integration
over the moduli space usually can not be done explicitly. Some reliable analytic results are
available only for complex 1-dimensional moduli spaces, i.e. sphere 4-point [12] and torus
1-point [13] correlators. Other than that difficulty, for Liouville correlator calculation involves
integrating a product of generic conformal blocks over intermediate Liouville momenta P .
The integration contour is a real line for small enough external momenta, but is deformed
(equivalently, one should account for “discrete terms” — residues from the poles of Liouville
structure constants that cross the integration contour [19]) if for some i, j

|Pi|+ |Pj | >
Q

2 , or ki + kj < p− 5
2 . (2.6)

Boundary states. Another type of correlators that will appear in the discussion below are
string partition functions with boundaries. In worldsheet approach, they are constructed as
follows: first, for a given bordered Riemann surface at each boundary component we impose
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a conformal boundary condition in all three sectors of worldsheet theory. These conditions
can be represented as a “boundary state”

|σ; 1, l⟩ = |σ⟩L ⊗ |1, l⟩MM ⊗ |Gh⟩ (2.7)

In Liouville, we consider an FZZT state [20], parametrized by a continuous parameter σ,
or boundary cosmological constant µb ∼ cosh 2πbσ; in minimal model, we take the Cardy
state [21] and |Gh⟩ in the ghost sector can be described as a “coherent state” (see the
explicit formula in [22]), solving

(cn + c−n) |Gh⟩ = 0, (bn − b−n) |Gh⟩ = 0. (2.8)

We will not need explicit formulas for these states in this work. The main “kinematic” property
of Liouville/minimal model physical states is that they satisfy conformal boundary conditions
(LL/MM

n −L
L/MM
−n ) |σ/1, l⟩⟩ = 0. These conditions lead to Q |σ; k, l⟩ = −Q |σ; k, l⟩ (see (2.4)),

or QBRST |σ; k, l⟩ = 0 — boundary states are formally representatives of BRST-cohomology.
They, however, include Virasoro descendants at all levels (being constructed from “Ishibashi
states” [23]) and thus can not be represented by local operators.

To obtain the string partition function, the CFT correlator described above should be
integrated over the moduli space of bordered Riemann surfaces. The result is referred to
FZZT-brane amplitude. This calculation is even more technically involved than for the
correlators on the closed surfaces; the only examples of explicit worldsheet calculations in
minimal string theory the authors are aware of are disk and cylinder partition functions.

In the seminal work of [24], it is the FZZT-amplitudes, where a state of the form |σi; 1, 1⟩
is associated to each boundary component, that are argued to have the simplest dual “matrix
model” interpretation (to be discussed in the next section). Moreover, it is argued that
more general boundary states of the form |σ; k, l⟩ are BRST-equivalent to a certain linear
combination of the ones with matter Cardy labels (1, 1), so restricting to this case is enough
to study all boundary amplitudes.

2.2 Minimal string matrix model

Minimal string and topological recursion. (2, 2p+1) minimal string is usually described
using a certain hermitian “one-matrix model” after double scaling limit. In the following, we
will describe how to obtain perturbative data (correlation numbers and boundary partition
functions) in this approach. We will mostly use terminology from a more general framework
of topological recursion [25], of which double-scaled matrix models are a particular case.
Along the way we will comment on what exactly are the objects that we consider in the
“matrix model” framework.

The object that we start with is the “spectral curve” — a curve in C2 defined para-
metrically by equations x(z) = z2

y(z) = 1
4π sin

(
2
b2 arcsin πb2z

) (2.9)

z ∈ CP1, b2 ≡ 2
2p+ 1 (2.10)
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For b2 as above, y(z) can be equivalently written as a Chebyshev polynomial of the first
kind (−1)p

4π T2p+1(πb2z).
These equations (more precisely, the 1-form ω0,1 = y dx) and the bidifferential

B(z1, z2) =
dz1dz2

(z1 − z2)2 (2.11)

define the recursion kernel

K(zn+1, z) =

z∫
−z
B(zn+1, ·)

2(y(z)− y(−z))dx(z) = π

(z2
n+1 − z2) sin

(
2
b2 arcsin πb2z

) dzn+1
dz

(2.12)

and the system of n-differentials ωg,n(z1 . . . zn) ≡Wg,n(z1, . . . , zn)dz1 . . . dzn. In matrix model,
Wg,n are related to double-scaled expansion coefficients for correlators of resolvent operators
Rg,n(−z2

1 · · · − z2
n): Rg,n =Wg,n/

n∏
k=1

(−2zk). Topological recursion is a relation allowing to
calculate Wg,n starting from ω0,1 and ω0,2 = B; it looks as follows

ωg,n+1(z1, . . . , zn, zn+1) =Res
z=0

K(zn+1, z)
(
ωg−1,n+2(z1, . . . zn, z,−z)+

+
g∑

g1=0

∑
J1+J2={z1...zn}

ωg1,|J |+1(J1, z)ωg−g1,|J2|+1(J2,−z)
)

(2.13)

The first few coefficients Wg,n are

W0,3 = 1
z2

1z
2
2z

2
3
; W0,4 =

(
2π2 − π2

2 b
4 + 3

4∑
i=1

1
z2
i

)
1

z2
1z

2
2z

2
3z

2
4
; W1,1 =

(
π2

12 − π2

48 b
4 + 1

8
1
z2

1

)
1
z2

1
.

In different contexts to conform with the other references it might be convenient to switch to
different parametrization, rescaling z, or to shift or rescale x and y by a constant; all these
transformations do not change the spectral curve in a significant way. For example, one might
put equal to 1 the highest order coefficient for the polynomial y: y = z2p+1 + . . . .

Wg,n(z) (or, more precisely, resolvent correlators) are supposed to compute minimal string
multi-boundary amplitudes with FZZT boundary conditions and matter labels (1, 1) [14],
where 1− 2z2 for each boundary has a meaning of boundary cosmological constant [24]. “Free
energies” Fg (double-scaled expansion coefficients for logarithm of the partition function) can
also be calculated using topological recursion data. For genus g ≥ 2, they can be defined
using the dilaton equation (see (3.33) below), identifying Fg ≡ Wg,0. For genus 0 and 1,
definitions are more involved (see e.g [25]).

Correlation numbers. One can deform the spectral curve and calculate how free energy
in different genus changes. A class of interesting deformations is when x(z) and y(z) are
still polynomials of the same parity and the same degree, but their coefficients are varied:
x = z2 + x0, y = z2p+1 + y0z

2p−1 + . . . . Then, it is convenient to use the so-called “KdV
coordinates” tk in the space of parameters. They are defined as follows (see e.g. [26], although
we use a different normalization):

tk = −1
2
gk
g−2

Res
z=∞

(
x1/2+k−py dx

)
, gk =

(p− k − 1)!
(2p− 2k − 3)!! (2.14)
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To compare with the other approaches, an additional condition t−1 = 0 can be imposed
on the polynomials x and y.

There are several ways to calculate free energies in this approach. A convenient method
for small genus makes use of “Douglas string equation” ([3, 11, 27]); we will not review it
here, since we will not use it. Derivatives ∂nFg

∂tk1 ...∂tkn
are referred to as n-point “correlation

numbers in KdV frame”.
This is not precisely what we are interested in, however. To compare the results with

worldsheet CFT approach, we need to take derivatives with respect to different couplings
τk, which are related to t via the so-called “resonance transformations”. Let us parametrize
t0 = −1

2
g0
g−2

u2
0. Then, other KdV times are expressed in terms of τk as follows ([27]):

gk
g−2

tk = (2p+ 1)uk+2
0

⌊ k+2
2 ⌋∑

n=1

∑
m1...mn=0∑
ml=k+2−2n

τm1 . . . τmn

n!
(2p− 2k + 2n− 5)!!

(2p− 2k − 3)!! (2.15)

That means that τ0 = −1/2. As a check of this formula, one can put τ1 . . . τp−1 = 0 and
u0 = 2−p/2. Then, the couplings t(0)

k are such that the spectral curve becomes2x = T2(z)
22py = T2p+1(z)

(2.16)

i.e. coincides with the undeformed one (2.9) up to rescaling and shifts in x, y and z.
Parameter u2

0 is proportional to the coupling constant µ for the exponential interaction
term µe2bϕ in the worldsheet Liouville CFT. It is known that worldsheet correlation functions
have a power-like dependence on µ; this is why we have this simple dependence on u0 above.

Because of resonance transformations, n-th derivatives of free energy with respect to τ
generally can not be expressed only in terms of n-point KdV correlation numbers. Lower-
point contributions appear when changing ki if nonlinear terms in resonance transformations
become relevant. In the semiclassical limit b→ 0, or p→ ∞, when ki is of order p, rescaled
correlation numbers have a continuous, but non-analytic limit as functions of κi ≡ ki/p due to
these additional terms. There is, however, analyticity in certain domains in parameter space.
Consider the case when (other than τ0) for all non-zero couplings τki

, τkj
ki + kj ≥ p − 3.

Then it is easy to see that ∀i, j, l ∂2tl
∂τi∂τj

= 0 and the same is valid for higher derivatives.
This means that n-point correlation number in CFT is just a linear combination of n-point
correlation numbers in KdV frame and no non-analytic contributions appear. One can note
that this condition coincides with the negation of (2.6), i.e. in worldsheet formulation it
means that no discrete terms appear in the Liouville OPE.

In the domain we described, semiclassical limit of correlation numbers is known to coincide
with Weil-Petersson volumes, analytically continued to imaginary lengths ln = 2πi

(
1− 2kn

2p+1

)
([7, 28]). In such a normalization, corrections to the semiclassical answer are polynomials in b4.

p-deformed volumes. An observable that is more straightforward to study systematically
than correlation numbers described above was introduced in [14] by the name of “p-deformed
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volumes”. They are given by certain integral transforms of Wg,n(z1, . . . zn)

Wg,n(zi)
n∏
k=1

2zk
= #

n∏
k=1

 ∞∫
0

dβk e
(1−2π2b4z2

i )βk

∞∫
0

dλk λk tanh πλkKiλk
(βk)

Vg,n(λ1 . . . λn) (2.17)

This integral transform is complicated to perform in general, but one can easily apply it
for our purposes, when transforming polynomials in 1/z2

i , according to

1
z2(i+1) → (2π2b4)i+1/2

√
1

2π
2iΓ(i+ 1)Γ(i+ 3/2)

i∏
j=1

(
λ2 + (2j − 1)2

4

)
(2.18)

3 Main results

3.1 Correlation numbers and p-deformed volumes

An a priori nontrivial observation that can be noted when studying known correlation numbers
in low genus is that, in fact, p-deformed volumes and correlation numbers in the domain
ki + kj > p − 3 are related via analytic continuation:

∂nFg
∂τk1 . . . ∂τkn

∣∣∣∣
τ0=− 1

2 ,τ1...τp−1=0
∼ Vg,n

(
λj =

i

2(2(p− kj)− 1)
)

(3.1)

Thus, λ, up to a factor, can be thought of as Liouville momentum for dressing fields: λ = 2P
b .

To our knowledge, this relation has not been noted before in the literature. This formula
will allow us to systematically examine finite p corrections to tachyon correlators (at least
in some domain) in “matrix model” using topological recursion.

To check the validity of the formula (3.1), we performed direct calculation of correlation
numbers using “Douglas string equation” (see [3]) and compared them with integral trans-
forms (2.17). Douglas string equation can be used straightforwardly to obtain correlation
numbers in genus 0 and 1, which significantly simplify if we only account for linear terms
in “resonance transformations”. In particular, results given in [3, 11], obtained using this
method, can be cross-checked with the formula above; e.g. four-point function on the sphere
given in [3] in the domain ki + kj > p − 3

∂nF0
∂τk1 . . . ∂τk4

∣∣∣∣
τ0=− 1

2 ,τ1...τp−1=0
= −1

2

(
p(p+ 1)−

4∑
j=1

(p− kj)(p− kj − 1)
)

= −1
2b4

(
1 + 3b4

4 − b4
4∑
j=1

(
p− kj −

1
2

)2)

is reduced to 4-point “p-deformed volume” as given in [14]; in our notations it is

V0,4(λ⃗) = 2π2 + 6π2

(2p+ 1)2 + 8π2

(2p+ 1)2

4∑
j=1

λ2
j = 2π2

(
1 + 3b4

4 + b4
4∑
j=1

λ2
j

)
(3.2)

We checked that this relation persists up to 8-point numbers in genus zero and 6-point
numbers in genus 1.

– 8 –



J
H
E
P
0
1
(
2
0
2
5
)
1
5
1

Let us describe another way to justify the relation between an integral transform of
n-differentials (p-deformed volumes) and correlation numbers. We would like to find a
deformation of the spectral curve such that e.g. Vg,1 calculate the corresponding variations
of free energies and compare this deformation with what happens when we change the
couplings τk. Deformations of the spectral curve data in terms of small changes of functions
(x(z), y(z)) ∈ C((z)) × C((z)) can be parametrized by a (1, 1)-form

Ω = δy dx− δx dy (3.3)

Here dx, dy ∈ C((z))dz are (1, 0) forms (1-forms on the spectral curve) and variations δx
and δy are (0, 1) forms. In terms of coordinates {(xk, yk)}k such that

x(z) =
∑
k

xkz
k, y(z) =

∑
k

ykz
k, (3.4)

δx and δy are given by

δx(z) =
∑
k

δxk z
k, δy(z) =

∑
k

δyk z
k. (3.5)

The form Ω does not depend on whether we vary x, y or both of them and is an invariant
characteristic of the deformation; in particular, it is zero if δ corresponds to reparametrization
z → f(z). According to the general theory [25], if Ω can be expressed as

Ω(p) =
∮

(∞)

Λ(q)B(p, q) (3.6)

free energy is deformed as follows

δFg =
∮
∞

ωg,1(z)Λ(z) (3.7)

Similar formula is valid for ωg,n themselves and, thus, can be used for higher derivatives:
n-th derivative of free energy is expressed via n-ple contour integral of ωg,n. Equating

δFg(Λk) =
p−1∑
k=0

Vg,1( i2(2p − 2k − 1)) δτk, from the explicit transformation formulas (2.18)

one can find Λ as a polynomial (in fact its coefficients ar given by Chebyshev polynomial
of the first kind, see (3.13))

Λ(z) =
p−1∑
k=0

p−k∑
i=0

z2i+1

Γ(i+ 1)Γ(i+ 3/2)

i∏
j=1

(
(2j − 1)2 − (2p− 2k − 1)2

4

)
δτk (3.8)

Ω then can be calculated, using (2.11). Its coefficients turn out to be proportional to a
Chebyshev polynomial of the second kind

Ω(z) = #
p−1∑
k=0

U2(p−k−1)(z) dz δτk (3.9)

If we keep x(z) unchanged, to realize this deformation we need to consider non-polynomial
deformation of y of the form δy ∼ U2(p−k−1)(z)

z . The same deformation of spectral curve
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equation appears in [24], where it is argued to describe an insertion of tachyon vertex operator
T1,k+1 in worldsheet CFT. This is precisely what we wanted to show. In [24], only one-
point function on the disk was considered, so only linear in τ1 . . . τp−1 terms in resonance
transformations could be probed. However, they are still nontrivial and in general necessary
to account for to obtain this form Ω. In appendix A, we rederive this expression for Ω using
explicit formulas for KdV times (2.14) and resonance transformations (2.15), illustrating it
on the simplest nontrivial case p = 4, or (2, 9) model.

If we know the connection between correlation numbers and p-deformed volumes, integral
transform (2.17) can be motivated by the following idea: l.h.s., as mentioned before, is sup-
posed to compute the FZZT brane amplitude for minimal string with boundary cosmological
constants parametrized by zi, and the first Laplace transform brings us to the partition func-
tion on surfaces with boundaries with “fixed-length” boundary conditions. These partition
functions are decomposed as the correlator of local operators on the punctured surface (which
is V ), to which once-punctured disks are glued (the Bessel function is a one-point function
on a disk with these b.c. see e.g. [14]), summed over a certain complete basis of operators
that can be inserted (see some comments on this after (3.18)). Inverse formula ((3.11), see
below) heuristically describes the opposite operation of gluing punctured disks with bulk
operator insertion to surface with boundaries.

3.2 Comparing spectral curve data for minimal and Virasoro minimal string

For the following sections we will use a slightly different parameterization for (2, 2p + 1)
minimal string spectral curve:x(z) = T2(πb2z) = 2π2b4z2 − 1

y(z) = (−1)p T2p+1(πb2z) = sin
(

2
b2 arcsin

(
πb2z

)) (3.10)

Bidifferential B(z1, z2), needed to define other n-differentials, is the same as before: B(z1, z2) =
dz1dz2

(z1−z2)2 . Note that in this normalization Wg,n differ from the ones defined using (2.9) by a
factor (8π3b4)2g−2+n. The p−deformed volumes are expressed via Wg,n using transformation

Vg,n (λj)
(8π3b4)2g−2+n =

n∏
k=1

cosh πλk
π2b2

∞∫
0

dβk
βk

Kiλk
(βk)

i∞+ϵ∫
−i∞+ϵ

dzk
2πi e

(2π2b4z2
k−1)βk

Wg,n(z1, . . . , zn)

(3.11)
which is inverse to (2.17).

One can integrate over βk (appendix B) and reduce this to the following formula:

Vg,n(λj) = (8π3b4)2g−2+n Res
z1...zn=0

Wg,n(z1, . . . , zn)
n∏
k=1

dzk
2πb2λk

e2λk arcsinπb2zk (3.12)

For λk = i
2(2nk + 1) it can be simplified more and we have

Vg,n
(
i
2(2nj + 1)

)
(8π3b4)2g−2+n = Res

z1...zn=0
Wg,n(z1, . . . , zn)

n∏
k=1

dzk
2π

2p+ 1
2nk + 1(−1)nkT2nk+1

( 2πz
2p+ 1

)
(3.13)
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The form of transformation (3.12) suggests local change of variable:

z(s) = 1
πb2 sin πbs (3.14)

1-form ω0,1 and bidifferential ω0,2 in terms of s become

ω̃0,1(s) = 2πb sin(2πbs) sin(2πb−1s)ds,

B(z(s1), z(s2)) = (πb)2 cosπbs1 cosπbs2
(sin πbs1 − sin πbs2)2ds1ds2 (3.15)

Other ω̃g,n(s1, . . . , sn) are also given by pullback of ωg,n(z1, . . . , zn) under (3.14). It follows
from the formula (2.13), which defines ωg,n only in terms of ω0,1 and B. To calculate their
coefficients W̃g,n from topological recursion, there is some freedom in choosing an embedding
of the spectral curve in C2 ⊃ (x̃(s), ỹ(s)), such that ω̃0,1 = ỹ dx̃. A convenient choice isx̃(s) = s2

ỹ(s) = y(z(s))dx(z(s))
dx̃(s)

(3.16)

The change of variable (3.14) allows one to compare topological recursion data for MS
and VMS [9]. In fact the initial 1-forms for both theories coincide and (as one can notice
from (3.12)) p-deformed volumes for MS can be obtained from W̃g,n by simple residue formula

Vg,n(λj) = (8π3b4)2g−2+nRes
zk=0

W̃g,n(s1, . . . , sn)
n∏
k=1

dsk
2πb2λk

e2πbλksk , (3.17)

which has exactly the same form as for VMS. The only difference between the recursion data
is the nontrivial bidifferential W̃0,2(s) for MS in contrast to the standard one for VMS. This
form of topological recursion gives us an alternative (to the “matrix model”) way to calculate
perturbative data. We find this relation between two theories very interesting and suggestive.

Unlike W (z), W̃ (s) — coefficients for ω̃g,n — do not have an immediate worldsheet
interpretation for the minimal string. The same is valid for VMS: its matrix model resolvents
are obtained from FZZT amplitudes by a double Laplace transform, first with respect to
s2 and then the “boundary length” β.

One can obtain an intriguing alternative formula for the inversion of (3.17); for ℑsk < 0 ∀k

W̃g,n(s1, . . . , sn) =
1

(8π3b4)2g−2−n

×
∞∑

nk=0
Vg,n

(
i

2(2nk + 1)
) n∏
k=1

(2πb)2i
ib

2 (2nk + 1) e−2πsk
ib
2 (2nk+1) (3.18)

Unlike (2.17), this formula represents W̃ as a discrete sum over physical operators (almost all
Liouville momenta in the sum correspond to BRST-cohomology classes of [18], including not
only tachyons, but operators of other ghost numbers) rather than an integral. One can not
exactly take this interpretation at face value: even for tachyons, V coincide with correlation
numbers only in a certain region of parameter space. For operators other than tachyons, the
relation between V and “genuine” correlation numbers is even less clear: it is not known
how to introduce deformation parameters so that the corresponding free energy derivatives
would compute a correlator with e.g. insertion of several ground ring operators. It would
be interesting to better understand this question.
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3.3 Intersection theory formula for p-deformed volumes

In this section, we will use the topological recursion described above to find an intersection-
theoretic formula for Vg,n which is equivalent, but appears to be more suggestive than the
one that can be derived from spectral curve (2.9) and the standard bidifferential. It might
be surprising that the same quantities Vg,n can be expressed by two different formulas that
use tautological classes. However, it can be shown that equivalence of these two formulas
is nothing more than a consequence of Virasoro constraints. The technical derivation of
this is sketched in appendix E.2

We apply the technique developed in [15] to represent p-deformed volumes in terms of
intersection of tautological classes on Mg,n. We recall relevant definitions and properties in
appendix C; for a more thorough introduction to intersection theory on Mg,n, see e.g. [29].

According to [15], W̃g,n for our topological recursion have the following representation:

W̃g,n = 23g−3+n ∑
j1,...,jn≥0

dξj1
ds1

. . .
dξjn
dsn

∫
Mg,n

ψj11 . . . ψjnn e

∑
k≥0

t̃kκk+
∑

k,l≥0
B̃k,lδk,l

(3.19)

Integrand in (3.19) is understood as the formal power series in cohomological classes, and
integration means pairing of its top degree term with fundamental homology class of Mg,n.
1-forms dξj are defined by

dξj(s) = −Res
s′=0

B̃(s, s′)(2j − 1)!!
2js′2j+1 (3.20)

and the times t̃k are computed from the Laplace transform of the 1-form ω̃0,1 = ỹ dx̃:

e−
∑

k
t̃ku

−k = 2u3/2
√
π

∞∫
0

e−ux̃(s)ω̃0,1(s) = 4bπ3e
b2+b−2

4 (2π)2u−1 (2π)2u−1/2
sinh ((2π)2u−1/2) (3.21)

Finally, parameters B̃k,l are defined by the double Laplace transform of the regularized
bidifferential (appendix D):

e
−(u1+u2)

∑
k,l≥0

B̃k,l(u1+u2)k(u1u2)l

− 1
u1 + u2

= 1
2π√u1u2

∫
s1∈R+iϵ

∫
s2∈R

e
−

s2
1

u1
−

s2
2

u2

(
B̃ −

◦
B̃

)
(s1, s2)

(3.22)

We see that B̃k,l = 0 for l ̸= 0 and B̃k,0 = (2π)2k+2b̃k, where the first few b̃k’s are given by

b̃0 = (ib/2)2

12 b̃3 = −59(ib/2)8

56700

b̃1 = −(ib/2)4

90 b̃4 = 232(ib/2)10

467775

b̃2 = 8(ib/2)6

2835
2We are grateful to M. Kazarian for explaining this derivation.
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Using (3.12) we find (in terms of Pk = b
2λk):

Vg,n = #(8π3b4)2g−2+n ∑
j1,...,jn≥0

n∏
k=1

Res
sk=0

e2πbλkskdξjk
2πb2λk

∫
Mg,n

ψj11 . . . ψjnn e

∑
k≥0

t̃kκk+
∑
k≥0

B̃k,0δk,0

= #(8π3b4)2g−2+n ∑
j1,...,jn≥0

n∏
k=1

−1
b

(πbλk)2jk

jk!

∫
Mg,n

ψj11 . . . ψjnn e

∑
k≥0

t̃kκk+
∑
k≥0

B̃k,0δk,0

= #(8π3b4)2g−2+n
∫

Mg,n

e

c−13
24 (2π)2κ1−

∑
m≥1

B2m(2π)4m

(2m)(2m)! κ2m+
n∑

k=1
(2π)2P 2

kψk+
∑
k≥0

b̃k(2π)2k+2δk,0

= #(8π2b2)3g−3+n
∫

Mg,n

e

c−13
24 κ1−

∑
m≥1

B2m
(2m)(2m)!κ2m+

n∑
k=1

P 2
kψk+

∑
k≥0

b̃kδk,0

(3.23)

Laplace transform of dξk, used in the second line, is calculated in appendix D. A few examples
of the volumes computed using this formula as well as comments on how to compare them
with the other approaches can be found in appendix F.

In the formula above, by c we mean the Liouville central charge c = 13+ 6b2 + 6b−2, and
P 2 parametrize dimensions for external Liouville insertions as ∆L = c−1

24 + P 2. However, the
same answers for p-deformed volumes are obtained after replacing b2 → −b2, P 2

k → −P 2
k ;

then the formula is written in terms of parameters of the matter theory. Coefficients −P 2
k

before ψ-classes are then related to matter insertions’ conformal dimensions in the same
way: ∆M = cM−1

24 − P 2.

3.4 Discussion on the obtained answer

Similarity of this formula with the intersection-theoretic answer for “quantum volumes”
in VMS

V VMS
g,n =

∫
Mg,n

e

c−13
24 κ1−

∑
m≥1

B2m
(2m)(2m)!κ2m+

n∑
k=1

P 2
kψk

(3.24)

(the only difference is the additional factor with δk,0-classes in MS case) suggests a hypothetical
relation to worldsheet approach in the spirit of [9]. We think that it can be helpful in estab-
lishing a more direct understanding (or derivation) of minimal string — matrix model duality.

What would be a possible explanation for the emergence of these δ-classes? Recall that
in VMS, the integrand over moduli space is interpreted as a product of Chern character of
“line bundle of Liouville conformal blocks” and Todd class of TMg,n. The integrand then is
reminiscent of the one in Hirzebruch-Riemann-Roch theorem, which computes dimensions of
the space of holomorphic sections of this bundle (more precisely, its Euler characteristic).3

3We note in passing that for the minimal string, albeit in the region of parameter space not studied in this
paper, correlation numbers on the sphere are also known to be proportional to dimensions of the space of
conformal blocks in the matter sector [7].
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Line bundles of conformal blocks are well-studied objects in the case of affine Lie
algebras [30]. Such bundles are defined over the moduli space of semistable bundles for
a given complex curve; over moduli space of curves Mg,n (or its compactification) they
then give rise to vector bundles of finite rank via pushforward. Analogous construction for
Liouville blocks is less clear: if we think of them as a vector bundle over Mg,n, it would be of
infinite rank and would not have a well-defined Chern character. Rigorous construction of
line bundles over Teichmuller space Tg,n whose holomorphic sections are Liouville conformal
blocks has started to develop recently in [31]; however, even if this construction can be used
to formalize the derivation for VMS, there are still confusing issues with applying HRR
theorem to line bundles on non-compact Teichmuller space. We believe that subtleties with
treatment of boundary classes and switching between Tg,n, Mg,n and Mg,n in [9] need to
be understood better.

For rational CFTs, rigorous definitions of vector bundles of conformal blocks over moduli
space of stable curves exist when their rank is finite; in particular, for affine blocks [32] and
in cases like minimal models [33]. For these examples, on the open part of moduli space the
Chern character is given by the same expression as what appears in the VMS formula (up to
multiplication by the rank of the bundle). On Mg,n, however, boundary δ-classes are added,
with coefficients depending on allowed conformal dimensions in all possible intermediate
channels. The general formula for the affine case is given in [34], but it is complicated; instead
of giving that, we will formulate a property from which the coefficients for the boundary
classes can be obtained in this context. It characterizes the bundle of conformal blocks E(µ⃗)
on Mg,n (µ⃗ is a set of irreps of vertex operator algebra associated to marked points) in
degeneration limit; namely, it states that pullback under the attaching map

j : Mg−1,n+2 ⊔
⊔
h,I

Mh,I ×Mg−h,Ī −→ Mg,n

decomposes as

j∗E(µ⃗) =
⊕
λ

E(µ⃗, λ, λ) (3.25)

i.e. as a direct sum of conformal block bundles on the corresponding moduli spaces, where
we associate to two additional marked points all possible irreps λ and its dual λ. Pullback
of the Chern character of conformal block bundle is also given by the sum of characters
for bundles with n + 2 marked points. Although it is best understood for the affine case,
this property is very natural to have for a vector bundle of conformal blocks associated
to any vertex operator algebra.

Let us try to analyze MS and VMS answers from this perspective. Tautological classes
that we work with are of the form exp(. . . ) and start with zero degree cohomology class 1.
Chern characters of vector bundles, on the other hand, start with rk E; thus the best we
can assume is that we actually calculate the (properly regularized)4 ratio of Chern character
of this bundle to its rank. In what follows we denote it as “ch E”. Property (3.25) for
conformal block bundles would lead to j∗“ch E” decomposing as the sum of such classes
for n + 2 marked points, weighted by ratios of ranks.

4We should expect this bundle to be of infinite rank.

– 14 –



J
H
E
P
0
1
(
2
0
2
5
)
1
5
1

First, for VMS: if Chern character does not contain boundary classes, as it is defined
in [9], the pullback does not lead to anything nontrivial (since j∗κk − κk = j∗ψ − ψ = 0).
If we interpret the integrand in terms of HRR formula for compact moduli space Mg,n, we
should have as a second factor a Todd class td(TMg,n) with added δ-classes [35]:

td(Mg,n) = exp
(
−13
24κ1 +

1
24
∑

ψk +
11
24δ0,0 −

∞∑
m=1

B2m
2m(2m)! (κ2m − δ2m−1,0)

)
(3.26)

Thus, we should add boundary classes to the Chern character as well with the opposite sign,
so that the full formula remains the same; what we want to interpret as Chern character
of some bundle is

“ch E”VMS = exp
(
c

24κ1 +
n∑
k=1

(
P 2
k − 1

24

)
ψk −

11
24δ0,0 −

∞∑
m=1

B2m
2m(2m)!δ2m−1,0

)
(3.27)

If there is a bundle of conformal blocks (for a certain VOA) associated to these expressions,
we expect that when calculating the pullback, we will obtain an expression of the same
form, multiplied by a sum over some spectrum ∑

λ
exp

((
P 2
λ − 1

24

)
(ψn+1 + ψn+2)

)
, where

∆λ ≡ P 2
λ + c−1

24 is a Virasoro highest weight of VOA irrep λ (we used that its dual λ has
the same highest weight). Since

δk,0 − j∗δk,0 = (ψn+1 + ψn+2)k+1 (3.28)

pullback of “ch E” is given by

j∗“ch E”VMS = exp
(
c

24κ1 +
n∑
k=1

(
P 2
k − 1

24

)
ψk −

11
24δ0,0 −

∞∑
m=1

B2m
2m(2m)!δ2m−1,0

)
×

× exp
(
− 1
24u+

[
u

2 +
∞∑
m=1

B2m
2m(2m)!u

2m
])

= exp(. . . )× exp
(
− u

24

) exp(u)− 1
u

(3.29)

where u ≡ ψn+1 + ψn+2. The last expression can be rewritten in several ways as an integral∫
d∆ exp

((
∆− c

24
)
u
)
, similarly to the expected sum over some spectrum.

In the minimal string case there appears an additional factor. It is expressed via the
generating function found in appendix D and looks like

exp
(
−
∑
k≥0

b̃ku
k+1

)
= b2

2 u
∞∑
k=0

2k + 1
2 exp

(
−ub

2

4

(
k + 1

2

)2)
(3.30)

When we multiply by this the answer that was calculated for VMS, additional factor that
appears after taking the pullback becomes

exp
(
− u

24

) ∞∑
k=0

2k + 1
2(2p+ 1)

[
exp

(
u

(
1− b2

16(2k + 1)2
))

− exp
(
−u b

2

16(2k + 1)2
)]

(3.31)

This sum is reminiscent of what we expect — note that P 2
k = − b2

16(2k + 1)2 are Liouville
momenta for physical operators in minimal string. In accordance with earlier discussion,
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rational factors can perhaps be interpreted as ratios of ranks. However, we do not know if
there is an interpretation for most notable elements of this formula — terms with different
sign and conformal dimension shifted by 1.

There are other plausible cohomological interpretations of the expression for MS
“p-deformed volumes”; in particular, there is a resemblance to Chiodo classes [36] that
appear when we try to raise the canonical line bundle to rational power. We hope that it will
be possible to formulate a more precise explanation for our formula in the future.

3.5 Recurrence equations: string and dilaton

n-differentials, calculated using topological recursion, also satisfy simpler linear recurrence
relations, commonly referred to as “string” and “dilaton” equations. They are the consequence
of first two Virasoro constraints. Adapted to our case, they are as follows [37]

Res
z=0

y(z)ωg.n+1(z, z⃗)
n∏
i=1

2zi
= −

n∑
k=1

dzk
∂

∂(z2
k)

ωg.n(z⃗)dzk

1
n∏
i=1

2zi

 ; z⃗ = (z1, . . . , zn) (string) (3.32)

Res
z=0

Φ(z)ωg.n+1(z, z⃗) = (2g − 2 + n)ωg.n(z⃗), dΦ = y dx (dilaton) (3.33)

They can be rewritten in a quite simple way for our objects of interest — p-deformed
volumes in minimal string theory. Analogous equations were previously derived for usual WP
volumes [38] and for “quantum volumes” in Virasoro minimal string.

We will derive the string equation for Vg,n in detail. Wg,n is a polynomial in 1
z2

i
of the form

Wg,n =
∑

i1...in=0

ci1...in

z
2(i1+1)
1 . . . z

2(in+1)
n

(3.34)

kth term in the sum in the r.h.s. of the string equation then reads

W(k)
g,n =

∑
i1...in=0

(ik + 3/2) ci1...in

z
2(i1+1)
1 . . . z

2(in+1)
n

1
z2
k

(3.35)

After the integral transform we obtain p-deformed volumes

Vg,n =
∑

i1...in=0
c̃i1...in

n∏
k=1

ik∏
jk=1

(
λ2
k +

(2jk − 1)2

4

)
, c̃ := c ·

n∏
m=1

(2π2b4)im+1/2
√

1
2π

2imΓ(im + 1)Γ(im + 3/2)︸ ︷︷ ︸
≡F1...n

(3.36)
and on the r.h.s. of the string equation

V(k)
g,n =

∑
i1...in=0

c̃i1...in

n∏
m=1

im∏
jm=1

(
λ2
m + (2jm − 1)2

4

)
· 2π2b4

✘✘✘✘✘(ik + 3/2)
2(ik + 1)✘✘✘✘✘(ik + 3/2)

(
λ2
k +

(2ik + 1)2

4

)
(3.37)

V(k)
g,n is a polynomial with the following properties:

• V(k)
g,n

(
λk = ± i

2

)
= 0, because every summand necessarily has a factor (λ2

k + 1
4);
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• It solves a difference equation

i
sin ∂

∂λ

2π2b4 V
(k)
g,n(λ) ≡

1
4π2b4

(
V(k)
g,n(λk + i)− V(k)

g,n(λk − i)
)
= iλkVg,n(λ⃗) (3.38)

The solution of this equation with the initial condition V(k)
g,n(λk = i

2) = 0 in the class of
polynomials can be written using the integro-differential operator

∂
∂x

sin ∂
∂x

(it is understood as
its Maclaurin series and its action on polynomials eventually truncates, so the expression
is well-defined)

V(k)
g,n(λ̃) = 2π2b4

λk∫
i/2

dx
∂
∂x

sin ∂
∂x

(
xVg,n(λ⃗ \λk, x)

)
(3.39)

Since V is an even function of λj , V is as well and we also have V(−i/2) = 0. Because
of that, as a simple consequence of the difference equation, for λk = i

2(2n + 1) we can
rewrite the answer as a finite sum:

Vg,n
(
λk =

i

2(2n+ 1)
)
= 4π2b4

2n−1−4k>−1∑
k=0

xVg,n(λk = x)
∣∣∣∣∣
x= i

2 (2n−1−4k)

(3.40)

In the worldsheet CFT, these λ are precisely what corresponds to Liouville momenta of
Lian-Zuckerman physical states.

Now, in the l.h.s. we calculate Res y(z)ωg,n+1(z, z⃗), with y ∼ T2p+1(πb2z). From (3.13)
we know that calculating residue of ω · T2n+1(z) is equivalent to transformation (2.18) with
substituting λ = i

2(2n+ 1). Thus, in the l.h.s. of the string equation after integral transform
with respect to z1 . . . zn we get Vg,n+1

(
i(2p+1)

2 , λ⃗
)
.

Using parametrization l = 2πb2λ and “Weil-Petersson” normalization (when at leading
order in b Vg,n =

∫
Mg,n

exp(2π2κ1 + 1
2
∑
l2iψi)), string equation assumes the form

Vg,n+1(2πi, l⃗) =
n∑
k=1

lk∫
πib2

dx
2πb2 ∂

∂x

sin 2πb2 ∂
∂x

(
xVg,n(x, l⃗ \ lk)

)
(3.41)

The dilaton equation in the same normalization reads

Vg,n+1(2πi(1− b2), l⃗)− Vg,n+1(2πi(1 + b2), l⃗) = 8π2b2(2g − 2 + n)Vg,n(⃗l) (3.42)

It is the same as for Virasoro minimal string.
The reason we are interested in these equations is that they are supposed to have a

known interpretations in CFT terms, corresponding to the insertion of the simplest kind
of operators in the bulk (area operator, for dilaton equation) and on the boundary (length
operator, for string equation). Let us make a few comments on that.

Liouville momenta P± = l±
4πb =

i
2(b−1 ± b), appearing in the l.h.s. of dilaton equation,

correspond (respectively) to unit operator V1,1 and bulk operator of dimension 1 V1,−1.
Insertion of the latter is equivalent to differentiating over Liouville bulk cosmological constant,
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dependence on which is fixed and power-like (KPZ scaling); thus, for minimal string correlation
numbers we have〈

T1,1
∏
i

T1.ki

〉
g
∼ 1
b

(∑
i

b(ki + 1)
2 − b−1 + b

2 (2− 2g)
)〈∏

i

T1.ki

〉
g

(3.43)

This simpler equation, however, is not valid for p-deformed volumes. The correlation number
on the l.h.s. is necessarily in the other region of analyticity and one can not analytically
continue formulas for Vg,n to calculate it. The dilaton equation that is valid for p-deformed
volumes can be obtained if one imagines the analogous relation with the insertion of matter
“screening operator” of dimension 1.

〈
T1,−1

∏
i

T1.ki

〉
g
∼ 1
b

(∑
i

b(ki − 1)
2 − b−1 − b

2 (2− 2g)
)〈∏

i

T1.ki

〉
g

(3.44)

and subtracts it from the equation above. In MS such operator does not “exist”, being outside
of the Kac table, and can only be considered formally.

The result of substraction reads〈
(T1.1 − T1,−1)

∏
i

T1.ki

〉
g
∼
(∑

i

1− 2 + 2g
)〈∏

i

T1.ki

〉
g
= (2g − 2 + n)

〈∏
i

T1.ki

〉
g

(3.45)

which is precisely the dilaton equation.
As for the string equation, Liouville momentum of additional insertion in the l.h.s.

P = ib−1

2 corresponds to Liouville operator V1,0 = exp(bφ). It is easy to check that one
cannot construct a meaningful bulk operator of integer dimension combining it with any
minimal model operators from the Kac table. However, it has boundary dimension 1, as
expected of the length operator. Interpretation of the string equation in this terms can also
be seen from the form we started with (3.32). In the r.h.s., we have a sum of derivatives
of FZZT boundary amplitude R = W∏

2zi
over z2

k. Since z2
k has a meaning of boundary

cosmological constant for each boundary component, differentiating over it is precisely what
brings down the length operator.

In “matrix model”/KdV framework it is known that introduction of the boundary
operator can be reduced to a modification of the couplings, corresponding to bulk operators.
This modification (as presented e.g. in [39]) should be consistent with what we have in
the r.h.s. of (3.41), if we account for (linearized) resonance transformations. It would be
interesting to understand how this r.h.s. could appear in the worldsheet approach. This
would require to understand formula (3.13) in this language and how introducing the length
operator interferes with it.

4 Conclusions

To conclude, we list some speculations and ideas on possible directions for further study:

• Our main aim was to clarify connection between worldsheet and “matrix model” for-
mulations for the minimal string like the one of [9]; we have not reached that goal
yet. Difference between our formula and the one for VMS is an additional factor that
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includes only δ-classes; we have already speculated on a possible explanation for this
modification in the main text. Other than that, it might be possible to interpret this
additional factor as a character of some other bundle, tensored with the one of [9]. Since
δ-classes in a sense “have support” on the boundary of moduli space ∂Mg,n, it would
be interesting to describe the sections of this bundle as having modified asymptotic
behaviour on the boundary.

• The fact that VMS and MS spectral curve data are related in such a simple way needs
to be better understood. Perhaps it is connected to the fact that in both cases, the
worldsheet CFTs do not have any extra structure other than the Virasoro symmetry
(although in the matter sector one deals with either generic or degenerate, respectively,
representations of it). The 1-form (3.15) has several known interpretations: its coefficient
gives the universal Cardy density of states (which is the same as modular kernel for the
vacuum character) and the form itself coincides with the Plancherel measure, related
to representations of the modular double Uq(sl(2,R))× Uq̃(sl(2,R)) [40]. It would be
interesting to investigate whether this quantum group perspective is useful to understand
these two worldsheet theories and their matrix model duals.

• Formula (3.13) suggests that open string (boundary) states can be expanded in local
operators, which allows for an LSZ-type formula connecting open and closed string
amplitudes. An analogous idea was already considered for matrix model operators
e.g. in [2, 41]. Is there an associated relation in BRST cohomology on the worldsheet
between boundary and Lian-Zuckerman states?

• An interesting question is whether worldsheet correlators including cohomology classes
other than tachyons (e.g. ground ring, when at least the simplest correlators in genus
zero can be directly calculated) can be obtained from the “matrix model” perspective.
KPZ scaling arguments suggest that they might be associated with differentiating over
higher KdV couplings; agreement with fusion rules for these correlators, however, would
demand them to be incorporated into resonance transformations. It is problematic,
since these times have non-positive KPZ dimension.

• Perhaps a useful way to address a previous point is to consider (2p+ 1)-reduced KP
hierarchy instead of 2-reduced. In topological recursion language, this would amount to
swapping functions x(z) and y(z) that define the spectral curve data. This reformulation
is interesting, because, apparently, it allows to produce genuine correlation numbers (not
just p-deformed volumes) from n-differentials ω̌g,n using the same transformation (3.13).
Thus, in (2, 2p+1) MS case resonance transformations are, in a sense, encoded in x− y

swap duality relations [42]. We checked this statement explicitly on some examples for
low g and n; a similar result was already found using a related description of MS using
Frobenius manifolds [43]. It would also be interesting to understand the cohomological
field theory associated to this xy-swapped spectral curve.
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A Spectral curve variations corresponding to CFT couplings:
example (2,9)

Spectral curve for (2, 9) minimal string and general KdV times looks as followsx = z2 +X0

y = z9 + Y0z
7 + Y1z

5 + Y2z
3 + Y3z

(A.1)

KdV times are calculated via (2.14). Condition t−1 = 0 yields Y0 = 9X0
2 (this is implied in the

following). Other times are expressed as functions of the polynomial’s coefficients as follows

·



g−2t0
g0

= 1
8
(
8Y1 − 63X2

0
)

g−2t1
g1

= 1
8
(
105X3

0 − 20X0Y1 + 8Y2
)

g−2t2
g2

= 1
128
(
−945X4

0 + 240X2
0Y1 − 192X0Y2 + 128Y3

)
g−2t3
g3

= 1
64
(
63X5

0 − 20X3
0Y1 + 24X2

0Y2 − 32X0Y3
)

(A.2)

Resonance transformations (2.15) for u0 = 2−p/2 = 1/4, on the other hand, read

g−2t0
9g0

= 2−4τ0
g−2t1
9g1

= 2−6τ1
g−2t2
9g2

= 2−8
(
τ2 + 3τ2

0
2

)
g−2t3
9g3

= 2−10(τ3 + τ0τ1)

(A.3)

Background couplings, when x and y are proportional to Chebyshev polynomials, correspond
to X0 = −1

2 , Y1 = 27
16 , Y2 = −15

32 , Y3 = 9
256 . For CFT couplings it means τ0 = −1

2 , τ1...3 = 0,
as expected. Differentiating the equations above, one can now find how variations δτk of
the couplings near this point are related to variations of polynomial’s coefficients δX0, δYi
and calculate the (1, 0)-form Ω. The answer is

Ω = dz · 9
512 (δτ0 U6(z) + δτ1 U4(z) + δτ2 U2(z) + δτ3 U0(z)) (A.4)

with U being Chebyshev polynomials of the second kind, as expected.

B Reducing integral transform (2.18) to residue

We want to simplify the integral transform (3.11) for Vg,n; with respect to each variable zi
we need to calculate the integral of the form

I(λ) ≡ cosh πλ
π2b2

∞∫
0

dl

l
Kiλ(l)

1
2πi

i∞+ϵ∫
−i∞+ϵ

dz e(2π2b4z2−1)lW (z), (B.1)
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where W (z) is a polynomial in 1
z2

W (z) =
∑
i=0

ci
z2(i+1) . (B.2)

One has

I(λ) = cosh πλ
π2b2

∞∫
0

dl

l
Kiλ(l)

1
2πi

i∞+ϵ∫
−i∞+ϵ

dz e(2π2b4z2−1)l ∂

∂z

∑
i=0

−ci/(2i+ 1)
z2i+1

= 4b2 cosh πλ
∞∫

0

dlKiλ(l)
1
2πi

i∞+ϵ∫
−i∞+ϵ

dz e(2π2b4z2−1)l∑
i=0

ci/(2i+ 1)
z2i

= 4b2 cosh πλ 1
2πi

i∞+ϵ∫
−i∞+ϵ

dz
∑
i=0

ci/(2i+ 1)
z2i

∞∫
0

dlKiλ(l)e−l(1−2π2b4z2) (B.3)

Integral over l is known (see [44] 6.611, 3); then,

I(λ) = 4b2 cosh πλ 1
2πi

i∞+ϵ∫
−i∞+ϵ

dz
∑
i=0

ci/(2i+ 1)
z2i

πi sin
(

2λ
i arcsin πb2z

)
sinh πλ sin (2 arcsin πb2z) = (πb2z = sin πbs)

2πb coth πλ 1
2πi

i∞+ϵ∫
−i∞+ϵ

ds
i sin

(
2λπb si

)
sin (πbs)

∑
i=0

ci/(2i+ 1)
( 1
πb2 sin πbs)2i (B.4)

Now, we can replace i sin 2πλbs
i = sinh(2πλbs) = exp(2πλbs)− cosh(2πλbs) and rewrite

i∞+ϵ∫
−i∞+ϵ

cosh(2πλbs) · · · = 1
2

 i∞+ϵ∫
−i∞+ϵ

−
i∞−ϵ∫

−i∞−ϵ

 exp(2πλbs) . . . ,

since the other factor in the integrand is an odd function. This expression is equal to
half-residue of the integrand at s = 0. Integral of the first term then can also be reduced to
summing residues at the poles in the left half-plane; overall, we have

I(λ) = 2
b
coth πλ

 1
2πi

i∞+ϵ∫
−i∞+ϵ

ds e2λπbs
∑
i=0

ci

(2i+1)( sin πbs
πb2

)2i+1 − 1
2Res

s=0
e2λπbs

∑
i=0

ci

(2i+1)( sin πbs
πb2

)2i+1 ds


= coth πλ

πλb3

 1
2πi

i∞+ϵ∫
−i∞+ϵ

ds cos (πbs) e2λπbsW

(
sin πbs
πb2

)
− 1

2Res
s=0

cos (πbs) e2λπbsW

(
sin πbs
πb2

)
ds


= coth πλ

πλb3

( ∞∑
n=0

Res
s=−n

b

cos (πbs) e2λπbsW

(
sin πbs
πb2

)
ds− 1

2Res
s=0

cos (πbs) e2λπbsW

(
sin πbs
πb2

)
ds

)

= 1
πλb3 coth πλ

( ∞∑
n=0

(−1)ne−2λπn − 1
2

)
Res
s=0

cos (πbs) e2λπbsW

(
sin πbs
πb2

)
ds

= 1
2πλb2 Res

s=0
e2λπbsW

(
sin πbs
πb2

)
d
sin πbs
πb2 = 1

2πb2λ
Res
z=0

e2λ arcsin πb2zW (z)dz (B.5)
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C Tautological classes on the moduli space of stable curves

Here we shortly introduce the ψ-, κ- and δ- cohomological classes. One can find more details
in a nice exposition [29].

Let Mg,n be the moduli space of stable n-pointed curves of genus g. Then there is
the universal curve

p : Cg,n −→ Mg,n (C.1)

and marked points define the structure sections

si : Mg,n −→ Cg,n. (C.2)

Let ∆ i
↪→ Cg,n be the set of nodes in the singular fibers. There is a holomorphic line

bundle L over Cg,n whose restriction on Cg,n \ ∆ is cotangent to the universal curve. It
defines n line bundles Li over Mg,n:

Li = s∗iL (C.3)

The ψ-classes are their first Chern classes:

ψi = c1(Li) ∈ H2(Mg,n) (C.4)

Let Di be the divisor in Cg,n given by ith section si. One can twist L by these divisors and
consider the corresponding first Chern class:

K = c1

(
L
(

n∑
i=1

Di

))
∈ H2(Cg,n) (C.5)

The κ-classes are defined to be pushforwards of its powers:

κm = p∗(Km+1) ∈ H2m(Mg,n) (C.6)

To introduce the δ-classes one needs to consider conormal bundle N∨ on ∆ and define the
following classes on Cg,n:

∆k,l = i∗(c1(N∨)k) ·∆l ∈ H2k+4l+4(Cg,n), (C.7)

where by ∆ we denote the Poincare dual element in H4(Cg,n) for the homology class of ∆.
Then the δ-classes are defined to be pushforwards of ∆k,l:

δk,l = p∗(∆k,l) ∈ H2k+4l+2(Mg,n) (C.8)

In fact δ-classes can be expressed via ψ-classes:

δk,l =
1
2j∗((ψn+1 + ψn+2)k(ψn+1ψn+2)l), (C.9)

where j is the attaching map:

j : Mg−1,n+2 ⊔
⊔
h,I

Mh,I ×Mg−h,Ī −→ Mg,n (C.10)

In the union I runs over subsets of {1, . . . , n + 2}; ψn+1 and ψn+2 denote the ψ-classes
corresponding to additional 2 punctures.
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D Integrals and Laplace transforms

In this appendix, we present some technical calculations needed for the purpose of section 3.3.
First, Laplace transform of the 1-forms dξj is

Res
s=0

e2πbλsdξj
2πb2λ

= −Res
s=0

Res
s′=0

e2πbλs

2πb2λ
· (2j − 1)!!
2js′2j+1 B̃(s, s′)

= − 1
(2πi)2

∮
|s|=2ϵ

∮
|s′|=ϵ

e2πbλs

2πb2λ
· (2j − 1)!!
2js′2j+1 B̃(s, s′)

= − 1
(2πi)2

∮
|s′|=ϵ

∮
|s|=ϵ/2

e2πbλs

2πb2λ
· (2j − 1)!!
2js′2j+1 B̃(s, s′)

− 1
2πi

∮
|s′|=ϵ

Res
s=s′

e2πbλs

2πb2λ
· (2j − 1)!!
2js′2j+1 B̃(s, s′) = . . . (D.1)

Here we deformed the integration contour for s′-variable and took into account the contribution
from the pole at s′ = s. Since integrand is regular at s = 0, the first term vanishes and
we proceed

. . . = −Res
s′=0

(2j − 1)!!
2js′2j−1 Res

z=z(s′)

e2λ arcsinπb2z

2πb2λ

dzdz(s′)
(z − z(s′))2

= −Res
s′=0

(2j − 1)!!
2js′2j−1 dz(s

′) ∂

∂z

∣∣∣∣
z=z(s′)

e2λ arcsinπb2z

2πb2λ
= −Res

s′=0

(2j − 1)!!
2js′2j−1

∂

∂s′
e2πbλs′

2πb2λ
ds′

= −(2j − 1)!!
2jb Res

s′=0

e2πbλs′

s′2j−1 ds
′ = −1

b

(πbλ)2j

j! (D.2)

Now, we compute Laplace transform of the bidifferential∫
s1∈R+iϵ

∫
s2∈R

e−x̃(s1)/u1−x̃(s2)/u2B̃(s1, s2)

=
∫

R+iϵ

ds1 e
−s2

1/u1

∫
R

ds2 e
−s2

2/u2(πb)2 cosπbs1 cosπbs2
(sin πbs1 − sin πbs2)2

=
∫

R+iϵ

ds1 e
−s2

1/u1

∫
R

ds2 e
−s2

2/u2
∑
k∈Z

 1(
s1 − s2 + 2k

b

)2 − 1(
s1 + s2 + 2k−1

b

)2


=

∞∫
0

dl l
∑
k∈Z

∫
R+iϵ

ds1 e
−s2

1/u1

∫
R

ds2 e
−s2

2/u2
(
eil(s1−s2+ 2k

b ) − eil(s1+s2+ 2k−1
b ))

= √
πu2

∞∫
0

dl l
∑
k∈Z

∫
R+iϵ

ds1 e
−s2

1/u1−
u2l2

4 +il(s1+ k
b )+πik

= π
√
u1u2

∞∫
0

dl le−(u1+u2)l2/4 ∑
k∈Z

ei
k
b

(l−πb)

= 2π2b
√
u1u2

∑
k∈Z

∞∫
0

dl le−(u1+u2)l2/4δ(l − 2πb(k + 1/2))
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= 2π√u1u2 · πb
∑
k∈Z

πb|k + 1/2|e−(u1+u2)(πb(k+1/2))2 (D.3)

∼
2π√u1u2
u1 + u2

(
1 +

∑
m≥1

(−1)m (21−2m − 1)B2m
m! ((πb)2(u1 + u2))m

)
(D.4)

The last formula gives an asymptotic expansion for (D.3). It can be obtained using methods
similar to [45], or simply by zeta-regularization of divergent series that appear when expanding
the summand in series in (u1 + u2). To calculate coefficients B̃k,l, one needs to subtract

∫
s1∈R+iϵ

∫
s2∈R

e−x̃(s1)/u1−x̃(s2)/u2
◦
B̃(s1, s2) =

∫
R+iϵ

ds1 e
−s2

1/u1

∫
R

ds2 e
−s2

2/u2 1
(s1 − s2)2

= π
√
u1u2

∞∫
0

dl le−(u1+u2)l2/4 = 2π√u1u2
u1 + u2

(D.5)

E Virasoro constraints

Here we show that the possibility of producing different intersection-theoretic expressions by
a change of variable on a spectral curve is the consequence of Virasoro constraints. Suppose
we have a spectral curve

x = z2

2

y =
∞∑
k=1

hk
z2k−1

(2k−1)!!
, B(z1, z2) =

dz1dz2
(z1 − z2)2

Let us introduce the expansion coefficients for differentials

ωg,n =
∑

k1,...,kn≥1
fg,k1,...,kn

n∏
j=1

(2kj + 1)!!
z

2(kj+1)
j

dzj (E.1)

(E.2)

It is well known that

fg,k1,...,kn = 1
(−h1)2g−2+n

∫
Mg,n

e

∑
k≥1

h̃kκk

ψk1
1 . . . ψkn

n , e
−
∑
k≥1

h̃ku
k

:=
∞∑
k=1

hk
h1
uk−1 (E.3)

Now consider an arbitrary change of coordinates given by an odd function z = z(s). We claim

z∗ωg,n =
∑

k1,...,kn≥1
f̃g,k1,...,kn

n∏
j=1

dξ̃kj
(sj), (E.4)

f̃g,k1,...,kn = 1
(−h∗1)2g−2+n

∫
Mg,n

e

∑
k≥1

h̃∗kκk+
∑

k,l≥0
B̃∗

k,lδk,l

ψk1
1 . . . ψkn

n , (E.5)

dξ̃k(sj) = Ress̃=0B(z(sj), z(s̃))
(2k − 1)!!
s̃2k+1 , (E.6)
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where h̃∗k and B̃∗
k,l are defined as follows

e
−
∑
k≥1

h̃∗ku
k

:=
∞∑
k=1

h∗k
h∗1
uk−1, h∗k := Ress=0

(2k − 1)!!
s2k+1 y dx, (E.7)

1−e
−(u1+u2)

∑
k,l≥0

B̃∗
k,l(u1+u2)k(u1u2)l

u1 + u2
:=

∑
k,l≥1

B∗
k,lu

k
1u

l
2, B∗

k,l := Ress=0
(2l − 1)!!
s2l+1 dξ̃k. (E.8)

Our claim follows from considering the spectral curve data
x̃ = s2

2

ỹ =
∞∑
k=1

hk
z(s)2k−1

(2k−1)!!
z dz(s)
s ds

, B̃(s1, s2) =
dz(s1)dz(s2)

(z(s1)− z(s2))2 (E.9)

Since ỹ dx̃ and B̃ are equal to z∗ω0,1 and z∗B, (E.9) produces the n-differentials in the l.h.s.
of (E.4). Then (E.4) follows from the general formula of [15]. Now we will rederive this result
as a consequence of Virasoro constraints on intersection numbers (E.3).

Consider a one-parameter family of changes of coordinates

z = zη(s); zη=0 = s, zη=1 = z(s). (E.10)

It is convenient to use the TR potentials (τk, tk are formal variables):

Fη =
∑
g,n≥0

ℏ2g−2+n 1
n!

∑
k1,...,kn≥0

fηg,k1,...,kn
τk1 , . . . , τkn (E.11)

F =
∑
g,n≥0

ℏ2g−2+n 1
n!

∑
k1,...,kn≥0

fg,k1,...,kntk1 , . . . , tkn . (E.12)

Introduce a transition matrix C = C(η) between bases of odd meromorphic singular 1-forms
in a neighborhood of z = 0:

dξηk =
k∑
l=0

Ck,l(η)
(2l + 1)!!
z2(l+1) dz (E.13)

Since ωηg,n = zη∗ωg,n, we have

F = Fη(τk =
k∑
l=0

Ck,ltl) (E.14)

Differentiating (E.14) with respect to η we find

Ḟη = −
∑
k≥0

k∑
m=0

k∑
l=m

Ċk,lC
−1
l,mτm

∂Fη

∂τk
(E.15)

To prove (E.4), it is enough to show that

Fη =
∑
g,n≥0

ℏ2g−2+n 1
n!

∑
k1,...,kn≥1

τk1 . . . τkn

(−h1(η))2g−2+n

∫
Mg,n

e

∑
k≥1

h̃k(η)κk+
∑

k,l≥0
B̃k,l(η)δk,l

ψk1
1 . . . ψkn

n

(E.16)
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satisfies the same differential equation. For the derivative of (E.16), standard identities
on intersection numbers give

Ḟη = ℏ−1 ∑
k≥0

ḣk(η)
∂Fη

∂τk
+ 1

2
∑
α,β≥0

Ḃα,β(η)
(
∂

2Fη

∂τα∂τβ
+ ∂Fη

∂τα

∂Fη

∂τβ

)
(E.17)

Thus we need to prove that r.h.s. of (E.15) and (E.17) are equal. Using (E.14) reduces
this to equation on F :

∑
m

m∑
l=0

( m∑
k=l

−Ck,lĊ−1
m,k

)(
tl + ℏ−1

l∑
r=0

C−1
l,r hr(η)

)
∂F
∂tm

(E.18)

+1
2
∑
k,l≥0

( k∑
α=0

l∑
β=0

C−1
k,αC

−1
l,β Ḃα,β

)(
∂

2F
∂tα∂tβ

+ ∂F
∂tα

∂F
∂tβ

)
= 0 (E.19)

Defining

vm = − 1
(2m+ 1)!!

m∑
k=0

Ck,0Ċ
−1
m,k. (E.20)

one can check

−
m∑
k=l

Ck,lĊ
−1
m,k =

(2m+ 1)!!
(2l − 1)!! vm−l,

k∑
α=0

l∑
β=0

C−1
k,αC

−1
l,β Ḃα,β = (2k + 1)!!(2l + 1)!!vk+l+1, (E.21)

so (E.18) can be rewritten as

∑
m≥0

vm

(∑
l≥0

(2(l +m) + 1)!!
(2l − 1)!! (tl + ℏ−1hl(0))

∂F
∂tl+m

+ (E.22)

+1
2

m−1∑
k=0

(2k + 1)!!(2(m− k)− 1)!!
(

∂
2F

∂tk∂tm−k−1
+ ∂F
∂tk

∂F
∂tm−k−1

))
= 0 (E.23)

This is nothing but a linear combination of Virasoro constraints for Kontsevich-Witten
potential with shifted times. Thus, our claim follows from their validity and the procedure
above does not lead to novel identities on intersection numbers.

F Table of p-deformed volumes

Let us present some answers for p-deformed volumes obtained with our intersection-theoretic
formula. Below they are parametrized by “geodesic lengths” lk = 4πbPk and are given in
Weil-Petersson normalization. We use a condensed notation mΛ⃗ with Λ1 ≥ Λ2 ≥ . . . to
denote a symmetric polynomial in l2i ; e.g. m3,2,1 = ∑

i ̸=j ̸=k
l6i l

4
j l

2
k.

The simplest way to check the answers for genus zero is to use the explicit formula in [14]
involving the heat capacity for minimal string. Genus 1 answers can be easily reproduced using
“Douglas string equation” method of [11], if we only use linearised resonance transformations.

We also carried out a few checks for p-deformed volumes for g > 1 and zero marked points
(equivalently, free energy at genus g). They can be alternatively calculated from topological
recursion data using the dilaton equation; this was done for the minimal string in [4]. Their
formulas for (g, n) = (2, 0), (3, 0), (4, 0) also agree with our intersection-theoretic answer.
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n V0,n(⃗l)

4 2π2 + 3
2π

2b4 + 1
2m1

5 10π4 + 14π4b4 + 13
2 π

4b8 +
(
3π2 + 5

2π
2b4
)
m1 +

1
2m1,1 +

1
8m2

6

244
3 π6 + 493

3 π6b4 + 1651
12 π6b8 + 765

16 π
6b12 +

(
26π4 + 40π4b4 + 229

12 π
4b8
)
m1+

+
(
6π2 + 21

4 π
2b4
)
m1,1 +

(3
2π

2 + 31
24π

2b4
)
m2 +

3
4m1,1,1 +

3
16m2,1 +

1
48m3

7

2758
3 π8 + 7252

3 π8b4 + 34123
12 π8b8 + 7109

4 π8b12 + 31851
64 π8b16+

+
(910

3 π6 + 3995
6 π6b4 + 4645

8 π6b8 + 805
4 π6b12

)
m1+

+
(
80π4 + 130π4b4 + 377

6 π4b8
)
m1,1 +

(
20π4 + 385

12 π
4b4 + 2939

192 π
4b8
)
m2+

+
(
15π2 + 27

2 π
2b4
)
m1,1,1 +

(15
4 π

2 + 10
3 π

2b4
)
m2,1 +

( 5
12π

2 + 35
96π

2b4
)
m3+

+3
2m1,1,1,1 +

3
8m2,1,1 +

3
32m2,2 +

1
24m3,1 +

1
384m4

n V1,n(⃗l)

1 1
12π

2 + 1
48m1

2 1
4π

4 + 5
24π

4b4 + 7
192π

4b8 +
( 1
12π

2 + 1
24π

2b4
)
m1 +

1
96m1,1 +

1
192m2

3

14
9 π

6 + 169
72 π

6b4 + 209
144π

6b8 + 11
32π

6b12 +
(13
24π

4 + 31
48π

4b4 + 137
576π

4b8
)
m1+

+
(1
8π

2 + 1
12π

2b4
)
m1,1 +

( 1
24π

2 + 35
1152π

2b4
)
m2

+ 1
96m1,1,1 +

1
192m2,1 +

1
1152m3

4

529π8

36 + 1135π8b4

36 + 8879π8b8

288 + 3125π8b12

192 + 3973π8b16

1024 +

+
(187

36 π
6 + 689

72 π
6b4 + 517

72 π
6b8 + 421

192π
6b12

)
m1+

+
(17
12π

4 + 47
24π

4b4 + 317
384π

4b8
)
m1,1 +

(
41
96π

4 + 175
288π

4b4 + 613π4b8

2304

)
m2

+
(1
4π

2 + 3
16π

2b4
)
m1,1,1 +

( 1
12π

2 + 17
256π

2b4
)
m2,1 +

( 7
576π

2 + 23
2304π

2b4
)
m3

+ 1
64m1,1,1,1 +

1
128

∑
j<k

m2,1,1 +
1

384m2,2 +
1
768m3,1 +

1
9216m4

– 27 –



J
H
E
P
0
1
(
2
0
2
5
)
1
5
1

g Vg,0(⃗l)

2 43π6

2160 + 139π6b4

8640 + 73π6b8

34560 − 17π6b12

9216

3
176557π12

1209600 + 2313247π12b4

7257600 + 19246753π12b8

58060800 + 11651873π12b12

58060800 +

+8154143π12b16

132710400 − 2202331π12b20

619315200 − 656431π12b24

84934656

4

1959225867017π18

493807104000 + 1828160015713π18b4

131681894400 + 15954711860347π18b8

658409472000 +

+218467010151779π18b12

7900913664000 + 94910534310169π18b16

4213820620800 + 1113449946972163π18b20

84276412416000 +

+519201864600889π18b24

101131694899200 + 191976434526551π18b28

224737099776000 − 327865175088253π18b32

1198597865472000 −

−192144632177π18b36

1304596316160
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